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Abstract
We investigate the Kb characteristic radiation and the complex asymmetric structure of
photoemission lines of copper, which provides a benchmark for theoretical and experimental
studies of x-ray calibration series in transition metals. Ab initio multi-configuration Dirac–
Hartree–Fock (MCDHF) calculations have been performed to study the complex open-shell
many-electron problem in copper. The biorthogonalization technique permits determination of
transition intensities and Einstein A coefficients. The results from our MCDHF calculations
demonstrate excellent convergence in transition energies and intensities, as well as gauge
invariance to 0.6%. Shake processes caused by single and double spectator vacancies from 3d,
3p, 3s and 4s subshells have also been investigated extensively. MCDHF has been performed to
calculate energies and relative intensities of 3d, 3d2, 3p, 3s and 4s satellites, resulting in the total
number of configuration states exceeding 100 000 and more than 1500 transition components.
Our theoretical calculations of shake-off probabilities using the multi-configuration method in
the sudden limit have a high degree of internal consistency with the best available experimental
data for copper Kb . This supports the validity of relativistic atomic theory and sets a new
benchmark even for poorly resolved characteristic spectra using current techniques of analysis.

Keywords: copper Kβ, MCDHF, characteristic radiation, shake processes

(Some figures may appear in colour only in the online journal)

1. Introduction

Discrete photoemission lines arise from bound–bound elec-
tron transitions in atoms. The Kb process is the transition
from a 1s−1 state to a 3p−1 state followed by the spontaneous
emission of an x-ray photon [1]. The notation 1s−1 and 3p−1

refers to a vacancy in the 1s and 3p subshells respectively as
compared to the neutral atoms.

In order to determine the Kb spectrum, we perform
multi-configuration Dirac–Hartree–Fock (MCDHF)

calculations for the 3p−1 state. The electron configuration is
assumed to be initially in the canonical 3d104s1 (1s2 2s2 2p6

3s2 3p5 3d10 4s1) atomic ground state. In addition to the
1s−1 3p−1 diagram transition, there are also processes
known as shake-off and shake-up. Shake-off processes
involve a second electron ionization into the continuum. The
shake-up process involves an additional electron excited into
the higher bound state.

High-accuracy theoretical studies of Ka emission in
copper has been presented in recent literature. Chantler et al
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have successfully performed relativistic calculations to obtain
the Ka spectrum in excellent agreement with experiment,
demonstrated well-converged wavefunctions and gauge
invariance [2], and accounting for fine structure contribution
to the spectrum, as well as offering reliable techniques for
spectator vacancy modelling in the 3p, 3d and 4s sub-
shells [3, 4].

The Kb emission spectrum, however, poses several
challenges. The transition between 1s−1 and 3p−1 in fact
involves six transition lines according to Fermi’s golden rule
for electric dipole transitions (E1): three transitions between
J 0, 1{ }= and J 1, 2{ }= (K 1b ), and three transitions
between J 0, 1{ }= and J 0, 1{ }= (K 3b ). The spectra of six
K 1,3b transitions and the additional transitions due to shake
processes are strongly overlapping with each other. The total
spectrum of the copper Kb , as a result, is a single asymme-
trical broad peak rather than two sharp peaks as with copper
Ka. The deconvolution of the Kb spectrum of copper is more
complicated and subject to several uncertainties. Moreover,
discrepancies in the results of shake processes between
theoretical and experimental literatures have been unresolved.
Therefore, a high accuracy theory and more advanced tech-
nique are required to further understand the profile of copper
Kb x-ray emission.

2. Theory

2.1. Multi-configuration Dirac-Hartree-Fock (MCDHF) method

MCDHF is based on the Dirac–Hartree–Fock (DHF)
approach for many-electron atomic systems. Here, the atomic
state functions (ASFs) are linear combinations of configura-
tion state functions (CSFs) [3]:

JM c JM 1
r

r r( )( ) ( )å gY P = F P

JMr( )gF P are linear combinations of Slater determinants,
obtained from orthonormal Dirac spinors, with well-defined
parity and angular momentum JMP , forming an orthonormal
basis. rg includes all the quantum numbers necessary to define
the unique electron configuration [5, 6]. Although using a
single CSF gives a good approximation to the exact
wavefunction, a linear combination of orthonormal CSFs
offers even closer approximation. The mixing coefficients, cr,
can be obtained by diagonalizing of the Dirac–Coulomb
Hamiltonian HDC:
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In the MCDHF implementation of GRASP2K, the Breit
interaction [7], QED corrections for self-energy and vacuum
polarization, and finite nuclear mass effects are included
perturbatively [8]. Each CSF in equation (1) is a

wavefunction of the form:
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where the two-component spin-orbit functions ,m ( )c q fk
include an amplitude and are simultaneously eigenfunctions
of j2, l2 and s2. is the antisymmetrization operator, and PEk
and QEk are the large and small components of the radial
wavefunction. The angular-spin components ,m ( )c q fk are
orthonormal by design, and the overlap of the two
wavefunctions can be evaluated as:

P r P r Q Q r rd .
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The orthonormality condition from equation (4) gives:

. 5E m E m E E, ( )*f f d d=k k kk¢ ¢ ¢ ¢ ¢

2.2. Photoionization and the shake processes

When inner-shell photoionization occurs, an inner-shell hole
is created, and an electron is ionized. In this study, as is
conventional, we assume that the shake-off process is domi-
nant, while shake-up processes are considered negligible. The
validity of this assumption is strongly supported in the lit-
erature, and the details will be provided in section 7.1. The
shake-off process can also be explained as a result of a sudden
change in effective nuclear charge ‘seen’ by the atomic
electrons [9]. Shake-off processes are observed in photo-
emission, x-ray absorption fine structure and x-ray absorption
near-edge structure [10, 11]. Due to a sudden removal of
some electrons on the outer shells, there are additional tran-
sitions which strongly overlap with the diagram lines. These
satellites blend with the diagram lines, yielding a broad
asymmetric peak.

3. Theoretical calculations of copper Kβ diagram
lines

3.1. Copper Kβ using Dirac–Fock (DF) and Hartree–Fock (HF)
methods (Deutsch et al 1995)

The spectra of copper Ka and Kb were recently measured
with double and single crystal diffractometers using high
precision techniques [12]. Atomic structure calculations were
also done by Deutsch et al [12], using the relativistic DF code
GRASP92 [6] and the non-relativistic HF code HF86 [13]. In
the calculations, the initial and final state wavefunctions were
generated in separate single configuration runs, where the
orbital wavefunctions and energies were allowed to vary.

