Lecture5 Povh Krane Enge Williams

N-N scattering /=0 16.1 4.2/3 3.1-3 211,99
phase shift 42 35
Properties of 2-nucleon potential

Central 16.1 44
spin dependence 44 3.6
t-s dependence 4.4

exchange component 4.4

Problemsfor Lecture5

1 Calculate the classical impact parameter necessary to give an orbital
AM of /=1 for an n-p scattering event when E;,,= 10 MeV

2 Matching /=0 wavefunctions at the boundary r = ¢ + b of asquare-wd|
repulsive core potential leads to the transendental equation K cotKb =
k cot [k(ctb) +d]. Determinetheradius of therepulsive core (c) from
theinformation that thetriplet S phase shift is zero for Ejs = 350 MeV.
UseVo=73MeV, and b=1.337 Fm

3 Show for yourself that a proton with a KE of less than 10 MeV will
have a small probability of having | = 1.
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Review Lecture4

The Deuteron
1 Nuclear potentia short range attractive
Repusive core
Approximate with sgare will plut infinite repulsve core
assume (=0
2 Solve Schroedinger Equation for /=0 1D, knowing BE of deuteron as2.23 MeV

Transcendenta equation gives binding for range of pot. depths and widths
Cdculate radius of deuteron from WF and equate with observation

Gives another transcendental equation

Combined, these give V, width of pot. well

3 | for deuteronis 1 (S=1), but p and n can coupleto give S= 1 (triplet Sstate) or 0. No S=0 (snglet)
GSdaefound. S=0 stateisjust unbound. Therefore Pot. well isshallower (60 MeV ) for antiparallel
coupling of s.

4 Mag. Dipole moment less than sum of MDM for p and n (since /=0 thereis no orbital contribution
from motion of p)
Therefore postulate that the WF for deuteron is not entirely /=0 (swave)

y = ay s+adyq ) where /=2 (d wave) contribution  is about 4%
(*) Understand what this equation means

5 | for deuteronislandsdnce/=0,S=s+ 5 =% +%=1

For /=2 component must recouple S=1 and /=2togivel = 1

Thismeanstwigting S, so nuclear pot. must have a tensor part. Dependson g and Sas
well asr.

6 Messured Quadrupole moment is non zero, confirms deuteron must include /=2
component in WF. (unlike =0 WF, /=2 WF is not sphericaly symmetric)

7 Why there is no S=0 deuteron, and why there is not dineutron or diproton.
Paul exclusion principle does not permit 2 identica particles to have same st of Q
numbers.

8 Introduction of Isospin as aquantum number. Nucleonshavet=% T=1/72 is
neutron, t, = -1/2 iaa proton.
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Lectureb

Scatering

Y ou might note that we can only find out about the (S=1,T=0) combination of the 2 nucleons from our study
of the deuteron: the so called triplet S potential. To learn about the (S=0,T=1) (the singlet S) potential, and
any dependence of the N-N pot entid onl, we need to study the effects of scattering between the nucleons.
(the info about the unbound singlet (S=0) state of the deuteron that | gave you really comes from scattering
data).

In studying the bound state of the 2-nucleon system (the deuteron) we have only found out the properties of
the nuclear force for the case of p and n coupled to S=1, and for them in astate with| = 0. In scattering we
can have nucleon pairs of dl combinations (pp, pn, nn) with dl possible spin dignments (S=0, S=1) , and
passing with dl vauesof 7 (selected by the incident energy).

We dready have indicationsthat the nuclear forceis complicated We saw that there was atensor
component that was present for S=1 (not of course for S=0). We aso concluded thet for S=0 the potential
was|essdeep, sincethe S=0 state of the deuteron is unbound.

In scattering, the effect of nucleons coming into close proximity with the nuclear force will affect the
incident debrogliewave. It produces aphase change, sothat interference effects will produce a probability
distribution for the scattered particlesthat can be analysed in terms of the potentia-well depth and shape.

The analogy with opticd scattering around an object isvery dose. The wavelength (in this case the
debroglie wavdength) and the object have to be of the same order.
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In N-N scattering, the incident particle is considered to be a plane wave with wavelength dependent on its
momentum. After encountering the nuclear potential there is an outgoing sphericd wave as shown. Well
away from the potentia we will seeinterference effects, which we will observe asan intensity distribution as
afunction of angle.

