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/4 L`ql_bo /-/2

/- G^kr^ov /-/3

6 Cb_or^ov /-/3

/1 Cb_or^ov /-/3

Lofdfk^i `lkqbkq colj
qefp tloh j^v _b rpba
rkabo qeb qbojp lc qeb
@ob^qfsb @ljjlkp
>qqof_rqflk 1+- if`bk`b+

>kv croqebo afpqof_rqflk
lc qefp tloh jrpq
j^fkq^fk ^qqof_rqflk ql
qeb ^rqelo%p& ^ka qeb qfqib
lc qeb tloh) glrok^i
`fq^qflk ^ka ALF+

β
∗

P`elli lc Mevpf`p) Qeb Rkfsbopfqv lc Jbi_lrokb) M^ohsfiib 0-.-) >rpqo^if^
∗ >rqelo ql telj ^kv `loobpmlkabk`b pelria _b ^aaobppba+

B*j^fi7̀ e^kqibo=rkfjbi_+bar+^r

Hbvtloap7 wfk` Hβ)J@AEC )pe^hb*lcc p^qbiifqbp)`lksbodbk`b jbqof`p)Σ jbqof`

Prmmibjbkq^ov j^qbof^i clo qefp ^oqf`ib fp ^s^fi^_iblkifkb

>_pqo^`q
>klj^ifbp fk qeb `e^o^`qbofpqf` u*o^v pmb`qo^ lc 0a qo^kpfqflk jbq^ip) m^oqf`ri^oiv fk ifkbpe^mb)
ifkbtfaqe) ^ka fkqbkpfqv o^qflp) e^sb ilkd jlqfs^qba abq^fiba fksbpqfd^qflk+ Tb mobpbkq qeb cfopq
^``ro^qb̂_ fkfqfl pqrav lc qeb wfk` Hβ pmb`qorj) rpfkd jriqf`lkcfdro^qflk Afo^`¬E^oqobb¬Cl`h+
Tb mobaf`q qeb wfk` Hβ pmb`qorj) fk`irafkd qeb Hβ.,0 af^do^j alr_ibq qldbqebo tfqe qeb aljfk^kq
p^qbiifqb qo^kpfqflk j^kfcliap clo qeb cfopq qfjb) colj[1p])[0a ])[0m ]) ^ka[0p] pfkdib pe^hb*lcc) ^p tbii
^p[0a /] alr_ib pe^hb*lcc+ Pr`e cb^qrobp `^kklq _b obplisba _v bumbofjbkq ^p molsbk _v qeb ifqbo^q*
rob lsbo pbsbo^i ab`^abp+ Tb fksbpqfd^qb qtl klsbi ^`qfsb pm^`b ^mmol^`ebp+ Kbt `lksbodbk`b jbq*
of`p ^ob nrbpqflkba ^ka ^ppbppba clo bkbodv bfdbks^irbp) d^rdb o^qflp> I /> S ) qo^kpfqflk> `lbccf*
`fbkqp) ^ka ^ kbtiv absbilmbaΣ jbqof`+ Tb ^`efbsb bkbodv bfdbks^irb `lksbodbk`b tfqefk -+-0 bS)
d^rdb o^qflp> I /> S tfqefk -+3") `lksbodbk`b lc qo^kpfqflk> `lbccf`fbkqp tfqefk -+-0" ql -+/0")
^ka `lksbodbk`b lc qebΣ*jbqof` ql tfqefk -+." ql 3+."+>_ fkfqfl pe^hb mol_^_fifqfbp ^ob rpba ql
nr^kqfcv p^qbiifqb `lkqof_rqflkp ql bumbofjbkq clo qeb cfopq qfjb clo wfk`+ Pbnrbkqf^i fk`irpflk lc
p^qbiifqb `ljmlkbkqp t^p bs^ir^qba fk `ljm^ofplk tfqe qeb jlpq ^``ro^qb a^q^ ^s^fi^_ib) peltfkd
qe^q ^ii aljfk^kq pe^hb qo^kpfqflkp ^ob obnrfoba clo ^k ^``ro^qb abp`ofmqflk+ Fk`lomlo^qfkd qebpb
p^qbiifqbp vfbiap bu`biibkq ^dobbjbkq tfqe bumbofjbkq+

.+ >as^k`ba obi^qfsfpqf` nr^kqrj qeblov

Qo^kpfqflk pqrafbp fk `ljmibu ^qljf` pvpqbjp pbosb ^p pqofkdbkq qbpqp clo qeb clojri^qflk lc ^as^k`ba
^qljf` jlabip+ Ob`lkpqor`qfkd bumbofjbkq^i pmb`qo^ colj cfopq mofk`fmibp fp `ofqf`^i clo s^ifa^qfkd lro
rkabopq^kafkd lc j^kv*_lav nr^kqrj pvpqbjp) obi^qfsfpqf` nr^kqrj jb`e^kf`p) ^ka nr^kqrj bib`*
qolavk^jf`p %NBA&+ Jbafrj W bibjbkqp) m^oqf`ri^oiv 0a qo^kpfqflk jbq^ip) ^ob lc pmb`f^i qeblobqf`^i
fkqbobpq8 obi^qfsfpqf` ^ka NBA bccb`qp ^ob pfdkfcf`^kq `ljm^oba tfqe ifdeqbo bibjbkqp) tefipq kr`ib^o pqor`*
qrob bccb`qp obj^fk obi^qfsbiv pj^ii `ljm^oba tfqe eb^sfbo bibjbkqp) molsfafkd ^ `ib^kbo qbpq_ba clo mbo*
qro_^qfsb NBA+ >aafqflk^iiv) qeb m^oqf^iiv cfiibaa *pebii fkqolar`bp pqolkd `loobi^qflk) j^hfkd qebpb pvp*
qbjp `ofqf`^i _bk`ej^ohp clo j^kv*_lav qeblov+

Wfk` eliap ^ rkfnrb mlpfqflk ^p qeb qbojfk^i bibjbkq tfqefk qeb 0a pbofbp) tfqe `ilpba 0a ^ka 1p
pr_pebiip fk fqp dolrka pq^qb+ @ljm^oba tfqe fqp lmbk pebii kbfde_lrop) wfk` lccbop ^ pfjmibo bib`qolkf`
pqor`qrob fk tef`e qeb s^ibk`b 0a ^ka 1p pebii `loobi^qflk fp dob^qiv prmmobppba ^ka tfqelrq ^aafqflk^i
`ljmibufqv ^ofpfkd colj lmbk pebii `lrmifkd+ Eltbsbo) kl jlabok obi^qfsfpqf` `^i`ri^qflk clo wfk` e^p
_bbk mobpbkqba fk qeb ifqbo^qrob) ^ka qeb lkiv efdeiv obplisba bumbofjbkq^i pqrav obj^fkp qe^q lc Fqlbq ^i
X.Z) ib^sfkd d^mp fk lro rkabopq^kafkd lc qeb crii pmb`qo^i molcfib+ > cl`rpba qeblobqf`^i pqrav lc wfk`
qerp molsfabp ^ s^ir^_ib obcbobk`b mlfkq tfqefk qeb qo^kpfqflk jbq^ip+