These results [12, 14] are excellent and highly illuminat-
ing. However, due to limitations of available computational
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techniques, several assumptions were made to make the cal-
culations manageable. The most significant simplifying
assumption is that the single electron in the 4s subshell of the
copper atom was neglected in all calculations. This reduces the
open-shell copper system to a closed-shell system, increasing
convergence and stability significantly. However, by omitting
the 4s electron, they were not able to obtain the convergence to
the eigenenergies. The theoretically calculated energies had to
be shifted to align to with the experimental values. Further-
more, reducing the problem to a closed shell system may pose
some non-negligible effects on the system since all fine-
structure has been eliminated. In addition, the transition ener-
gies for the various lines were calculated by taking the dif-
ference in energy of pairs of levels from separate runs, as
allowed by electric dipole moments and as required by the
available computational tools.

This approach provides a logical means for calculating
the relative transition probabilities within a multiplet, but
requires two non-orthogonal basis sets to be transformed into
a single orthogonal set, which was not available in GRASP92.
Therefore, only transition energies were reported [12]. Other
transition data such as intensities and radiative rates of tran-
sitions were not calculated.

3.2. Our method—MCDHF using the computational package
GRASP2K 1.1 with RCI4

The calculations in this study were carried out using
GRASP2K version 1.1 with RCI4, the revised version of
GRASP2K v.1.0 and v.1.1—a fully relativistic, multi-con-
figuration atomic structure package. One of the most impor-
tant improvements in our method compared to all previous
works is that advanced transition code has been implemented
in GRASP2K v.1.0 [15]. A biorthogonal transformation
scheme in biotra permits the use of initial and final states with
different orbital sets. The enlargement of the basis sets for
initial and final states separately makes for more rapid
convergence of their properties, stabilizing the transition
energy, and the use of separately optimized expressions also
speeds up the convergence of the calculation of oscillator
strengths, Einstein A-coefficients and gf-values. The latest
version of GRASP2K, together with our theoretical models,
permit well-converged DF wavefunctions.

Furthermore, the calculation of electron self-energy
based on the LCG-Welton method in version 1.1 of
GRASP2K, RCI4 (Nguyen et al 2015) [16] has also be
implemented. The effects of finite-nuclear-size is also inclu-
ded in the calculations of electron self-energy. The calcula-
tions of Kb transitions in copper can now be done with higher
level of accuracy.

In our calculations, the electron in the 4s shell is now
included explicitly. This open-shell orbital adds a level of
difficulty to the calculations, but provides higher potential
accuracy. The total J quantum numbers are now included
correctly according to the electronic configurations of the

initial and final states, and the multiplicities are therefore
different from the values from Deutsch et al [12]. The sets of
J values of the initial and final states for [12] were 1

2{ } and

,1

2

3

2{ } respectively. In this case, the number of electric dipole

transitions (E1) according is two, namely J J1

2

1

2
=  =

( 3b ) and J J1

2

3

2
=  = ( 1b ). The multiplicity is J2 1+ ,

hence the relative strength of the transitions between 3b and
1b is about 1:2 as expected from the multiplicity of the upper

state. If the 4s shell is taken into account, the set of J angular
quantum numbers for the initial state is 0, 1{ }, and the set of J
for the final state is 0, 1, 1, 2{ }.

4. Kβ diagram line calculations using GRASP2K
1.1, RCI4

We use GRASP2K 1.1, RCI4, with the method of valence–
valence correlation. The reference configuration is divided
into two regions—a set of ‘core’ orbitals, which consists of
electrons in the 1s, 2s and 2p subshells, and the remainder is
included in the ‘active’ set. Our process is iterative, such that
at each stage of the calculation, the active set is expanded to
include additional correlation orbitals. The process of build-
ing up the initial and final states of copper is as follows: first
all the spectroscopic orbital wavefunctions of 1s, 2s, 2p, 3s,
3p 3d and 4s are optimized. Then the spectroscopic orbitals
are frozen, which means that these orbitals are no longer
optimized. CSFs are generated, and the ‘active’ set of orbitals,
including 3s, 3p, 3d and 4s, are then expanded up to 4f and to
5s respectively. Single and double excitations are permitted
only within the active set, but no core-valence or core-core
correlation is included. The optimum approach to conv-
ergence is dependent on the system. Increasing the active set
to include 1s, 2s and 2p orbitals increases the number of CSFs
dramatically and makes convergence much more difficult, but
does not change the results in our test investigations sig-
nificantly so long as the wavefunction converges [3].

4.1. Method 1—default ordering and correct angular momenta
range

Here we restrict the maximum total angular momentum
number Js to be the exact values as calculated from the
configuration. In particular, for n 4 , J takes the values of
0, 1{ } for the initial states and 0, 1, 2{ } for the final state. The
number of transitions now is also restricted to 6, as we expect
from the Fermigolden rule for electric dipole transitions (E1).

This method was introduced in the GRASP2K manual
[17]. It was used in the relativistic calculations for copper Ka
[3, 4], titanium Ka [18], for the 557.7 nm and 297.2 nm
emission lines in oxygen [19] and for the transitions in O(I)
and O(III) [20].
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4.2. Method 2—addressing the correct CSFs with dominant
contributions to the total ASF

After building up the atomic configuration, we have a list of
CSFs with the same J and parity in each block. Each CSF is
indicated by an ASF serial number based on its order in the
block. The multi-configuration expansion permits single and
double excitations, allowing for thousands of possibilities of
extra configurations, each with very small contribution to the
ASF. The dominant configurations that contribute to the true
wavefunction are the configurations in each block prior to the
expansion, denoted by the ASF serial numbers.

In method 2, we must check the output of GRASP2K to
ensure the CSFs with dominant contributions to the ASF are
indicated correctly in each block. In theory the values of ASF
serial numbers should not change with the multi-configuration
expansion. However, by checking the configuration state list
(CSL), we notice that some of the CSFs have been re-ordered,
and hence, the original ASF serial numbers may no longer
address the correct CSFs with dominant contributions to the
ASF. Therefore, after expanding the basis set, we had to
manually check the CSL and change the values of the ASF
serial number according to the positions of the dominant
contributing CSFs. Method 2 has been done solely by
the authors, and has not been previously reported in the
literature.

4.3. Discussion of methods

Both methods give plausible results in table 1, in comparison
with the transition energies obtained using both DF and HF
code [12, 14]. The number of transition lines using either
method is consistent with the Fermi’s golden rule for electric
dipole transitions, retaining the qualitative fine structure cor-
rectly. The Babushkin gauge and Coulomb gauge in each
transition are also convergent, with the ratios A AL V very
close to unity. The values of each transition energy, AL and
AV and intensity after the multi-configuration expansion
converge to a plausible value.