Theinterferenceis the result of a phase shift induced by the nuclear potentid. T he magnitude of this shift is
directly relatable to the form of the potential.
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The (time independent) wavefunction of a beam of
particles in free space is o yob

ikz ikr cos @ .o N
Oin =™ =e | e

where

where k = jl} +2mE

MNote that at r =
goes to zero by virtue of th
repulsive core.

sl
[

In fig (a) the nuc, pot. ¥V =0,

If the incoming particles gets with
Nuc. Pot. The wavelength in this
k.

the range of the
gion will differ from

If the pot is attractive the wavefength will decrease,
and conversly if the pot is repulsive.
In the region of the potential the value of k goes to K

How do we quantify the scattering probability? How can we categoriseit as afunction of say the energy of
theincident particle energy? How do we categorise the scattering probability as afunction of the angle of

scatering? We need to have ameans of comparing the data with theoretica predictions.

Nuclear Crosssection
Hence | want now to define the term used to quantify this... the scattering cross section.

For scattering, asfor dl nuclear reactions, we use acharacterigtic called theCross Section  Although for
many Situations the “cross section” is close to the physicd cross section of the target nucleus, it should not
be seen asthat. It islikethe* effective’ cross sectiond area of the interacting target/projectile cross section.

If life was smple and we were throwing balls at coconuts the cross section is aways the same. For nucleon
scattering the cross section we will see that s varies with severd variddes, particularly the energy of the

incident particles

_ dN _ eff areaofnuclei Thigkness t
N, area of target
_Adxns

A —_— %
_
=ns dx . ®
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Scattering

Unif for cross section isbarn. (b) 1b=10-2m?
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Differential Cross section
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Experiments

What we are going to do is direct abeam of neutrons onto atarget of protons, or abeam of protonsonto a
target of protons, and see how many of the incident particles are scattered out of the beam. The experiment
isin principle very smple.

Thequestionswe need to ask are:

1 How do we do it?
a where do we get the beam of protons of known energy from?
b where do we get abeam of neutrons of known energy from?
c where do we get atarget of protons from?
d how do we detect the particles that do not get scattered out, or

conversely how do we measure the particles that are scattered?

e how do we quantify the probability of scatteing?

2 How does the scattering occur and what doesit tell us about the

nuclear potentia? Wewill discussthisin some detail next lecture.

Thefirst set of questionsisthe nuts and bolts of experimenta nuclear physics. We need thetoysto do the
measurements to feed the data to the theorists.

a Protons are of coursethenuclel of hydrogen atoms. So to get protonswe simply strip off the
electron (usudly with acombination of heating and magnetic field). Having got acharged proton it
issmply amatter of putting it between a high electrical potential and voilal energetic protons.

Thepart -3 proton accderator isasimple example, which provides protons with energy of 200 keV
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The Pelletron in the basement is an example of amore energetic accelerator, providing protons of 3 MeV.
The postive termind in this caseis charged by charge carried up on apdlletised belt. The energy is
determined by the potentia at the source.

Target

T A e o

Waruwm
pump

" =

Belt mater * P Pressuee faok ©
Figure 15.7 Diagram of Van de Grasfl acoolorstor, The ion source is inside the
igh-voltage terminal, and both are comiaimed in & prossure tank 0 inhibit sparking.

Flgure 15.8 A Van de Graaff accelerator, showing the pressure tank at rnight, the
emerging beam line, and a banding magnel o direct the beam to the experimental
grea. Courlesy Purdue University

There are cyclotrons that accel erate protons by aternating HF dectric fields, while confining the protons to
movein acircular orbit.