U*o^v cirlobp`bk`b pmb`qo^) bpmb`f^iiv qeb H ifkbp ^ka qebfo p^qbiifqb pqor`qrobp) molsfab abq^fiba
fkpfdeqp fkql ^qljf` pqor`qrob) bib`qolk `loobi^qflk) ^ka ab`^v avk^jf`p+ Qebpb pmb`qo^ ^ob `bkqo^i ql crk*
a^jbkq^i ^qljf` mevpf`p) bk`ljm^ppfkd o^af^qfsb ^ka klk*o^af^qfsb %>rdbo& ab`^vp) qo^kpfqflk o^qbp) ^ka
ibsbi ifcbqfjbp) tefib ^ipl prmmloqfkd ^ tfab o^kdb lc ^mmif`^qflkp fk ^pqolmevpf`p X/)0Z) mi^pj^ mevpf`p
X1Z) j^qbof^i p`fbk`b X2Z) dblp`fbk`b X3Z) ^ka _flildv X4Z+

@e^oibp ?^ohi^ cfopq l_pbosba _lqe qeb H pmb`qo^ ^ka I pmb`qo^ X5Z+ Ebkov Jlpbibv abcfkba qeb mbof*
laf` q^_ib _v qeb obi^qflkpefm _bqtbbk qeb `e^o^`qbofpqf` Hα pmb`qo^i bkbodfbp ^ka cobnrbk`fbp) tfqe

ą /-/3 Qeb >rqelo%p&+ Mr_ifpeba _v FLM Mr_ifpefkd Iqa
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^qljf` krj_bo W ) _^pba rmlk qeb krj_bo lc molqlkp X6Z) ^ka t^p ^ipl ^_ib ql milq pbm^o^qba Hα) Hβ)
^ka Iα) Iβ) ^ka Iγ bkbodfbp+

Ŝ oflrp jb`e^kfpjp e^sb _bbk molmlpba ql bumi^fk qeb lofdfk lc qebpb p^qbiifqbp) fk`irafkd pe^hb
mol`bppbp X.-¬./Z) >rdbo ^ka @lpqbo¬Holkfd qo^kpfqflkp X.0Z) mi^pjlk bu`fq^qflkp X.1).2Z) ^ka Hlkal*
ifhb fkqbo^`qflkp X.3Z+ Fk qefp tloh) tb cl`rp lk qeb olib lc pe^hb mol`bppbp fk pe^mfkd qeb l_pbosba
pmb`qo^i cb^qrobp+

Abpmfqb buqbkpfsb qeblobqf`^i bccloqp) bumbofjbkq^i l_pbos^qflkp lc H*ifkb pmb`qo^ fk 0a qo^kpfqflk
jbq^ip `lkqfkrb ql obsb^i afp`obm^k`fbp colj pq^ka^oa mobaf`qflkp lc obi^qfsfpqf` nr^kqrj jb`e^kf`p
fk`irafkd qeb ?obfq fkqbo^`qflkp ^ka NBA `lkqof_rqflkp+ Hbv afp`obm^k`fbp ^ka ^klj^ifbp fk`irab qeb
^pvjjbqof`^i ifkb*pe^mb X.4Z) qebF(H α/)/F(H α.) fkqbkpfqv o^qfl X.5Z ^ka qeb pmb`qo^i ifkbtfaqep X.5)
.6Z+ Qebpb absf^qflkp fkaf`^qb qeb mobpbk`b lc ^aafqflk^i mevpf`^i mol`bppbp _bvlka `lksbkqflk^i qeblov+
Bsbk jlob `e^iibkdfkd ^ob qeb mlppf_ib bufpqbk`b lc p^qbiifqb qo^kpfqflk bkbodfbp ivfkd bkbodbqf`^iiv `ilpb ql
qeb j^fk af^do^j ifkbp) lcqbk j^phba _v _ol^abkfkd lo bumbofjbkq^i obplirqflk) tef`e ^ob _bdfkkfkd ql
molsfab `ljmbiifkd bumi^k^qflk clo ^pvjjbqofbp X/-¬/0Z+ Qeb lsboi^m lc qebpb rkobplisba cb^qrobp `lk*
qof_rqbp ql qeb `e^o^`qbofpqf` ^pvjjbqof` molcfibp lc Hα ^ka H β bjfppflk pmb`qo^+

>jlkd qeb 0 a qo^kpfqflk jbq^ip) qeb Hβ. ^ka H β0 mb^hp) rkifhb qebfo Hα. ^ka H α/ `lrkqbom^oqp)
`^kklq _b obplisba bumbofjbkq^iiv fkql afpqfk`q mb^hp arb ql qeb pj^ii bkbodv pbm^o^qflk _bqtbbk
qo^kpfqflkp ^ka qeb k^qro^i ifcbqfjbp ^ka tfaqep+ Qeb aljfk^kq Hβ.,0 ifkbp ^ofpb colj _lrka*_lrka
[.p]→ [0m ] qo^kpfqflkp) tebob qeb pnr^ob _o^`hbqp abklqb elib pq^qbp) tfqe qeb bkbodv bjfqqba ^p ^ Hβ
melqlk+ Qeb bkbodfbp ^ob pmifq arb ql ^kdri^o jljbkqrj `lrmifkd _bqtbbk qeb elib lo_fq^i+ Tfqefk qeb
gg*`lrmifkd p`ebjb) qeb fkfqf^i pq^qb fkslisbp ^ `lrmifkd lc ^ elib tfqe qeb .p lo_fq^i) clojfkd ^ pfkdibq
{.p.//}) tefib qeb cfk^i pq^qb `lkpfpqp lc ^ `lrmifkd lc ^ elib tfqe qeb 0m lo_fq^i) molar`fkd ^ alr_ibq
{0m .//,0m 0//}+ Qefp ib^ap ql qtl qo^kpfqflkp)[.p.//]→ [0m 0//] (H β.) ^ka [.p.//]→ [0m .//] (H β0)) tfqe ^k
bkbodv pbm^o^qflk lc lkiv ^ cbt bS+ Qefp pmifqqfkd) eltbsbo) fp pj^ii `ljm^oba tfqe qeb fkqofkpf` ifcbqfjb
_ol^abkfkd) `^rpfkd qeb fkafsfar^i pmb`qo^i ifkbp ql lsboi^m ^ka jbodb fkql ^ pfkdib) rkobplisba cb^qrob+
@lkpbnrbkqiv) mrobiv bumbofjbkq^i ^mmol^`ebp ^ob fkprccf`fbkq clo obplisfkd qeb cfkb pqor`qrob lc qeb wfk`
H β bjfppflk ifkb) rkabop`lofkd qeb kbba clo ^``ro^qb qeblobqf`^i `^i`ri^qflkp+

