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Abstract

XAFS structures are solved routinely and hundreds of publications appear per annum. Limitations in theoretical
predictions and XAFS analytical frameworks lead to significant uncertainty in results. This impairs structural
predictions and prevents ab initio determination. The highest accuracy experimental data have been obtained using the
XERT and the most popular technique to analyse the structure. We apply an accurate w2 fitting procedure to the
molybdenum attenuation data including error propagation and improve the XAFS determinations by between 5% and
70%.
r 2006 Elsevier Ltd. All rights reserved.
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1. Metallic molybdenum: an ideal test case for the XAFS
technique

The mass attenuation coefficient data for metallic
molybdenum have recently been determined to unpre-
cedented accuracy within the range from 13.5 to
41.5 keV. Accuracy is within 0.02–0.4% and 0.1% over
most of the energy range. This range includes the K edge
for molybdenum (de Jonge et al., 2005). The data
(Fig. 1) are on absolute scales for both the mass
attenuation and X-ray energy axes. The accuracy of
the energy determinations of each datum is typically
1–3 eV. This accuracy was obtained using the X-ray

extended-range technique (XERT) (Chantler et al.,
2001; Tran et al., 2003). The XERT tests for many
potential experimental systematic errors over a large
energy range, and hence offers an unprecedented
opportunity to critically examine and improve the
standard XAFS analysis technique and theory. These
measurements obtained from molybdenum yield the
most accurately determined form factor in the literature
for any element or substance.

2. Issues in current XAFS analysis

The mass attenuation coefficient ½m=r" for a material is
a function of X-ray energy given by the Beer–Lambert
formula

I ¼ I0e
$½m=r"rt. (1)
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The normalised offset XAFS spectrum, fitted by
standard techniques, called wðkÞ, is the oscillatory part
of the mass attenuation above an absorption edge as a
function of the photo-electron wave number k. wðkÞ is
related to ½m=r"ðEÞ by

wðkÞ ¼
½m=r"ðEÞ $ ½m0=r"ðEÞ

½m0=r"ðEÞ
, (2)

E ¼
h2

8mep2
k2 þ E0, (3)

where m0 is a smooth atom-like background and E0 is
the energy of the edge. There is currently no rigorous
determination of the atom-like smooth baseline m0 or of
the effective energy E0 for general edges. More standard
approaches simply draw a smooth line or curve through
the oscillatory amplitude and normalise empirically to
this. Two of the most useful atomic baselines for XAFS
are Chantler (1995, 2000) and Mihelic et al. (2004).
Recently, limitations of both contemporary theoretical
approaches have been shown to obscure the direct
interpretation of XAFS.
The XAFS equation describes this wðkÞ as a sum over

multiple scattering paths:

wthðkÞ ¼
X

j

NjS
2
0FjðkÞ

sin ½2krj þ fjðkÞ"

kr2j

(e$2s2j k
2

e$2rj=lðkÞ, ð4Þ

where subscript j indexes the jth path, Nj is the
degeneracy, S2

0 is the many-body reduction factor,
FjðkÞ is the backscattering amplitude function, rj ¼

ð1þ aÞr0;j is half the path length, r0;j is the same quantity
at a reference temperature, fjðkÞ is a total phase shift
function, sj is a Debye-Waller factor and lðkÞ is the
photo-electron mean free path function.
XAFS analysis techniques use Eq. (4) as a model for

XAFS. One of the best current analysis packages is
IFEFFIT, an interactive shell for the FEFF code
(Newville, 2001). Given an input local structure (a
crystal structure at some temperature), FEFF will
output Nj , r0;j , FjðkÞ, fjðkÞ and lðkÞ for the most
dominant photoelectron scattering paths. That leaves
S2
0, sj and aj undetermined for each scattering path.
This leaves freedom to model these path parameters.