8T2 NUCLEAR REACTIONS

Flgure 15.11 Simpliea disgram of a cyclotron aceeleralor. The beam
outward from the center, acceleraled each time it crosses the gap betws
dess, and |5 eventually extracted and directed agains! a targel,
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b Y ou cannot accelerate neutrons, they have no charge, so if one wants a beam of neutrons they have
to be produced by anuclear reaction. The energy of the neutron is usualy measured by messuring
thetimeit takes (usualy nano sec) to cover the distance from whereit is produced to where it
interacts.

c Y ou can't collect protons as such, together to make atarget from which to scatter. However a
target of hydrogen isided (either gaseousor liquid). The eectronswill be unseen by any neutrons
incident on the sample (why?), and if protons are being scattered the effect of an eectron onthe
proton with amass 1/2000 times larger is like the effect on atruck of hitting a basketball.

d Detecting protonsis not difficult. They ionise matter and thisionisation can be measured. Inthe

part 3 lab, in the part-3 nuclear lab you use solid sate detectorsto detecta particles. They work
equaly well for protons. Scintillation detectors such asNal dso can be used.

Remember that the object of studying the scattering of p-n, p-p, isto find out the dependence of the nuclear
potentia on i, and S. Y ou will recal that the only combination we got from the study of the deuteron was
S=1=0for pand n. S=0with{=0 violated the Pauli principle. We can however get dl thetermsfrom
scatering experiments.

What might we expect the scattering cross section to look like? First we should expect aclassical diffraction
pattern. However if | is>>than the size of the scatterer, we should expect avery broad forward diffraction

maximum, close to an isotropic scattering pattern. Thisisthe case of along wavelength sound wave being
emitted from asmall spesker.

Firstly letslook qualitatively at what we might expect.

The (time independent) wavefunction of abeam of particlesin free spaceis

i = eikz = gikreosq

where K = %\/ZW\(\/O + E)

i This changeismanifested asa
piane ey il A ph& cha geVa\N%"l the

e unperturbed and perturbed
wavefunction , d Soa
measurement of dwill tell us

e the nature of the scattering

K —= i potential. How can thisbe
i\_ achieved?
; The very process of scattering
_r.':_ -m — saysthat some of the particles

in theincident beam will, asa
result of encountering the nuc.
Pot., be removed from the
beam, and appear at adifferent
angle. Thefirst suggestions

Flgura 8.5\ Tha basc geomety Of sCabtaring).

. 5 ‘ : should beto messure the
the numilmr of particlds at a given angle is the square of number of scattered particles
the amplitude of the , resulting from the ipterference  (the scattering cross section),
of the incident beam (pline wave) and the scattered and relate thisto the
beam (spherical wawe) theoretice caculation.
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Theinterference resulting from a plane wave and a pherical waveis mogt easily cdculated if we expressthe

plane wave as asum of spherical harmonic functions

j = eikz |krcosq _ag—o Bg(r)YE O(CI)

Theradid function B isasum of pherica bessdl fnsand looks like Fig 3.5 (Enge).
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Fig. 36, Palar dusgran of 1he Tuaction<

Now thislooks very complicated, and | do not intend to pursue it
further. Inredity it is conceptualy quite smple.

If we congider scattering of nucleonswith energieslessthan a
few MeV (aswe have caculated), we confine the problemto | =

0, and the scattering isisotropic. You are quitefamiliar with the
Situation from norma optical interference.

The reason scattering of nucleonswith energies <afew MeV is
that their deBroglie wavelength is much bigger than the nucleon
size: the Angular distribution isisotropic. (In other wordsthe
angle of thefirg diffraction minimum given by snq=I/disa an
angle gregter than p (in the CM system)). Aswe use higher
energy probes, we would expect that the scattering cross section
would begin to show forward pesking.

£=0 Scattering

We are now in a position to see what quantum scattering theory
predictsfor scattering of say protons from neutrons. We could
do thisfor other than1=0. Infact if we want to find out the full
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Figure 11 The relative intensity in single-stit diffraction for
three different values of the ratio a/A. The wider the slit, the

narrower is the central diffraction peak.



nature of all thetermsin the nuclear potential thiswould haveto bedone. | refer you to Chap 3 of Enge
or Chap 4 of Krane, if you wish to follow this further, and the notes from Eisberg and Resnik thet | have
givenyou..

Aslong askr < 0.7 the (=0 contribution is by far the most important. We have seenthat 2 nucleons with
energy ~ 1 MeV passing within the range of the nuc. Pot. will have/=0. So let’slimit our discussion to
low -energy scattering. Y ou will seethat the angular disin. isdetermined by Y o, (fig 3.6), /=0 we assumeno
angular dependence Y= (1/4p)™2.