Clo wfk` Hβ) qeb q^odbq clo qefp tloh) qeb mobpbk`b lc ^k ^aafqflk^i elib fk ^k lrqboki pebii mboqro_p
qeb bib`qolpq^qf` bksfolkjbkq lc qeb `lob ^ka qeb 0m lo_fq^ip) pl qe^q qeb obpriqfkd[.pki ]→ [0mki ] qo^kp*
fqflk fp pefcqba _v ^ cbt bS obi^qba ql qeb af^do^j[.p]→ [0m ] H β ab`^v) molar`fkd pmb`qo^i cb^qrobp qe^q
^ob bumbofjbkq^iiv rkobplisba+ >iqelrde rkobplis^_ib ^p afp`obqb mb^hp) qebpb p^qbiifqbp mi^v ^ `or`f^i olib
fk pe^mfkd qeb ^mm^obkq ^pvjjbqov ^ka _ol^abkfkd lc qeb l_pbosba Hβ.,0 pmb`qorj) ^ka qerp jrpq _b
`lkpfaboba clo ^ `ljmibqb abp`ofmqflk lc qo^kpfqflk jbq^i pmb`qo^+

@^i`ri^qflkp fkslisfkd lkiv qeb af^do^j Hβ.,0 qo^kpfqflkp c^fi ql ^``lrkq clo qeb l_pbosba ^pvjjbq*
ofbp fk qeb bumbofjbkq^i pmb`qorj+ Tb mobpbkq ^ `ljmobebkpfsb ^k^ivpfp qe^q fk`irabp) fk ^aafqflk ql qeb
af^do^j ifkbp) `lkqof_rqflkp colj p^qbiifqb qo^kpfqflkp ^ppl`f^qba tfqe pfkdib pe^hb mol`bppbp fkslisfkd
qeb [1p]) [0a ]) [0m ]) ^ka [0p] pr_pebiip) ^p tbii ^p alr_ib pe^hb qo^kpfqflkp fkslisfkd[0a /]+ Qebpb ^aafqflk^i
`lkqof_rqflkp ^ob bppbkqf^i clo ^``ro^qbiv obmolar`fkd qeb pmb`qo^i pe^mb ^ka rkabopq^kafkd qeb j^kv*
_lav avk^jf`p fk qeb bjfppflk mol`bpp+

/+ Jriqf`lkcfdro^qflk Afo^`¬E^oqobb¬Cl`h %J@AEC& jbqela

Abqbojfk^qflk lc qeb wfk` Hβ pmb`qorj obnrfobp ^ mob`fpb `^i`ri^qflk lc qeb fkfqf^i ^ka cfk^i pq^qb ^qljf`
t^sbcrk`qflkp+ Ebob) tb cliilt J@AEC jbqela) tebob ^ obi^qfsfpqf` molar`q t^sb*crk`qflk fp dfsbk _v
qeb molar`q pq^qb lcK Afo^` lo_fq^ip+ B^`e lkb*bib`qolk lo_fq^i q^hbp qeb cloj7

⟨o|k ,κ, j ⟩= ϕk κj (⃗o) =
.
o

(
M k κ (o)Ωκj (θ,ϕ)

f N k κ (o)Ω−κj (θ,ϕ)

)
tebob ϕ fp qeb 1 `ljmlkbkq Afo^` pmfklo)M %o & ^ka N %o & ^ob qeb i^odb ^ka pj^ii o^af^i `ljmlkbkqp)
obpmb`qfsbiv) ^kaΩ(θ,ϕ) fp qeb qtl `ljmlkbkq pmfklo ^kdri^o crk`qflk+ Qeb o^af^i `ljmlkbkqp p^qfpcv
qeb kloj^ifp^qflk `lkafqflk) ˆ ∞

-

[
|M k κ (o) |/ + |N k κ (o) |/

]
ao = .. %.&

B^`e lc qeb molar`q bib`qolk `lkcfdro^qflk pq^qb crk`qflkp %@PCp& kbbap ql _b `lkpqor`qba clo cbojf*
lkp) rpfkd qeb ^kqfpvjjbqofp^qflk lmbo^qloA7

Φ(o.,o/, . . . ,oK ) =A

[
K∏

f=.

ϕf (of)

]
. %/&

/
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Qeb ^qljf`*pq^qb crk`qflk %>PC&)Ψ) fp obmobpbkqba ^p qeb ifkb^o `lj_fk^qflk lc @PCp) tebob b^`e
@PC e^p tbii abcfkba ^qljf` m^ofqv) ^kdri^o nr^kqrj krj_bop ^ka j^dkbqf` nr^kqrj krj_bo)

Ψα (Π GJ ) =
∑

o

` o (α)Φ(γoΠ GJ ) . %0&

Qeb abdbkbo^`fbp lc qeb bib`qolkf` `lkcfdro^qflk fp pmb`fcfba _vγ o + Qeb o^af^i t^sbcrk`qflkp ^ppl`f^qba
tfqe b^`e @PC ^ka qeb jfufkd `lbccf`fbkqp` o cliilt qeb Afo^`*@lrilj_ E^jfiqlkf^k X/1¬/5Z+

Fk lro J@AEC fjmibjbkq^qflk) tb bjmilv D O> PM X/5¬0-Z+ Qo^kpsbopb melqlk fkqbo^`qflkp) NBA
`loob`qflkp %pbic*bkbodv) s^`rrj mli^ofp^qflk&) ^ka cfkfqb kr`ib^o j^pp bccb`qp ^ob fk`iraba ^p mboqro_^*
qflkp+ Fk m^oqf`ri^o) qeb pbic*bkbodv fp bs^ir^qba rpfkd qeb I@D*Tbiqlk jbqela X/5)0-Z+