To good accuracy all aj ’s are equal to a single parameter
a. The sj ’s are modelled by the correlated Debye model
with the Debye temperature yD as a free parameter:

s2j ¼
1

4

X

ij

hðui $ uiþ1Þ ) R̂i;iþ1ðuj $ ujþ1Þ ) R̂j;jþ1i, (5)

where ui is the fluctuation in position of the ith atom in
the path and Ri;j is the displacement from the ith atom
to the jth atom in the path. This can be cast in terms of
the correlation between the kth component of the ui
vector and the lth component of uj :

hui;kui;li ¼
_2

kByD
ffiffiffiffiffiffiffiffiffiffiffiffiffi
MiMj

p
Z 1

0
dw

sinðwRijkDÞ
RijkD

coth
wyD
2T

" #
,

(6)

where kB is Boltzmann’s constant, kD ¼ ð6p2N=V Þ1=3,
N=V is the number density of the crystal, T is the
absolute temperature of the crystal andMi is the mass of
the ith atom in the path (Zabinski et al., 1995).
For each path NjS

2
0 is a constant, so the roles of Nj

and S2
0 are not separable. A separate parameter S2

0;j for
each path models the variation of the product. The
analysis of this work focuses on propagating accurate
experimental errors through a direct windowed k space
fitting as this gives the most direct and transparent test
of the procedure.
The accurate w2 (chi-squared) for w (chi) data is

w2 ¼
XNpts

i¼1

wdataðkiÞ $ wthðkiÞ
sðkiÞ

" #2

, (7)

where ðki; wdataðkiÞÞ is the ith data point and sðkiÞ is the
measurement uncertainty of the wdataðkiÞ. The reduced w2

is

w2r ¼
w2

Npts $Nvar
. (8)

We can evaluate fits generated by the standard
procedure with w2r to determine the accurate goodness
of fit. w2r was implemented in the core of the computation
code so we fit with respect to w2 and evaluate the
standard fits with w2r .
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Fig. 1. ½m=r"ðEÞ versus E for molybdenum, compared with
previous measurements sourced from the compilation of
Hubbell (1994) (legends as given therein). The error bars for
previous measurements are between 2% and 4%. The solid line
is the recent data. The bottom section shows s1sd in the new
data as a percentage of the data ranging from 0:02% to 0:4%,
and generally 0:1%. This quality of data is uniquely suited to
test XAFS theory.
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3. Investigations and results

We report here variation of two parameters of the
standard procedure: the windowing region and the
parametrisation of the paths S2

0;j for the molybdenum
model. We examined fits with the following window
regions: 3:7213:0 Å

$1
(7 peak window), 2:0213:0 Å

$1

(8 peak window) and a range covering all the data
(unwindowed). The model for molybdenum includes 16
scattering paths, the theory converging after the inclu-

sion of these 16 paths. All 16 of the S2
0;j ’s were set equal

to the one model parameter S2
0. The figure shows that

the windowed fits are of very high quality and in good
qualitative agreement with the peaks and troughs of the
data. No k-weighting was employed. This is a confirma-
tion of the modified technique and of the experimental
data.
The model curves for the 7 and 8 peak windowed fits

followed the experimental data with peak locations and
heights being roughly consistent. However, the w2r was
consistently between 63 and 180 for all fits, indicating a
model failure revealed by the high accuracy of the data
(Fig. 2, Table 1).
The unwindowed fits had w2r exceeding 2500, an order

of magnitude greater than the windowed fits. All
parameter values for the unwindowed fits were unphy-
sical. Hence the model is unable to fit the XANES
region. This is the traditional justification within the
XAFS community of windowing: peaks in the XANES
region may not be well represented by an XAFS
analysis. The upper limit of the window prevents the
noise level far from the edge from being too significant,
especially if traditional k3 scaling is used.
Parameter values for the 8 peak window fits were

either unphysical or poorly determined. Generally the
values for the Debye temperature were too low, and the
values for the path amplitudes were too high. This is
correlated with a higher w2r , although the 8 peak window
fits are obviously poor in a range where the model
assumptions are not adequate. Perhaps surprisingly, we
have already removed the first 4 peaks by windowing, so
naively one might expect the model to work well (and it
does in a qualitative sense).
Windowed fits allowing all 16 S2

0;j ’s to vary indepen-
dently yielded high correlations. Although the extra
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Fig. 2. The wðkÞ data (solid line) and the windowed w2 fit using
the reduced set of parameters (dashed line). The k space
window function (dotted line) represents the 7 peak window.
w2r ¼ 96. The fit is qualitatively consistent with the data in the
windowed region, matching peak locations and heights.
However, the w2r indicates a significant disagreement between
theory and the high-accuracy experimental data. Further
theoretical work is needed.