Y ou should note that the assumption of | = 0 isquite valid up to nucleon energies of afew MeV.

To see thisimagine a neutron of momentum p approaching a proton at an impact parameter of b (about 1
fm. The range of the nuclear potentid).

Classical
Calculation

b=2fm
p E = 10 MeV
® > ; pilab.)

AM = 0.7 x 105 ey-s

Quantum AM
Fori{=1
AM =1x 10-%ev-s

The Quantum AM is 714/¢(¢ + 1) . Which if we put /=1 gives about 10" ev-sec. The classical AM = pb.
At 10 MeV (lab) =5MeV (CM) theclassica AM is b.(2mE)”2whid1 gives~06x 10 ev-s. Much less
thanthe casefor /=1. Soat 10 MeV we can assume, on this semi-classca argument that the rlative AM is
£=0.

| want you to check this
Let us now see what the predicted cross section isfor low-energy n-p scettering.

For /=0 Theincoming planewave e cn be expressed in terms of agpherical wave:

: ikr - ikr
joo= snkr _e" -e el
in — - :
kr 2ikr
Thefirgt term (with the time dependence added) represents a spherica wave emerging from the scattering
centre. The other term isawave converging on the centre.

Thediverging wave has experienced the effect of the nuc. Pot. And has suffered a phase change which isfor
mathematica reasons written as 2d



S

j _ ei(kr+2d) e ikr

| 2ikr equ2

_ dd sin(kr +d)
kr
. sinkr _ ekr- g ikr
- = rY, = =
Sofor =0 jo=By(rNoo(@) o Skt
The outgoing part may be/;ei(k”m‘)) - g likr _ sin(kr+dy)
modified by the N-N potential ! © > Kr
To find the effect of this phase change well from the interaction

we add the incoming spherical wave and the outgoing one

#(Z
sn dg

Thisis awave of amplitude ———*moving away from the scattering centre.

ol (krs2dy) - o ikr

(kr+d0)Sirdo
Tkr kr

The number of particles, with -4 sn°d
vel v by thiswave per sec. * k?
carried in al directionsis

_ Ng _4psin?d,

Note again that for ¢ =0 there is no angular dependence.

Thet heoretical cross sectionisobtained by findingd Thisvalueisobtained by joining the wave function
of the scattered wave back at the potential.

For r>cwehavey =Bsin(kr + d), and for b<r<cwehavey = AsinKr
Matching the magnitude and the deriviatives gives the transendentd equation

K cotKb =k cot [k(ctb) +d
Using the values that we used in solving the deuteron
Vo= 73MeV (determinesK for agiven E)
b=1.34fm
c=04fm

givesvauesfor dasafunction of E.

Thetheoretical vaueisabout 5 mb. The result for the measured cross section is shown
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What went wrong?
We used N-N parametersfor S=1, from our Deuteron discussion

Thusonly calculated the situation YV (S=1). In scattering we can also have Y1 (S=0).

Couplingto YV (S=1) is3timesaslikely asto Y13 (S=0).
Thusth Ny e ey The S®and S! parts
usthe measured crosssection is s _ %S, +%s,. ] -
Wecalculated s, ~5D. of the N-N potentlaj

arevery different.

S0 20b=%(5b) + Y5, Yis;=~16b D s, ~64 b

We see that the theoretical vaueis significantly below the measured value a low energies. Why isthis?
And what doesit tell us?

We did the cdculation using the parameters that gave the bound deuteron. This arrangement of n-p was
pardld spinsfor nand p: S=1. However in scattering we are not limited to S=1, we aso have S=0. Aswe
noted before, the nuclear potentia for S=0issmaller than for S=1.Recall the S gate of the deuteron was
unbound. If we assume that the large differenceis due to Singlet scattering we can determine the relative

strengthsof szand s;.

Asthe neutron, with spin %2 approaches the proton in the target (with spin
s=%2, the probability of couplingto 1 is 3 timesthat of couplingto 0.

Thus the measured cross section is
S-¥S3+Yas;.
We have cdculaed s3to be about 5 b, since we used S=1 parameters.
So 20b=3%(5b)+Vas;
Yas,=20-~4 =16b
So that s, ~64b.