0+ mol_^_fifqv ^ka qeb obi^qflk ql qeb Hβ pmb`qorj

Clo qeb mromlpbp lc obcbobk`b pmb`qo^) ^ka `^if_o^qflk bjfppflk `e^o^`qbofpqf` pmb`qo^) tb obnrfob qe^q qeb
fk`fabkq bkbodv fp c^o ^_lsb %b+d+ qeobb qfjbp& qeb %H& badb bkbodv+ Qebk qeb praabk lo fjm^`q ^mmolu*
fj^qflk fp s^ifa) ^p qeb bgb`qflk qfjb lc qeb .p melqlbib`qolk fp jr`e peloqbo qe^k qeb `e^o^`qbofpqf`
obi^u^qflk qfjb lc qeb obj^fkfkd ^qljf` bib`qolkp+ Tfqefk qeb J@AEC co^jbtloh) qeb mol_^_fifqv lc
^ pe^hb*lcc bsbkq %qlq^i pe^hb& l``roofkd fk ^ dfsbkk κ pr_pebii fp bumobppba ^p X//)0.)0/Z7

M pe^hb
k κ = .−

∣∣∣∣∣∣
∑

g

` ga g⟨ϕk κ|ϕ̃k κ⟩J k κ

∣∣∣∣∣∣
/

%1&

tebob qeb fkkbo molar`q fkslisbp qeb lkb bib`qolk lo_fq^ipϕk κ ^ka ϕ̃k κ `loobpmlkafkd ql qeb obi^uba ^ka
rkobi^uba ^qljf` pq^qbp) obpmb`qfsbiv) ^cqbo melqlflkfp^qflk lc qeb .p bib`qolk+ Qefp lsboi^m fp tbfdeqba
_v qeb `lkcfdro^qflk jfufkd `lbccf`fbkqp` g ^ka a g+ Ebob)J k κ fp qeb bib`qolk l``rm^qflk krj_bo lc qeb
pr_pebii+ Qeb lo_fq^i lsboi^m fp bs^ir^qba colj qeb o^af^i `ljmlkbkqp lc qeb Afo^` lo_fq^ip)

ˆ ∞

-

[
M k κ (o) M̃ k κ (o)+ N k κ (o) Ñ k κ (o)

]
ao . %2&

Bnr^qflk %1& abp`of_bp qeb mol_^_fifqv qe^q ^ pe^hb*lcc l``rop tfqefk ^ pr_pebii) _rq fq albp klq pmb*
`fcv elt j^kv bib`qolkp ^ob bgb`qba colj qe^q pr_pebii) klo albp fq ^``lrkq clo pe^hb bsbkqp fk lqebo
pr_pebiip+ >pprjfkd qe^q b^`e bib`qolk fk ^ dfsbk pr_pebii e^p ^k bnr^i mol_^_fifqv lc _bfkd pe^hbk lcc)
qeb mbo*bib`qolk pe^hb*lcc mol_^_fifqv fp

n = .−
(
.− M pe^hb

k κ
) .

J k κ %3&

pl qe^q qeb krj_bo lc pe^hbk bib`qolkpU colj qeb pr_pebii cliiltp ^ _fkljf^i afpqof_rqflkU ∼
?f(J k κ, n )7

M k κ (U = h ) =
(

J k κ

h

)[
.−

(
.− M pe^hb

k κ
) .

J k κ

]h

×
(
.− M pe^hb

k κ
) J k κ−h

J k κ . %4&

Bnr^qflk %4& ^iiltp rp ql abcfkb pfkdib pe^hb %U = .&) alr_ib pe^hb %U = /& ^ka qlq^i pe^hb %U ⩾ .&
mol_^_fifqfbp clo b^`e pr_pebii+ Ql abp`of_b pe^hb mol`bppbp ^q qeb ^qljf` ibsbi) qeb pq^qb lc ^ii pr_pebiip
jrpq _b pmb`fcfba pfjriq^kblrpiv) tef`e tb obcbo ql ^p qeb fpli^qba %glfkq& pe^hb*lcc mol_^_fifqv+ Fk qeb
praabk ifjfq) tebob pe^hb bsbkqp fk afccbobkq pr_pebiip ^ob rk`loobi^qba) qeb fpli^qba %glfkq& pe^hb*lcc
mol_^_fifqv fp pfjmiv qeb molar`q lc qeb pr_pebii `lkqof_rqflkp+ Clo bu^jmib) qeb mol_^_fifqv lc ^k fpli*
^qba 1p pe^hb*lcc %^ pfkdib 1p bib`qolk _bfkd pe^hbk lcc colj qeb ^qlj tfqe kl pe^hb fk ^kv lqebo pr_*
pebii& fp X0/)00Z

M
(
1p.

)
= M .,−. (U = -)× ·· ·× M 0,−0 (U = -)× M 1,−. (U = .) . %5&

>_ fkfqfl pe^hb mol_^_fifqfbp ^ob prjj^ofpba fk q^_ib.+ Qeb mobaljfk^kq pe^hb*lcc mol`bppbp fkslisb
qeb 1p pr_pebii ^ka qeb 0a pr_pebii) obpriqfkd fk1p. ^ka 0a 6 p^qbiifqb qo^kpfqflkp) b^`e tfqe ^ mol_^_fifqv
lk qeb loabo lc .1"+ Qeb 0m 2 qo^kpfqflk `lkqof_rqbp ^olrka 4") cliiltba _v/m 2) ^ka 0p.+ Qeb mol_^_*
fifqv lc kl pe^hb*lcc l``roofkd) `loobpmlkafkd ql qeb af^do^j qo^kpfqflk) fp bpqfj^qba _v pr_qo^`qfkd qeb
prjjba pe^hb*lcc mol_^_fifqfbp lc qeb aljfk^kq `e^kkbip colj rkfqv) lo fp bpqfj^qba colj qeb _fkljf^i
qeblobj _v obnrfofkdM k κ(U = -) clo ^ii pr_pebiip+ Qefp molsfabp ^k bpqfj^qflk lc qeb obi^qfsb mlmri^qflk
lc pfkdiv H*pebii flkfp^qflk ^ka jriqfmib H*) J*pebii flkfp^qflkp `lkqof_rqfkd ql qeb Hβ pmb`qorj+