The results from method 2 are more reliable than those
from method 1, since checking and manually re-ordering the
CSL ensure the dominant CSFs are indicated correctly in the
computation processes. Because the 3d and 4s orbitals lie
very close to each other, as the multi-configuration expansion
is applied and single and double excitations are allowed, the

energy levels of these orbitals can be mixed, and some CSFs
may have been re-ordered in the list. For this reason, method
2 is reflective of the physical CSFs and will be used for later
calculations and analysis.

5. Stability and convergence of transition gauges,
energies, peak separation and intensity (gf) ratios

For electric multipole transitions in the relativistic limit, the
oscillator strengths can be calculated in two different gauges,
Babushkin and Coulomb, which are the equivalents of the
relativistic length and velocity gauges. The transition matrix
elements depend on the choice of gauge. If wavefunctions
were complete and exact then the transition elements would
be gauge invariant. The ratios of the intensities calculated
with Babushkin and Coulomb gauges (table 1) are all close to
unity in both method 1 and method 2, within 0.65%. This is
an indicator that the wavefunctions in our calculations are
convergent.

The transition energies also converge to a plausible value
in each method, implying a high level of convergence. The
transition energies calculated here are consistent with theor-
etical results obtained by Deutsch et al [12].

The peak separation between 3b and 1b found by methods
1 and 2 are in good agreement with the theoretical results
obtained by Huang et al [21] and by Deutsch et al [12], the
experimental results by McAlister et al [22] and by Fuggle
and Mårtensson [23] (table 2). The experimental result,
however, has significant uncertainties. The uncertainties in
our values of peak separation come from the convergence of
transition energies after the multi-configuration expansion up
to the 5s sub-shell. In other world, the uncertainties, E( )d D ,
are evaluated as: E E Es f5 4( )( )d D = D - D . The intensity
ratios we obtain from both methods are consistent with
theoretical [24] and experimental literature [12, 25, 26]. Our
convergence is to 0.01 eV peak separation and the fourth
significant figure for the component ratio :3 1b b . Of course
this is not a statement about accuracy.

Core–valence and core–core correlations make the cal-
culations much more complicated due to the large number of
CSFs; however, the peak separation and relative intensities
are unchanged.

Table 1. Results of the Kb transitions in copper from the relativistic atomic calculations using method 1 and method 2.

3b 1b WMLP gf ratio Separa-
Method Expansion Energy (eV) AL/AV gf total Energy (eV) AL/AV gf total (eV) ( :3 1b b ) tion (eV)

1 5s 8899.80 1.0065 0.0475 8902.42 1.0062 0.0930 8901.54 0.5106 2.62

2 No 8900.38 1.0066 0.0476 8902.89 1.0063 0.0931 8902.02 0.5107 2.56
4s 8900.35 1.0066 0.0475 8902.90 1.0063 0.0930 8902.04 0.5103 2.55
4f 8900.68 1.0065 0.0473 8903.23 1.0064 0.0926 8902.37 0.5107 2.56
5s 8900.67 1.0065 0.0473 8903.22 1.0064 0.0926 8902.36 0.5107 2.56

Gauge convergence is within 0.65% and the component ratio is convergent to the fourth significant figure. The weighted mean line position
(WMLP) is calculated from the transition energies and their corresponding intensities.
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6. Calculations of copper Kβ satellites

In order to investigate the characteristic profile of copper Kb ,
in addition to the diagram lines 1s−1 3p−1, we must also
consider the transitions of the satellites due to a removal of an
electron from each of the subshells 3d, 3p, 3s and 4s. Double
shake from 3d subshell is also potentially significant. We
therefore calculate the transitions 1s−13d−1 3p−13d−1,
1s−13d−2 3p−13d−2, 1s−13p−1 3p−13p−1, 1s−13s−1
3p−13s−1, and 1s−14s−1 3p−14s−1. The procedure is
similar to the calculations of Kb transition in the diagram
lines presented above, with the ASF serial numbers corrected
to indicate the true dominant CSFs in the list . The satellite
transition spectra are presented in figure 2.

The GRASP2K version 1.1, RCI4 update was used to
solve the DHF equations. The Breit interaction and first order
QED were included perturbatively . In generating the CSF
basis, single and double excitations were allowed from the 3p,
3d and 4s subshells to virtual orbitals up to the n = 5 shell.
Core–core and core–valence correlations were ignored.

Wavefunctions were optimized individually for both initial
and final states, in the same way as optimizing the wave-
functions of the diagram lines.

In figure 2, the stick diagrams demonstrate the transitions
of the satellites due to an ionization of one or two electron(s)
in 3d, 3p, 3s and 4s subshell, following the sudden removal of
the core 1s electron. Each of the sticks represents a transition,
and the relative heights between the sticks in each diagram
represent the relative intensities of the transitions. The num-
ber of CSFs of each satellite transition is of order 104. The
large number of CSFs made it impossible for calculations in
the past literature if the 4s electron was included. The spectra
of 3d, 3d2, 3p and 3s satellites in figure 2 are similar to those
of Deutsch et al [12] using DF and HF calculations. However,
since the 4s electron has been included, the number of tran-
sitions and the relative intensities between the transitions in
each satellites are now computed accurately. In our calcula-
tions, we also consider the 4s satellite. Our 4s satellite is
actually the calculations for the K 1,3b diagram lines by
Deutsch et al [12] since the 4s electron was neglected in their

Table 2. Comparison of separation in literature and this work for copper Kb .

Source Separation (eV) gf ratio ( 3b : 1b )

Experimental Bearden and Shaw [27] 2.0±0.1 N/A
(Semi-empirical) McAlister et al [22] 2.0±1.0 N/A

Cuthill and Erickson [22] 2.4±N/A N/A
Madden et al [28] 2.7±N/A 0.63
Bruhn et al [29] 2.25±0.07 N/A
LaVilla [25] 2.4±N/A 0.5
Bremer et al [26] 2.2±0.3 0.51
Fuggle and Mårtensson [23] 2.2±0.5 N/A
Deutsch et al [12] 2.39±0.02 0.51

Theoretical Herman and Skillman [30] 2.7±N/A N/A
Huang et al [21] 2.55±N/A N/A
Misra et al [31] 2.49±N/A N/A
Scofield [24] N/A 0.511
Deutsch et al [12] 2.55±N/A 0.51

This work Method 1 2.6209±0.0066 0.5106
Method 2 2.5561±0.0102 0.5107

The experimental values are outputs from semi-empirical fits with or without deconvolution. N/A
implies that the value is not available. The uncertainties of our peak separation values come from
the convergence of the transition energies from the multi-configuration expansion up to the 5s
subshell (see text). The peak separation using method 2 is consistent with the theoretical results
obtained by Huang et al [21] and Deutsch et al [12]. Our intensity (gf) ratio between 3b and 1b also
strongly agrees with most of the available values from theoretical and experimental literature by
LaVilla [25], Bremer et al [26], Deutsch et al [12] and Scofield [24].