Thisis ahuge dfference, and an important indication of the difference in the Singlet and triplet components
of the nuclear potentials. This confirms our observation from the fact that the S excited state was less
bound than the S, that the nuclear force must be spin dependent.

Infact it is not possible to quantify this difference from these scattering experiments. It was resolved by
scattering VERY low-energy neutrons (0.01 V) from hydrogen MOLECUL ES, which comein 2 forms
Para- (proton spins S=0) and Ortho- (Proton spins S=1). These neutrons have deBroglie wavelengths of
0.05 nm (much larger than the separation of the nuclel inthe H mal. So that the neutron interacts coherently
with BOTH nuclel, and scatters coherently. The resulting interference pattern (scattering cross-section)
dlowsthe S=1 and S=0 potentials to be quantified, and the S=0 one is 40% wesker.
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1.0

The reason scattering of nucleonswith energies <afew
MeV isnot much help in determining the complete nature oﬁ ‘g
of the N-N potential isthatthey do not get closeto the 9: Lz a=h
nucdleon. Inwave-mechanical terms their deBroglie E
wavelength is much bigger than the potentia size: the
Angular digtribution isisotropic. In terms of the optical BT T e Poeor®
andogue, the angle of the firgt diffraction minimum given 19
by snq=I /disat an angle gregter than p (in the CM /93‘»3 X T
system. Aswe usehigher energy probes, we would expect Py -
that the scattering cross section would begin to show 7 04 § AN
forward pesking since now the wavelength is smaller that L T N
the potentid width.. 20 15 10 5 [ 5 10 15 20
® 91 gﬂesreeS)
So let us look a some results for n-p scattering when E, is b .
much higher. From our optical analogue wewould expect b & ke
the cross section to pesk at smaller angles asl /d decresses —/m—é \\
02r2
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© £ (degrees)

Expected n-p scattering cross section

Figure 11 The relative intensity in single-slit diffraction for
three different values of the ratio a/A. The wider the slit, the
narrower is the central diffraction peak.

The classicd reason for this expectation isthat the
impulse given to the nucleon asit getsinto the range
of the nuclear potentid issmall if itis moving quickly
(the SPEED bus-€ffect).

90 180
Scattering angle (CM)
final momentum
Momentum
transferred Q)
Scattering angle
Initial momentum D
Dp/p ~ FDt/p
X
K ~F(riv)/mv r = width of potential
~V/mv2 (F = -dV/dr)
_\/O < r ~ VOIK
If K >V, angle of scattering is small
v

37



When they did n-p scattering at 90 MeV they got the following:
0.1 [—

(Notewe arein then-p CM ref. Frame.) 003

o
8
I

do /dQ (barns per unit solid angle)
o
=1
I

Not what was expected! Thereisno
pesking & forward angles. Thereisan
equa number of neutrons (or protons)
scattered through large angles asthere are 0-001,). ' 61), ‘ 12' —| J .
through small. b om 0 180

Scattering of neutrons by protonsat 90 MeV.
Results plotted in the CM reference frame.

The expected forward-pesked cross section
would haveinvolved an interaction as shown in the top diagram of the figure below. The explanation of

what was observed is shown in the lower diagram.

n et 871, CM
i ' v T T T -
\ /I -
g P
/Range of nucleon force
p
p

Figure 17-6 Top: Neutron-proton scattering as seen in a frame of reference in which the
center of mass of the system is stationary. !f the kinetic energies of the nucleons are large
compared to the depth of the nucleon potential, the momentum transfers are small and the
neutron and proton scattering angles are small as well. Bottom: The same, for a scattering in
which the neutron changes into a proton and vice versa when they interact. Although the
momentum transfers are stifl small, because of the exchange the scattering angles are targe.

Theinterpretation of the datawas that in about half of the scatterings, whilst in the region of the N-N
potentid, ap changed to an, and vice verca

At this stage we can begin to see that the nuclear potentid is quite complicated. It depends not only on'r, but
on S, and now we see it hasthe possibility of exchanging p and n.. The interpretation of this, and the
discussion of dl the components of the N-N potentia will be l€ft to the next lecture.
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