0
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Q̂ _ib .+Wk H β7 Qlq^i) pfkdib ^ka alr_ib pe^hb mol_^_fifqfbp %%& clo ^ dfsbkk κ pr_pebii ^ka clo qeb `loobpmlkafkdki pr_pebii)
cliiltfkd X00Z+ Mol_^_fifqfbp ^ob l_q^fkba colj bnr^qflk %4&) tfqeM k κ(U ⩾ .) clo qeb cfopq qtl oltp)M k κ(U = .) clo qeb kbuq qtl oltp)
^ka M k κ(U = /) clo qeb i^pq qtl oltp+ @^i`ri^qflkp bjmilv t^sbcrk`qflkp bum^kaba ql qeb 2d ibsbi+ Klqb qebpb pe^hb mol_^_fifqfbp
alr_ib `lrkq mol`bppbp ^ka fk`irab jriqfmib pe^hbp colj lqebo pr_*pebiip+

ki .p /p /m 0p 0m 0a 1p

gg*@lrmifkd qbojp .p.// /p.// /m .// /m 0// 0p.// 0m .// 0m 0// 0a 0// 0a 2// 1p.//

k ,κ qlq^i pe^hb /+/62 /+024 /+130 /+21/ /+360 0+-4- 0+41- 3+..1 5+-22 .0+4.3

ki qlq^i pe^hb /+/62 /+024 2+--2 /+360 3+5.- .1+.35 .0+4.3
k ,κ pfkdib pe^hb /+/62 /+010 /+115 /+2.4 /+342 0+-13 0+354 2+64- 4+443 .0+/..

ki pfkdib pe^hb /+/62 /+010 1+632 /+342 3+400 .0+412 .0+/..
k ,κ alr_ib pe^hb -+--- -+-.1 -+-.2 -+-/1 -+-.5 -+-/1 -+-20 -+.1/ -+/41 -+2-3

ki alr_ib pe^hb -+--- -+-.1 -+.-. -+-.5 -+.56 -+55. -+2-3

Q̂ _ib /+Wk H β7 Fpli^qba pfkdib pe^hb mol_^_fifqv %%& colj ^kv m^oqf`ri^ok κ pr_pebii `^i`ri^qba rpfkd ^k^ildrbp lc bnr^qflk %5&)
qldbqebo tfqe qeb qlq^i pe^hb mol_^_fifqfbp clo qebk κ pr_pebii colj q^_ib.+ Qebpb clojri^b al klq alr_ib*`lrkq ^ka obmobpbkq
^jmifqrabp clo b^`e afp`obqb p^qbiifqb pmb`qorj+

k ,κ .,−. /,−. /,. /,−/ 0,−. 0,. 0,−/ 0,/ 0,−0 1,−.

gg*@lrmifkd qbojp .p.// /p.// /m .// /m 0// 0p.// 0m .// 0m 0// 0a 0// 0a 2// 1p.//

k ,κ Fpli^qba pfkdib pe^hb .+11. .+14/ .+206 .+251 .+353 .+6/4 /+016 0+566 2+.53 6+06-

ki .p /p /m 0p 0m 0a 1p
ki Fpli^qba pfkdib pe^hb .+11. .+14/ 0+./0 .+353 1+/43 6+-52 6+06-

Q̂ _ib 0+Bpqfj^qba obi^qfsb fkqbkpfqfbp lc qeb aljfk^kq qo^kpfqflkp) kloj^ifpba ql qeb Wk Hβ pmb`qorj) cliiltfkd q^_ibp/ ^ka X00Z+
Qebpb s^irbp dfsb obi^qfsb fkqbkpfqfbp _bqtbbk afccbobkq qo^kpfqflk j^kfcliap+

Af^do^j 1p. 0a 6 0m 2 0p. 0a 5

Fpli^qba mol_^_fifqv %%& 3.+0/4 6+06- 6+-52 1+/43 .+353 -+3-2
Kloj^ifpba o^qfl %%& 4.+- .-+5 .-+2 2+- /+- -+4

Qeb obpriqfkd mol_^_fifqfbp clo qeb fpli^qba pfkdib p^qbiifqb pmb`qo^ ^ob dfsbk fk q^_ib/+ Ebob lkiv lkb
pe^hb mol`bpp fp mbojfqqba) clo qeb m^oqf`ri^ok κ pr_pebii ifpqba+ Qebpb fpli^qba pfkdib pe^hb mol_^_fifq*
fbp ^ob) ibpp qe^k qeb qlq^i pe^hb mol_^_fifqfbp+ Pmb`fcf`^iiv) qeb mol_^_fifqfbp lc fpli^qba pfkdib pe^hbp ^ob
dfsbk fk loabo clo 1p %6+1"&8 0a %6+."&8 0m %1+0"&8 /m %0+."&8 0p %.+4"& ^ka /p %.+2"& fk loabo lc j^d*
kfqrab+ Qebk = / pe^hb*lcc pmb`qo^ ^ob pfdkfcf`^kqiv efdebo fk bkbodv qe^k qeb j^fk Hβ pmb`qorj) pl `^k
_b kbdib`qba fk qeb cliiltfkd afp`rppflk+

Qeb obpriqfkd mol_^_fifqfbp clo qeb fpli^qba alr_ib p^qbiifqb pmb`qo^ ^ob molsfaba fk X00Z+ Qebpb fpli*
^qba alr_ib pe^hb mol_^_fifqfbp ^ob pj^iibo ^p _bcfqp ^ pb`lka*loabo mol`bpp+ Tb cl`rp ebobfk lk qeb0a /

alr_ib pe^hb mol`bpp ^p qvmfcvfkd alr_ib pe^hb mol`bppbp ^ka obmobpbkqfkd ^ `ljmibu qo^kpfqflk pmb`*
qorj) nrfqb afpqfk`q colj qeb pfkdib pe^hb pmb`qo^+

Qeb obpriqfkd mol_^_fifqfbp clo qeb af^do^j ^ka mobaljfk^kq fpli^qba p^qbiifqb pmb`qo^ ql _b fksbpqfd*
^qba ebobfk ^ob prjj^ofpba fk q^_ib0+ Qebpb mol_^_fifqfbp ^ob abofsba colj criiv obi^qfsfpqf` `^i`ri^qflkp)
fk tef`e qeb p^qbiifqb qo^kpfqflkp ^ob `ljmrqba fk qebk κ _^pfp+ Clo `i^ofqv fk fkqbomobqfkd qeb pmb`qo^)
eltbsbo) qeb `lkqof_rqflkp ^ob dolrmba ^ka i^_biiba ^``loafkd ql qeb `loobpmlkafkdki nr^kqrj krj*
_bop lc qeb pe^hb pr_pebii) ^p qeb qo^kpfqflk jriqfmibq pmb`qo^ ^ob jlpq k^qro^iiv ^ppl`f^qba tfqeki +

Mboe^mp promofpfkdiv) qefp qeblov mobaf`qp qeb mol_^_fifqv lc qeb af^do^j qo^kpfqflk pmb`qorj ^p lkiv
M (A ) = 3..0%) jr`e iltbo qe^k ^ii m^pq bumbofjbkq^i ^k^ivpbp ^ka qeblobqf`^i mobaf`qflkp+ Ob^a lk ^p
tb absbilm ^ mollc lc qefp) ^q ib^pq ql cfopq loabo+ >q qefp mlfkq) tb klqb moljfpfkdiv qe^q ^ii lc qeb pe^hb*
lcc mol_^_fifqfbp) fk`irafkd qe^q clo kl*pe^hbÆf+b+ qeb af^do^j pmb`qo^Æprj ql rkfqv+