Figure 1. Copper Kb diagram lines using method 2, by addressing the correct CSFs with dominant contributions to the total ASF.
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calculations. The spectrum of our 4s satellite is almost iden-
tical to the diagram line spectrum obtained by Deutsch
et al [12], in which, the number of transitions is 2, and the
intensity ratio between the two lines is approximately 1:2.
This implies that our method of calculation(s) is plausible.

7. Shake probabilities in the high energy limit

7.1. Our shake probability calculations using the multi-
configuration approach with the sudden approximation

Shake processes have been investigated in many previous
works. The sudden approximation in the high energy limit of
an electron removed from the atomic orbital has been
demonstrated to be a good method to determine shake prob-
abilities when valid [32]. Most available theoretical calcula-
tions used the sudden approximation, that is, in the high
energy limit, an electron is ionized to the continuum (shake-
off) or excited to the higher bound state (shake-up), causing a
sudden change in the atomic potential.

The theory of satellites and shake probability calculations
have been presented in the literature in the 1960s by [33].
Early calculations of shake probabilities in the high energy
limit were done for Ar Kβ by Dyall and Grant [34, 35], using
CI wavefunctions based on MCDF-EAL calculations. Our
calculations of the shake probabilities are based on [32].
Chantler et al have used the multi-configuration method in the
sudden limit to calculate the shake probabilities in the 3d
subshell in transition metals [4, 36]. In the sudden limit, the

initial ionization takes place in a time frame much shorter
than orbital relaxation, and the shake-off probability can be
expressed as the overlap integral between the wavefunctions
of initial and final states.

The neutral atom is initially in an eigenstate of the N 1+
electron Hamiltonian, H N 1( )+ , with an atomic wavefunc-
tion N 1A( )Y + , prior to ionization. If an electron is suddenly
removed from an orbital, the wavefunction undergoes the
transformation:

N N1 6AA( ) ˜ ( ) ( )Y +  Y

NA∣ ˜ ( )Y ñ is the state of the atom before relaxation as soon as an
electron is suddenly removed from the 1s subshell. It uses the
converged wavefunction of the neutral copper atom (with one
1s electron missing), since the initial assumption is that the
ionization of an electron from 1s orbital occurs in the high
energy limit such that the wavefunction does not have enough
time to adjust itself. Upon relaxation, the wavefunction
becomes the 1s−1 state NB∣ ( )Y ñ. The shake-up or shake off
probability, Pshake, is the probability of the system initially in
state NA∣ ˜ ( )Y ñ to be found in any state other than NB∣ ( )Y ñ,
which can be written as:

P N N1 , 7Bshake A
2

( ) ˜ ( ) ( )= - Y Y

where NB∣ ( )Y ñ and NA∣ ˜ ( )Y ñ are the N electron wavefunctions
with the same set of quantum numbers.

In the multi-configuration framework, the ASF atomic
wavefunctions NA∣ ˜ ( )Y ñ and NB∣ ( )Y ñ are linear combinations
of CSF Slater determinants:

N c N d, and . 8
j

j j B
k

k BkA A∣ ˜ ( ) ∣ ˜ ∣ ( ) ∣ ( )å åY ñ = F ñ Y ñ = F ñ

Equation (7) can be written as:

P N N

c d N N

1

1 , 9

B

j k
j k Bk j

shake A
2

A

2

( ) ˜ ( )

( ) ˜ ( ) ( )åå

= - Y Y

= - F F

where cj and dk are the mixing coefficients of the CSFs, which
can be found using the program extmix in GRASP2K.

j n

N
jnA A∣ ˜ ∣ ˜ fF ñ = ñk k and Bk n

N
Bkn∣ ∣F ñ = F ñk k¢ ¢ ¢ ¢ . The

overlap in equation (9) can be written as:

N N . 10Bk j
n

N

n

N

Bkn jnA
, ,

A( ) ˜ ( ) ˜ ( )  f fF F =
k k

k k
¢ ¢

¢ ¢

We make simplifying assumptions that the shake-up is
negligible and the inner-shell photoionization includes only
pure shake-off processes. This is valid, given that in the
sudden limit, the orbital relaxation is small, and the ionization
is dominant over excitation. This has been indicated in
theoretical and experimental literature [37–39]. Therefore,
shells with different quantum number n and κ have zero
overlap, and we can also ignore overlaps of any two wave-
functions with different occupation numbers. The overlap in

Figure 2. Copper Kb energy spectra and stick diagrams showing
relative intensities. Note the complex multiplets and sub-structure
with many transitional energies and CSFs.
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equation (10) can take the values:

n n

n n

0 for ,

1 for , . 11

Bkn Ajn

n

˜

( )

f f k k

k k

= ¹ ¢ ¹ ¢

= - = ¢ = ¢

k k

k

¢ ¢

The value 1 n- k of the overlap of the two wavefunctions
can be evaluated from the overlap of the two orbital radial
wavefunctions. The GRASP2K program readrwf supplies
values of the radial components P(r) and Q(r) on a standard
grid, from which the overlap integral of equation (4) can be
calculated numerically. The total shake probability from
equation (9) can be written as:

P c d1 , 12
j k

j k
n

Bkn jn

M

total
shake

A

2
jn˜ ( )åå  f f= -

k
k k

k

where Mnk is the electron occupation number of the
wavefunction with quantum number nk.

Shake-off probabilities cannot be assigned to individual
shells or subshells, but instead, they can only be assigned to
the atom. This is because the sets jA{∣ ˜ }F ñ and Bk{∣ }F ñ consists
of CSFs with differing occupation numbers and the ASF is a
combination of a number of electron configurations [32].
However, the calculations of shake probabilities in practice

can be approximated by assigning those probabilities to a set
of quantum numbers. The calculation of satellite energies
generally proceeds by assuming the shake-off electron can be
localized to a particular subshell [3, 12, 18, 40]. By assigning
the shake probabilities to individual shells or subshells, the
results from our calculations are accurate up to the first-order
approximation. The procedure of assigning shake-off prob-
abilities to subshells is similar to the recipe by Lowe
et al [32]. The possibility of an electron shaken from subshell
n, k from equation (7) can be now simplified as:

P c d1 , 13n
j k

j k Bkn jn

Mshake
A

2
jn˜ ( )åå f f= -k k k
k

where Mjnk comes from the CSF sum of orbitals. The
probabilities of the single and double shakes from 3d, 3p, 3s
and 4s subshells are calculated using equation (13) and
presented in table 3. In this approach, the double shake occurs
when the time difference between the removal of two
electrons in the same subshell is negligible, insufficient for
the potential to re-adjust itself. Therefore the double shake
can be approximated as a one-step process when any two
indistinguishable electrons are ionized from nl
simultaneously.