Table 1

The parameters and uncertainties from a 7 peak window fit (windowed from 3.7 to 13:0 Å
$1
)

Improved fit (7 peaks) Standard fit (8 peaks) Literature value

Value s s
ffiffiffiffiffi
w2r

p

w2 24 000 38 000

w2r 96 130

E0ðeVÞ 19996.88 0.03 0.33 19996.21
a 0.00183 9( 10$5 0.00086 $0.0003(5) 0* 6( 10$5

yD (K) 360 2 16 344(9) 385(7)

S2
0

1.153 0.006 0.055 1.11(3) 0.9

Two estimates, s and s
ffiffiffiffiffi
w2r

p
, give lower and upper bounds for one standard deviation uncertainty. The fit is consistent with established

values to within 2–3 standard deviations. The model gives meaningful parameters with a particularly restricted window. The unit cell
length is between 3.1470 and 3:1474 Å (Edwards et al., 1951; Wyckoff, 1963; Taylor et al., 1961), based on X-ray crystallography
carried out between 18 and 25 +C. With the model parameter 3:1474 Å., an expected expansion coefficient of ð1þ aÞ; a ¼ 0:00000ð6Þ
follows. The Debye temperature for molybdenum is 385(7)K from powder neutron diffraction (Bashir et al., 1992).
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parameters always gave an expected reduction in w2r ,
the corresponding path amplitudes were often unphysi-
cal, implying that the amplitudes were not deter-
mined, even for such an ideal model system as pure
molybdenum.
In all fits, the development of the accurate w2 fitting

procedure including error propagation showed improve-
ment of the XAFS determinations by between 5%
and 70%. The 7 peak windowed fit yields parameter
values corresponding to physical quantities. Other
results, while still useful for some applications, were
likely to lead to significant uncertainty in determined
parameters.
Standard procedures for fitting the FEFF model to an

experimental XAFS spectrum are based on a least-
squares fit of some linear transformation of the residues
of the data interpolated onto a 0:05 Å

$1
spaced grid.

Options include fits on three different axes (original or
‘R or Q space’) with k2 or k3 or kn scaling (suppressing
near-edge and magnifying far-edge structure), and with
a variable fitting window in k space. These transforma-
tions of the residues do not propagate experimental
uncertainties, distorting the accuracies and uncertainties
of the original data set. Therefore, such options
are significantly flawed and were not used in this
investigation.

4. Significance

To investigate current XAFS theory, this work used
newly available absolute mass attenuation data for
molybdenum of extremely high accuracy. This was made
possible by the implementation of a systematic propaga-
tion of errors through least-squares analysis. The
current analysis techniques were improved by the
implementation of a w2r fitting technique.
Models using 16 independent path coefficients pro-

duce unphysical model parameters with both the current
analysis technique and w2r fitting technique, due in
particular to the correlations between parameters. The
use of k3 scaling is not recommended from this work
because unphysical scaling of error bars is common,
distorting the meaning of the fitted parameters.
The simpler model with a single common path

amplitude produced parameters in reasonable agree-
ment with literature values when the fit was windowed to
7 peaks. This appears to constitute a more serious
constraint upon the range of validity of the model than
previously believed, especially since this is the XAFS
spectrum of a monoatomic solid.
The w2r for every fit is over 60, clearly indicating a

disagreement between theory and experiment. In the
abstract, the experimental error bars could simply be
too low by a factor of 7. However, the structured pattern
of the residuals is inconsistent with a random noise

signature, confirming in fact the quality and error bars
of the data (to within a factor of two), and highlighting
the theoretical issue raised.
The w2r for the unwindowed fit using the current

analysis techniques was 3000. Improved theory for the
whole range of data should therefore improve agreement
with experimental structure by a further factor offfiffiffiffiffiffiffiffiffiffi
3000

p
’ 55.
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