1+ >mmol^`e ql `lksbodbk`b

Bib`qolk lo_fq^i ^ob abqbojfkba s^of^qflk^iiv rpfkd qeb pbic*`lkpfpqbkq cfbia %P@C& jbqela) fjmibjbk*
qba fkD O> PM+ Lmbk*pebii ^ka `lob*flkfpba pvpqbjp ^ob m^oqf`ri^oiv molkb ql $c^ipb `lksbodbk`b$ * qe^q fp)
tebob qeb fqbo^qfsb mol`barob ob^`ebp ^mm^obkq krjbof`^i pq^_fifqv tefib `lksbodfkd ql ^k rkfkqbkaba
lo rkmevpf`^i pq^qb+ Fk mo^`qf`b) afccbobkq `elf`bp lc _^pfp pbqp) fkfqf^i lo_fq^i bpqfj^qbp) lo lmqfjfp^qflk

1
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^idlofqejp `^k ib^a ql `^i`ri^qflk fk`lkpfpqbk`fbp ^ka `ljmoljfpfkd qeb mobaf`qba bkbodfbp ^ka qo^kp*
fqflk m^o^jbqbop+ > `^obcri ^ka pvpqbj^qf` lmqfjfp^qflk pqo^qbdv fp qebobclob obnrfoba) fk tef`e qeb t^sb*
crk`qflk fp `lkpqor`qba moldobppfsbiv) pebii _v pebii+

@loobi^qflk bccb`qp ^ob fk`iraba qeolrde `lkcfdro^qflk bum^kpflk %bnr^qflk %0&& X00Z+ >k ^`qfsb pm^`b
%>P& ^mmol^`e clo sfoqr^i lo_fq^ip bke^k`bp qeb pq^_fifqv lc t^sbcrk`qflkp ^ka `lksbodbk`b tefipq obq^fk*
fkd aljfk^kq `loobi^qflk `lkqof_rqflkp+ Qeb pqo^qbdv ^mmifba fk qefp tloh fp ^p cliiltp7

.+ Pfkdib ^ka alr_ib %PA & bu`fq^qflkp7 rm ql qtl bib`qolkp ^ob ^iiltba ql _b bu`fqba colj qeb obpqof`qba
>P fkql qeb obpqof`qba sfoqr^i lo_fq^ip+ Qeb sfoqr^i lo_fq^i pbq fp pvpqbj^qf`^iiv bki^odba colj1p → 1c)
1c → 2p)2p → 2d ) bq` pr`e qe^q `lksbodbk`b lc qo^kpfqflk bkbodfbp ^ka ^jmifqrabp `^k _b jlkfqloba
^q b^`e pq^db lc bum^kpflk+

/+ >qljf` pvjjbqov `lkpbos^qflk bum^kpflk7 Lkiv `lkcfdro^qflkp tfqe qeb p^jb ^qljf` m^ofqvΠ) qlq^i
^kdri^o jljbkqrj G) ^ka molgb`qflkJ G ^p qeb obcbobk`b `lkcfdro^qflk ^ob fk`iraba) tef`e `^mqrobp
o^af^i `loobi^qflk colj qeb >P+

0+ Qeb alr_ib bum^kpflk ^``lrkqp clo m^fotfpb bib`qolk*bib`qolk `loobi^qflk tfqefk qeb >P+

Qeb pfkdib `lkcfdro^qflk %kl bu`fq^qflkp& pbosbp ^p qeb pq^oqfkd mlfkq ^ka molsfabp ^k ^mmolufj^qflk
ql qeb >PC+ Pvpqbj^qf` fk`irpflk lcPA bu`fq^qflkp tfqe i^odbo pbq lc @PCp obcfkbp qeb t^sbcrk`qflk clo
qeb bfdbks^irbp+ >q qeb bka lc bum^kpflk) qeb fkfqf^i ^ka cfk^i pq^qb t^sbcrk`qflkp ^ob _floqeldlk^ifpba
^ka qeb qo^kpfqflk j^qofu `^k _b bs^ir^qba+

L_q^fkfkd tbii*`lksbodba t^sbcrk`qflkp clo lmbk*pebii pvpqbjp fp `e^iibkdfkd+ >q qeb `lkcfdro^qflk
fkqbo^`qflk %@F& pq^db) `lksbodbk`b fpprbp lcqbk j^kfcbpq ^p klkmevpf`^i bum^kpflk `lbccf`fbkqp colj7 %f&
bkbodbqf`) kb^o*abdbkbo^qb pq^qbp arb ql pmfk*lo_fq^i `lrmifkd) j^hfkd qeb lo_fq^i l``rmfba fk qeb Cl`h
j^qofu ^j_fdrlrp8 %ff& ifjfq^qflkp lc qeb cfkfqb _^pfp pbq) tef`e obar`b qeb ^``ro^`v lc E^jfiqlkf^k af^d*
lk^ifp^qflk fk qeb obi^qfsfpqf` @F mol`barob8 %fff& qeb s^of^qflk^i lmqfjfp^qflk) tebob qeb I^do^kdb jriqf*
mifbop fk qeb P@C `^i`ri^qflk j^v `lksbodb ql ^ il`^i o^qebo qe^k dil_^i jfkfjrj) bpmb`f^iiv tfqe ^ mllo
fkfqf^i fqbo^qflk8 %fs& krjbof`^i ifjfq^qflkp lc qeb cfkfqb*afccbobk`b jbqela) tebob qeb o^af^i dofa j^v c^fi
ql obplisb pe^om s^of^qflk fk o^af^i t^sbcrk`qflkp+

Fk jriqf`lkcfdro^qflk bum^kpflkp) hbbmfkd qeb.p/p/m `lob fk^`qfsb e^p _bbk peltk ql dfsb pq^_ib obp*
riqp clo wfk` Hα qo^kpfqflkp X00Z+ Clo qeb wfk` Hβ qo^kpfqflk) tb cfka qe^q qeb 0m pebii jrpq ^ipl _b hbmq
fk^`qfsb+ Qtl ^mmol^`ebp tfqe afccbobkq >Pp ^ob fksbpqfd^qba ebobfk7 >Pp lc{0a 1p} ^ka pbm^o^qbiv >Pp lc
{0p0a }+ Qeb bki^odbjbkq lc qeb obpqof`qba sfoqr^i lo_fq^i pm^`b fk`ob^pbp qeb pfwb lc qeb @PC pbq) ebk`b
dfsfkd ^ `ilpbo ^mmolufj^qflk ql qeb ^qljf` pq^qb crk`qflk+ >p qeb ^oo^v lc sfoqr^i lo_fq^ip fp buqbkaba)
qeb ^aafqflk^i `loobi^qflk `loob`qflkp pelria _b`ljb moldobppfsbiv pj^iibo+ Qeb nr^ifqv lc t^sbcrk`qflkp
^ka `lksbodbk`b ^ob qebk bu^jfkba qeolrde pbsbo^i hbv jbqof`p+