Figure 3. Figures (3.1(a)) and (3.2(a)) show the fits of K 1,3b and the satellites from our ab initio MCHDF calculations to the best available
experimental data by Deutsch et al [14], using the models in fit 3 and fit 9 of table 5. Figures (3.1(b)) and (3.2(b)) show our residuals. Figures
(3.1(c)) and (3.2(c)) are the residual plots from Deutsch et al [14] by fitting their theoretical results for K 1,3b and the 3d satellite spectrum with
P 3d 26.0%shake ( ) = , independent widths and 1.36reduced

2c = .
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Let n k be a matrix with each element jk
n k =

c dj k Bkn jn
M

A
jn∣ ˜f fk k
k. In order to calculate the shake prob-

ability Pn
shake
k in equation (13), we need to sum up all the

matrix elements of n k. This is difficult since the number of
CSFs in each list is of order 104. Therefore, we only consider
CSFs with significant contributions to the ASF. Each of the
sums in equation (13) is no longer expanded to the total
number of CSFs in the CSL, instead, it will only expand to
the second order. The first order expansion includes the single
CSF with the dominant contribution to the ASF (about
96.5%), while the second order expansion includes up to 100
or so CSFs with mixing coefficients cj or dk of order 10

−2,
depending upon which satellite is involved.

The shake probabilities reported in table 3 are calculated
using equation (13) to the second order in the expansion of
CSFs. The uncertainties are estimated from the higher-order
(i.e. third order) corrections of the shake probabilities, from
perhaps hundreds of CSFs with lower mixing coefficients,
which tend to decrease the shake probabilities with the
expansion of the CSFs. Therefore, the uncertainties of the
shake probabilities are labelled with the m symbols.

7.2. Shake probability calculations compared with the
theoretical and experimental literature

7.2.1. Theoretical literature. For many-electron atoms,
Mukoyama and Taniguchi [41] followed Carlson and
Nestor’s treatment [46] to calculate the shake-off probability
Pnl:

P P1 d 14nl nl nl

N2

F ( )*ò y y t= - ¢ -

where nly and nly¢ are the wavefunctions of the neutral atom
and the ion with a single vacancy in the inner shell,

respectively. N is the number of electrons in the nl shell,
and PF is probability of the forbidden transitions. Our
formalism of shake probabilities calculation in equation (7)
follows the same logic as that used by Mukoyama and
Taniguchi in equation (14).

Kochur et al [42] did not calculate absolute shake
probabilities, but instead computed shake probabilities
relative to the probability of K 1,3b transitions. The single
and double shake probabilities from the shell nl, relative to
the diagram lines were

P N 1 , 15nl nl nlsingle shake
2( )˜ ( )f f= -

-

P N N
1

2
1 1 , 16nl nl nl nldouble shake

2 2( )( ) ˜ ( )f f= - -
-

where 1nlnl
2˜ ∣f f -

-
is the probability of shake from the

subshell nl upon n l0 0-ionization per Nnl-electron [42]. The
factor N N 1nl nl

1

2
( )- is the combinatorics term, associated

with the probability of having two random electrons removed
in the total Nnl electrons of the subshell simultaneously. This
follows similar logic to equations (7) (13) and (14) but with a
Taylor expansion to first order.

While the formalism of these approaches and computa-
tions appears consistent, the results, possibly due to issues of
wavefunction convergence and completeness, vary by more
than a factor of two (table 4). In some cases this can be due to
the computation of some related parameter such as a
computation of amplitude coefficient rather than probabil-
ity [4].

7.2.2. Experimental literature. The determination of the
shake probabilities from the experimental spectra may
proceed by fitting the theoretical profiles of the diagram

Table 3. Shake probabilities calculated in this work, using the multi-configuration approach, equation (13). Uncertainties are the correction
due to inclusion of third order CSF contributions as discussed in the text.

Shake from 3d 3d2 3p 3s 4s

Probability (%) 19.94m0.14 1.79m0.04 7.74m0.10 0.32m0.02 12.43m0.15

Table 4. Summary of shake probabilities (in %) from theoretical and experimental results in the literature, and the shake probabilities from
our theoretical modelling using the multi-configuration approach in the sudden limit. The empirical fits of experimental data were unable to
fit more than just the 3d (dominant) satellite.

Literature 3d 3p 3d2 3s 4s

Theory Mukoyama & Taniguchi [41] 9.7 2.5   9.7
Kochur et al [42] 13.0 2.6 0.9

Experiment Galambosi et al [37] 26.2
Holzer et al [43] 18.5
Diamant et al [38] 25.0

Enskinsch et al (Kb) [44] 29.0
Ito et al [45] 23.1

Deutsch et al [39] 29.0
Deutsch et al (Kb) [39] 26.0
Chantler (2009) et al [2] 26.0
Chantler (2012) et al [4] 39.0

Theory This work 19.9 7.7 1.8 0.3 12.4
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lines K 1,3b and satellites to the experimental results; or by
fitting a series of Lorentzians to the experimental spectra or
phenomenological fitting.

One of the earliest studies was done by Deutsch
et al [12]. The instrumental function in the double crystal
spectrometer was very narrow so that no broadening for finite
resolution was necessary. Fits were done using the measured
and smoothed data. The 3d shake probabilities reported
[12, 39] were 29% and 26% respectively for copper Ka and
Kb . Galambosi et al [37] used multi-configuration fits to
study the shake probability in the copper Ka transition,
however with the excitation energies near the threshhold. The
value found in this study is 25% 2% , including both shake-
up and shake-off processes [37]. This result is in good
agreement with the value found by Diamant et al [38] of 25%.
Similarly, the 3d shake-off probability calculated by Enskisch
[44] for K 1,3b and K 2,5b spectra were found to be 30% and
29% respectively. The 3d shake probabilities found by
Chantler et al (2009 and 2012) are both from the fitting of
theoretical calculations of copper Ka from a MCDHF
approach to the best available experimental data [14]. The
4s electron was neglected in [2], but was included in the
calculations in [4]. The discrepancies between these two
results by Chantler et al and other experimental results are
partly due to: only including 3d satellite; differences in the
theoretical calculations and convergence of wavefunctions;
and the strong correlation between different fitting
parameters.