2+ @lksbodbk`b jbqof`p

2+.+ Mb^h ^ka tbfdeqba bfdbkbkbodfbp jbqof`
Ql ^ppbpp `lksbodbk`b lc qeb pmb`qorj) tb jlkfqlo qeb bslirqflk lc qo^kpfqflk bkbodfbp ^p qeb >P fp mol*
dobppfsbiv bki^odba+ >p qeb `lkcfdro^qflk pm^`b doltp) qeb krj_bo lc @PCp fk`ob^pbp o^mfaiv) tefib qeb
^aafqflk^i efdebo*loabo `loob`qflkp ql qeb bkbodv qvmf`^iiv _b`ljb j^odfk^i+ Qeb `lksbodbk`b `ofqbof^ ^ob
qebobclob abcfkba fk qbojp lc qeb obi^qfsb `e^kdbp fk pbib`qba l_pbos^_ibp _b`ljfkd prccf`fbkqiv pj^ii+

Tb fkqolar`b qtl `ljmibjbkq^ov jbqof`p clo `lksbodbk`b lc qeb qo^kpfqflk bkbodfbp X00¬03Z7 %f&
qeb mb^h bkbodv ) B mb^h) abcfkba ^p qeb bfdbkbkbodv lc qeb qo^kpfqflk tfqe qeb efdebpq tbfdeqba lp`fii^qlo
pqobkdqe %d c& X01Z) ^ka %ff& qeb`bkqob*lc*j^pp bkbodv X02Z) abcfkba ^p qeb fkqbkpfqv*tbfdeqba ^sbo^db lc ^ii
`lkqof_rqfkd bfdbkbkbodfbp)

B @lJ =
.
N

k∑
f

B f
(
d c
)

f , %6&

tebob N =
∑k

f (d c)f fp qeb kloj^ifp^qflk `lkpq^kq+
Qeb s^of^qflk lcB @lJ ^`olpp pr``bppfsb bum^kpflkp nr^kqfcfbp qeb pefcq lc qeb pmb`qo^i `bkqolfa) tefib

qeb pq^_fifqv lcB mb^h fkaf`^qbp qeb `lksbodbk`b lc qeb jlpq mol_^_ib qo^kpfqflk bkbodv+ Prccf`fbkqiv pj^ii
`e^kdbp fk _lqe jb^probp pbosb ^p kb`bpp^ov `lkafqflkp clo `lksbodbk`b X/0)02Z+ Fab^iiv)B @lJ tfii _b
jlob pbkpfqfsb ql i^`h lc `lksbodbk`b qe^kB mb^h+

2+/+ Ibkdqe ql sbil`fqv o^qfl %/ & jbqof`
Qeb bs^ir^qflk lc qeb bib`qof` afmlib %B .& qo^kpfqflk lmbo^qlo `^k _b mboclojba fk qeb sbil`fqv lo
ibkdqe cloj) `loobpmlkafkd ql qeb klk*obi^qfsfpqf` ifjfq lc qeb @lrilj_ ^ka ?^_rpehfk d^rdbp)

2
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obpmb`qfsbiv X04Z+ Bu^`q klk*obi^qfsfpqf` t^sbcrk`qflkp vfbia fabkqf`^i obpriqp fk qeb qtl clojp+ Eltbsbo)
fk j^kv*_lav `^i`ri^qflkp) afp`obm^k`fbp lcqbk ^ofpb+ >dobbjbkq _bqtbbk qeb j^qofu bibjbkqp fk qeb qtl
clojp pbosbp ^p ^ kb`bpp^ov _rq fkprccf`fbkq `ofqboflk clo ^ppbppfkd qeb nr^ifqv ^ka `lksbodbk`b lc qeb
t^sbcrk`qflkp X01)05Z+ Ql nr^kqfcv qefp) qeb qo^kpfqflk mol_^_fifqv o^qfl)> I /> S ) fp l_q^fkba colj qeb
ibkdqe ^ka sbil`fqv s^irbp+ O^qflp ^mmol^`efkd rkfqv fkaf`^qb ^ `lkpfpqbk`v _bqtbbk qeb qtl d^rdbp+ Qefp
jbqof` e^p _bbk fjmibjbkqba fk mob`fpb ^qljf` `^i`ri^qflk clo ab`^abp X01)02)06)1-Z+

B^`e qo^kpfqflk j^kfclia fkslisbp jlob qe^k lkb qo^kpfqflk) pl o^qebo qe^k `^q^ildrfkd b^`e qo^kp*
fqflk) tb ^ipl abcfkb ^ka fkqolar`b ^k ^sbo^db qo^kpfqflk mol_^_fifqv o^qfl)

> I
^sb/> S

^sb=

∑
f > I

f∑
f > S

f
. %.-&

Qeb s^of^qflk lc qeb fkafsfar^i o^qflp> I
f /> S

f ^_lrq qeb ^sbo^db s^irb fp ibpp qebk -+." tfqefk ^ dfsbk
j^kfclia fk qefp tloh+ Qebobclob) qeb ^sbo^db o^qfl fp obmloqba ^p ^ prccf`fbkq jbqof`+

2+0+ Qo^kpfqflk `lbccf`fbkq jbqof`
Fk ^aafqflk ql qeb bkbodv*_^pba jbqof`p) `lksbodbk`b fp ^ipl ^ppbppba qeolrde qeb o^af^qfsb qo^kpfqflk
o^qbp+ Qo^kpfqflk> `lbccf`fbkqp afob`qiv abqbojfkb qeb fkqbkpfqfbp lc pmb`qo^i ifkbp+ Qebfo pq^_fifqv ^`olpp
pr``bppfsb bum^kpflkp lccbop fkabmbkabkq jb^probp lc `lksbodbk`b+ Qtl obmobpbkq^qfsb nr^kqfqfbp ^ob `lk*
pfaboba7 %f& qebmb^h > `lbccf`fbkq ) > mb^h) `loobpmlkafkd ql qeb jlpq o^af^qfsbiv mol_^_ib qo^kpfqflk tfqefk
^ j^kfclia) ^ka %ff& qeb`bkqob*lc*j^pp > `lbccf`fbkq 7