Most of the calculations have been done on copper Ka.
Because the ionization event, if sudden, is meant to precede
the relaxation from either subshell, the shake and satellite
probabilities should ideally be consonant. However, theore-
tically there can be issues of detailed wavefunction
convergence and orthogonalization; and experimentally the
limited resolution of Kβ transitions can preclude clear
determination of satellite components and magnitudes. The
values for the Kb transition can be found in the papers by
Deutsch et al [12, 14, 43] and Enkisch et al [44]. It is unclear
whether Mukoyama and Taniguchi [41] and Kochur et al [42]
modelled their computations upon Ka or Kb . As stated, this
should not affect the results. The discrepancies between the
theoretical calculations and the experimental results therefore
remain unclear. One contribution is certainly due to fitting
only a single satellite component (e.g. 3d) to unresolved
spectral components.

From table 4, our 3d shake probability from the multi-
configuration approach are in moderate agreement with the
experimental values by Holzer et al [43] and Ito et al [45].
Our 3d shake calculation is much smaller than most of the
semi-empirical values. This might be because only the 3d
shake was modelled in the experimental literature, and
therefore, those probabilities were overestimated.

Our calculations reveal considerably higher probabilities
of shake processes, compared to the theoretical calculations
done by Mukoyama and Taniguchi [41] and Kochur et al [42]
especially for the single electron shake from 3d and 4s
subshells, and the double shake from the 3d subshell. The

shake probabilities calculated in this work are, however,
consistent with the results by Chantler et al (2010) [3].

8. Modelling, analysis and assumptions

8.1. Fitting parameters and uncertainties using least-squares
analysis and Bayesian constraints

Experimental data was obtained from a meticulous double
crystal laboratory-based spectrometry experiment [14]. The
authors stated that the instrumental and thermal broadening
were negligible. Therefore, Gaussian width σ can be set to be
zero, and our broadening function becomes a Lorentzian
profile. The results of MCDHF calculation for the diagram
lines, or for each set of satellites, can be presented by a ‘stick
diagram’, with each vertical line represents a transition with
energies and intensities calculated from GRASP2K, but with
no width. To represent a transition we convolve each comp-
onent in the ‘stick’ diagrams with a broadening function. The
convolved peaks are then fitted to experimental data to
determine the intensity of the diagram lines, the intensity of
each set of the satellites, as well as transition widths [2, 3, 47].
An overall offset and scale of energy may result from the
calibration of the experiment. On the other hand, each set of
diagram or satellite lines may be subject to a different energy
offset due to limitations in the accuracy of the theoretical
convergence.

Consequently, fitting parameters include the full width at
half maximum, the energy offset between experimental cali-
bration and theoretical convergent prediction, and the prob-
ability of each of the diagram lines and each satellite spectrum
for a maximum total of 17 possible independent parameters
(table 5). However, from our theoretical modelling, we are
able to constrain all of the satellite probabilities, all the
component spectral distributions, common widths for the Kb
diagram components, for a total of 12 independent parameters
given Bayesian physical constraints. Of course, with a num-
ber of the fitted models involving subsets of the computed
satellites, the number of free parameters were much smaller,
but these were more akin to exemplars of the degree of
convergence and robustness towards physical models.

8.2. New theoretical calculations and predictions compared
with the theoretical literature

In this study, not only 3p, 3s and 4s satellites are fitted and
reported, but energy offsets and fitting uncertainties are also
reported. To investigate the potential value of our new
approach, a fitting procedure is implemented with fixed
parameters derived from our theory and prior literature. The
widths and offsets are always free parameters, which are fitted
to the experimental spectrum to obtain goodness-of-fit

reduced
2c . The energy of each transition line and its intensity are

taken from our calculations for the diagram and each set of
satellites. Hence there are a priori constraints as to the
detailed substructure of each diagram or satellite spectrum,
and also as to the shake probability dictating their amplitude,
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Table 5. Fits to the best available experimental spectrum of copper Kb [14].

Fit (1) (2) (3) (4) (5) (6) (7) (8) (9)
M&T Kochur Multi-config 3d 3d+3p 3d+4s 3d+3d2+4s 3d+3p+4s 3d+3d2+3p

et al equation (13) 3s+4s

3d prob. (%) 9.70 12.96 19.94(21) 33.19(40) 34.11(49) 23.86(14) 23.79(29) 23.56(13) 21.20(32)
3d2 prob. (%) — 0.80 1.79(04) — — — 1.98(03) — 1.95(11)
3p prob. (%) 2.46 2.15 7.74(10) — 7.21(14) — — 7.83(26) 8.04(26)
3s prob. (%) — — 0.32(02) — — — — — 0.35(04)
4s prob. (%) 9.67 — 12.43(14) — — 10.01(19) 10.09(16) 10.82(18) 11.18(16)
1,3b width (eV) 4.56(02) 4.83(03) 3.29(03) 3.87(04) 3.42(03) 3.94(03) 3.79(03) 3.30(02) 3.25(02)
3d width (eV) 2.58(14) 3.14(02) 4.87(17) 5.81(03) 6.82(09) 4.66(13) 4.40(09) 5.56(19) 4.99(18)
3d2 width (eV) — 3.55(47) 3.05(56) — — — 4.39(44) — 3.18(32)
3p width (eV) 6.57(68) 5.72(15) 3.23(07) — 3.45(18) — — 3.03(17) 3.21(12)
3s width (eV) — — 3.17(40) — — — — — 5.60(48)
4s width (eV) 9.51(03) — 8.99(05) — — 9.57(06) 9.33(07) 8.99(03) 9.18(06)

1,3b shift (eV) 2.84(01) 2.68(01) 2.60(01) 2.67(01) 2.50(01) 2.74(00) 2.70(00) 2.60(01) 2.58(01)
3d shift (eV) 2.44(01) 2.53(02) 2.60(02) 2.17(04) 1.94(04) 2.49(03) 2.45(03) 2.60(03) 2.48(05)
3d2 shift(eV) — 2.63(32) 2.60(11) — — — 2.67(37) — 2.58(47)
3p shift (eV) 2.74(05) 0.49(11) 0.10(04) — 0.02(02) — — 0.18(05) 0.02(04)
3s shift (eV) — — 0.10(20) — — — — — 0.01(24)
4s shift (eV) 0.46(04) — 0.46(10) — — 1.50(05) 1.61(06) 0.20(11) 0.28(07)

Total peak (eV) 8905.65(80) 8905.48(68) 8905.69(79) 8905.69(41) 8905.62(55) 8905.69(29) 8905.69(68) 8905.70(45) 8905.69(93)

reduced
2c 2.18 2.32 1.30 1.30 1.30 1.40 1.37 1.32 1.21

Parameters constrained to zero fit are indicated with ‘-’. The fixed parameters in fits (1–3) are the shake-off probabilities, as a priori constraints from Mukoyama and Taniguchi (M & T,
column 2) [41], from Kochur et al (column 3) [42], and from our multi-configuration approach (multi-configuration, equation 13, column 4). In fits (4–9) all the parameters are free
parameters with a varying set of fitted satellites. The consistency between fits using the shake probabilities as constraints from our theory (fit 3) and the empirical fit of the best available
experimental data allowing these as free parameters (9) is remarkable.
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following the usual Bayesian hypothesis, for the first three fits
in table 5. While widths (natural and instrumental broadening)
and energy offsets between theoretical eigenvalues and
experimental positions are in general fully free, one can
consider the likely physical basic of the resulting fitted values
within their uncertainties.

Fit (1) uses the shake-off probabilities of 3d, 3p and 4s
satellites obtained by Mukoyama and Taniguchi [41]. The
maximum energy offset for the diagram lines is large: 2.84 eV.
The goodness of fit (1) is relatively poor ( reduced

2c =2.18).
Similarly, using the shake probabilities from Kochur et al

[42] in fit (2), the goodness-of-fit is poorer ( reduced
2c =2.32).

In fit (3), the shake probabilities are calculated using our
multi-configuration approach equation (13). The maximum
energy offset corresponds to the offset of the diagram lines,
which is 2.60 eV. The reduced

2c is very close to unity (1.30).
This demonstrates our theoretical calculations of shake-off
probabilities, using the multi-configuration approach, may be
in excellent agreement with the experiment.

8.3. Discussion of free parameter modelling of the
experimental spectrum and comments on the theoretical
prediction

In fits (4–6), all the parameters, including shake probabilities,
linewidths, and energy shifts, are set free. 3d shake is fitted in
all the fits, since this is the dominant contribution to the total
spectrum, as indicated in our theoretical calculations and from
both the theoretical and experimental literature.

In fit (4), only 3d shake is taken into consideration. The
uncertainties of the fitted parameters and the difficulty of the
fitting procedure can be minimized due to a small number of
free parameters. Fit (4) implies a significantly high 3d shake
probability, and this result argrees with other semi-empirical
fits in the literature [2, 12, 44]. The significantly higher
probability of 3d shake can be explained since 3p and 4s
contribution are not fitted. Hence the available and fitted
satellite attempts to fill all the asymmetry and gaps not
accounted for by the diagram lines.

The Deutsch et al modelling [12] used a set of diagram
and 3d spectral components, and was a ground-breaking
advance, but had independent widths for each diagram line
(ours are constrained as dominated by instrumental broad-
ening) and omitted the 4s electron so therefore produced a
distinct satellite structure. Perhaps more significantly, this
omission of fitting other satellites (which they indeed discuss
in their paper) leads to amplification of 3d fitted contributions
but a higher r

2c . In fit (5) both the 3d and 3p satellites are
fitted. Both the reduced

2c value and the 3d shake probability are
similar to those in fit (4). The fitted 3p probability is high
compared to the values found in the literature, but is in great
support of our theoretical calculation.

Fit (6) implies a relatively high contribution of the 4s
shake (10.01 %). The goodness-of-fit value in fit (5) is the
result of the correlation between the parameters. We expect
that the 4s shake probability has high uncertainty because the
4s satellite spectrum is almost identical (and therefore

degenerate) to the spectrum of the diagram lines. In fact, our
4s satellite spectrum was defined as the diagram transition in
the ab initios calculation by Deutsch et al [12]. Therefore, it is
difficult to separate the spectrum of 4s satellite (and the
independent probability) from the diagram line.

In fit (7), 3d, 3d2 and 4s satellites are fitted. In fit (8), 3d,
3p and 4s satellites are fitted. The 3d and 4s probabilities
found in both fits are highly consistent with each other, and
are in fair agreement with our theoretical calculations. Both
the 3d2 and 3p probabilities agree with the prediction
very well.

The degeneracy of the 4s satellite spectrum compared
with the diagram line spectrum decreases the number of
degrees of freedom and increases the strongly correlated
parameters without any improved fit. Therefore, when
including 4s satellite in the fitting, fits (6–8) yield higher
values of reduced

2c compared to fits (4–5). By comparing

reduced
2c values between fits (5–8), the best fits are sensitive to

3p shake probability. The 3p satellite including in the fitting
improves the goodness of fit significantly. On the other hand,
in fit (8), the reduced

2c is only slightly larger than that of
fits (3–5).

It is remarkable that the fitted shake probabilities of 3d2,
3p and 3s satellites, indeed, are highly consistent with our
predicted values using the multi-configuration approach. In fit
(9), all the satellites 3d, 3d2, 3p, 3s and 4s are taken into
consideration. All fitted values are within 10% of the theor-
etical calculations. The results are significant considering a
large number of free parameters are strongly correlated with
each other, resulting in larger uncertainties. The 3d shake
probability is found to be slightly higher than expected from
our multi-configuration calculations. On the other hand, the 4s
shake probability is found to be slightly smaller than pre-
dicted. This, again, may be due to the strong correlation
between the free parameters, and due to the significant
overlap between the 4s and the satellite spectrum. Moreover,
since the contributions from both the 3d and 4s satellites are
high, the discrepancies between the fitted 3d and 4s shake
probabilities in fit (9) and the values from the theoretical
calculations are not significant.

In each fit, if a parameter is fixed and varied toward its
value indicated in table 5, it is observed that the reduced

2c
converges to the same value in the table. This is to ensure our
fitting procedure yields a robust fit converging to the true
minimum, with parameters constrained to physical values.
This remarkably appears to agree with the shake modelling
when 3p and 3d2 satellites are included with both the diagram
lines and 3d satellite.

The remarkable consistencies between results from the
theory and the semi-empirical fits are the result from our
ab initio multi-configuration method. Our method demon-
strates not only excellent convergence of the wavefunctions
of both the diagram and the satellites, and of the accuracies of
the transition energies and relative intensities, but also the
validity of the formalism of the shake probability calculations
in the sudden limit. Table 5 demonstrates that not only the

11

J. Phys. B: At. Mol. Opt. Phys. 49 (2016) 035601 T LH Pham et al



fitting parameters in the semi-empirical fits are highly con-
sistent with each other, but they are also consistent with
the theoretical calculations using the multi-configuration
approach. This shows a high level of internal consistency in
our theoretical and semi-empirical methods. In addition, the
quality of the fits implies that our theoretical calculations are
in excellent agreement with the experiment.

8.4. Investigation of theory using experimental data for the
widths and amplitudes

Further investigation is required in order to confirm the
validity of our theoretical model and assumptions. That is,
how accurate are our theoretical predictions of satellite
probabilities and of the spectral amplitudes in relation to the
latest available experimental data?

We can compare the transition parameters in our theor-
etical and semi-empirical values to the values available in the
literature. The peak of the Kb spectrum measured by Bearden
and Shaw [27] is at 8905.52 eV, and by Deutsch et al [14] is
at 8905.42 eV. Our total spectrum peak obtained in table 5:
8905.69±0.93 eV, agrees well with the literature values.
Our results demonstrate good quality of fits and a high degree
of consistency with theoretical predictions.

Table 6 shows the transition widths of the diagram and
3d satellites obtained in previous theoretical and experimental
works. The linewidths in our fits are strongly correlated to
each other, therefore, it is not easy to determine the values
accurately, and it is difficult to compare with the literature.
We cannot compare our results directly with the literature
values since the 3d2, 3p, 3s and 4s shakes were not fitted in
the literature. However, the consistency between our values of
the linewidths of the diagram and the 3d satellite transitions
and the literature values is remarkable. The widths of our
diagram lines in fits (3) and (9) are in fair agreement with the
experimental values by LaVilla [25], and with the theoretical
values by Yin et al [48]. The widths of our 3d satellite are also
in very good agreement with [12]. Hence, we can conclude
that our final results using either fits (3) or (9) are physical and
plausible within the uncertainties determined in the fits.

8.5. Comments on the energy offsets

From the fits in table 5, the energy spectra of the diagrams and
the satellites have to be shifted to align with the experimental
data by different amounts as seen in [12] to fit the values from
the ab intio DHF calculations to the values from the double
crystal experiment. The offsets of the diagram and the 3d
satellite spectra are comparable to the values obtained by
Deutsch et al [12]. The 3d2 spectrum is also shifted by
approximately the same amount. On the other hand, the
spectra of 3p, 3s and 4s satellites are only slightly shifted. The
0.82 eV difference in the transition energy of the diagram
lines between method 1 and method 2 suggests a theoretical
convergence issue at around this level. This is the main
empirical fitting parameter left in our theoretical computa-
tions. Uncertainties in the fitting may also cause different
individual energy offsets, and uncertainties of transition
energies may be underestimated. The differences in the
energy offsets of the satellites therefore require further ana-
lysis. Analysis of the experimental calibration is also needed
relating to this question. Many might consider that these shifts
are quite small compared to the widths, and hence that they
are plausible within experimental calibration uncertainty and
theoretical convergence. This may in fact be the case.

9. Conclusion

In this study we have presented a complete theoretical char-
acterization and analysis of the Kb x-ray emission profile of
copper. Using the MCDHF approach implemented in the
latest version of the relativistic atomic theory package,
GRASP2K version 1.1 with the improved self-energy
screening of RCI4, we are able to explain the Kb transitions
in a complex open-shell many-electron atomic system. The
diagram lines 1,3b and a full set of potentially significant
spectator vacancies are also studied quantitatively.The results
from the MCDHF demonstrate not only excellent conv-
ergence in transition energies up to 0.01 eV, but also the
gauge invariant wavefunctions (to 0.6%). Peak separations
converge to the third significant figure, while component
ratios :3 1b b are convergent to the fourth significant figure.

Table 6. Fitted linewidths compared to the literature.

Theory Experiment This work

McGuire Yin et al Crasemann Deutsch LaVilla Yin et al Theory Semi-empi
Width (eV) [49] [48] & Chen [12] et al [12] [25] [48] [50] (fit 3) -rical (fit 9)

K 1b 6.66 3.51 4.90 4.08 3.52 2.48 3.29 3.25
K 3b 6.66 3.51 5.00 4.60 3.52 3.55 3.29 3.25

3d satellite 4.88 4.87 4.99
3d2 satellite 3.05 3.18
3p satellite 3.23 3.21
3s satellite 3.17 5.60
4s satellite 8.99 9.18

‘Theory’ represents the use of theoretical shake probabilities as fixed parameters, fitted to the experimental data to obtain
linewidths. The consistency is reasonable.
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The results from our MCDHF are remarkable, since the total
number of CSFs in our calculations exceeds 105 and the
number of transition components is of order 1500.

We have successfully calculated the probabilities of
single and double shake processes in 3d, 3p, 3s and 4s
orbitals, which account for the broad, asymmetric peak of
copper Kb . In most cases these theoretical computations yield
an uncertainty of 0.1%–0.15% (measured by the convergence
from including higher order CSF contributions—the sys-
tematic uncertainty is undoubtedly larger than this but diffi-
cult to evaluate meaningfully). However other theoretical and
experimental works have derived shake probabilities in the
same impact or sudden limit discrepant by many times this
uncertainty, usually due to the difficulty of empirically fitting
a spectrum with insufficient components, the difficulty of
evaluating the correlated fitting space, or the limitations of the
theoretical computations. This is at some level proven by the
improved reduced

2c fits using our theoretical shake prob-
abilities, and the consistency of the empirical experimental
fits of the shake probabilities to our theoretical values to
within about 5% of the relevant shake probability, or about
1% of the transition probability.

Different free experimental fits have also been done to
calculate shake probabilities, linewidths and energy offsets of
3p, 3d2, 3s and 4s satellites for the first time. The goodness-
of-fit values of both the theoretically constrained and free
experimental fits are remarkably close to unity, implying a
robust fitting procedure. Our theoretical values strongly agree
with the experimental free fits, and the results from our own
free fits to the best available data are also in remarkable
agreement. This implies a high degree of internal consistency
between our theory and experiment. The results from our
study represent a significant improvement not only on the
computational techniques, but also of the methodology and
analysis. Our theoretical method using the multi-configuration
approach demonstrates the potential capability of resolving
current discrepancies between the theoretical and exper-
imental results.

Further work will be required to understand the pattern of
satellite energy offsets, but this could lie in eigenvalue conv-
ergence of the complex open-shell, inner-shell processes.
Further study of characteristic radiation will also be required to
gain more complete understanding of the satellite transitions
and small but potentially significant energy offsets and to
resolve further discrepancies between theory and experiment.
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