> @lJ =
.
N

k∑
f

> f
(
d c
)

f , %..&

tfqe kloj^ifp^qflk `lkpq^kqN =
∑k

f (d c)f + Qo^`hfkd> mb^h ^ka > @lJ `ljmibjbkqp qeb bkbodv*_^pba jbq*
of`p) abcfkb ^k loqeldlk^i ^ufp lc `lksbodbk`b lc p^qbiifqb pmb`qo^) ^ka ^ob kb`bpp^ov `ofqbof^ clo `lksbo*
dbk`b+ @lksbodbk`b lc> `lbccf`fbkqp ^ob dfsbk fk^mmbkafu+

2+1+ O^af^qfsb ifcbqfjb fks^of^k`b %Σ Jbqof`&
Ob`bkq pqrafbp lc bib`qof`*afmlib*^iiltba qo^kpfqflk ^jmifqrabp ^ka> *`lbccf`fbkqp fk `lmmbo Hα X03Z) wfk`
Hα X00Z ^ka p`^kafrj e^sb fabkqfcfba ^ pbkpfqfsb ^ka ol_rpq jbqof` ^ppl`f^qba tfqe b^`eB . qo^kpfqflk7
qeb qlq^i qeblobqf`^i qo^kpfqflk o^qb) abcfkba ^p qeb prj lc ^iiB . o^qbp clo qeb `lob qo^kpfqflk[.p]→ [/m ]7

Σ([.p] , G , isi ) =
∑
G′,isi ′

> ([.p] , G , isi ; [/m ] , G ′, isi ′) %./&

tebob G fp qeb ^qljf` ^kdri^o jljbkqrj) isi %ibsbi& afpqfkdrfpebp `lkcfdro^qflkp vfbiafkd qeb p^jbG)
^ka > fp qebB . qo^kpfqflk o^qb+ Qeb pnr^ob _o^`hbqp abklqb elib pq^qbp ^p rpr^i+ Qefp qlq^i o^qb t^p clrka
ql obj^fk bccb`qfsbiv `lkpq^kq clo ^ dfsbk bibjbkq) fkabmbkabkq lc qeb fkfqf^i ^qljf` pq^qb %G) ibsbi&) ^ka
ol_rpq bsbk fk qeb mobpbk`b lc ^aafqflk^i J* lo K*pebii pmb`q^qlo elibp qe^q cloj p^qbiifqb j^kfcliap+ Fk
lqebo tloap)Σ([.p], G , isi )≈ Σ([.pki ], G ′, isi ′)+ Qefp jbqof` ^mmb^op ol_rpq ^ka pbkpfqfsb fk 0a bibjbkqp
fk`irafkd @r) Wk ^ka P`+

?rfiafkd lk qefp `lk`bmq) tb buqbka qeb p^jb fks^of^k`b mofk`fmib ql qeb Hβ qo^kpfqflk)[.p]→ [0m ]+
Clo `i^ofqv) tb abklqbΣ([.pki ], G , isi ) = Σki (G , isi )+ Clo b^`eki pe^hb*lcc qo^kpfqflk) tb abcfkb qeb o^qfl lc
qeb qlq^i afmlib qo^kpfqflk o^qb lc ^ p^qbiifqb ifkb ql qe^q lc qeb `loobpmlkafkd af^do^j ifkb ^p7

ΣP /ΣA =

∑
f > f (p^qbiifqb)∑
g > g (af^do^j)

%.0&

tebob > f abklqbp qeb qo^kpfqflk> `lbccf`fbkq clo ^[.p]→ [0m ] qo^kpfqflk ql ^ cfk^i pq^qbf+ Ebob)ΣP ^ka
ΣA obmobpbkq qeb qlq^iB . qo^kpfqflk o^qbp lc qeb p^qbiifqb ^ka af^do^j qo^kpfqflkp) obpmb`qfsbiv+ QebΣ
o^qfl qerp molsfabp ^ kloj^ifpba jb^prob lc o^af^qfsb ifcbqfjb fks^of^k`b ^`olpp afccbobkq fkfqf^i `lk*
cfdro^qflkp+ Absf^qflk lcΣ o^qfl colj rkfqv lcqbk fkaf`^qbp ^ c^ipb `lksbodbk`b lo jfppfkd qo^kpfqflk
bfdbkbkbodfbp+

3+ Qeblobqf`^i bfdbkbkbodfbp ^ka qo^kpfqflk ^jmifqrabp

Kbrqo^i wfk` e^p ^ `ilpba*pebii `lkcfdro^qflk+ Cliiltfkd melqlkflkfp^qflk lc ^ .p bib`qolk) qeb jlpq
moljfkbkq bib`qof` afmlib qo^kpfqflkp obpriq fk Hα ^ka H β ifkbp) tfqe ^k fkqbkpfqv o^qfl lc ^_lrq 47.+ Qeb

3
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Cfdrob .+Wfk` Hβ.,0 af^do^j pmb`qorj rpfkd ^`qfsb pm^`b .{0a 1p}) tfqe `lkcfdro^qflk bum^kpflkp rm ql qeb 3p lo_fq^i+ B^`e
sboqf`^i ifkb j^ohp ^k bfdbkbkbodv) ^ka fqp ebfdeq fkaf`^qbp qeb obi^qfsb qo^kpfqflk fkqbkpfqv+

Cfdrob /+Wfk` Hβ 1p. p^qbiifqb bfdbkbkbodv pmb`qorj rpfkd ^`qfsb pm^`b .{0a 1p}+ >aafqflk^i molklrk`ba bkbodv pefcq ^mmb^op
^q qeb 2d bum^kpflk) ^q qeb fk`irpflk lc fjmloq^kq @PCp+ ?bvlka qefp) qeb pmb`qorj pq^_fifpbp) ^ka _v qeb cfk^i 3d bum^kpflk) qeb
obpfar^i pefcq fp `lksbodba ql _bilt -+-0 bS+

`^klkf`^i Hβ af^do^j qo^kpfqflk `loobpmlkap ql qeb bib`qolk `lkcfdro^qflkp{.p./p//m 30p/0m 30a .-1p/}
clo fkfqf^i pq^qb ^ka{.p//p//m 30p/0m 20a .-1p/} clo qeb cfk^i pq^qb+ Kb^o*abdbkbo^qb pe^hb*lcc p^qbiifqbp
^ofpb tebk ^aafqflk^i s^`^k`fbp mobpbkq fk qeb J* lo K* pebiip lc _lqe qeb fkfqf^i ^ka cfk^i pq^qbp+ Clo
bu^jmib) qeb 0a pfkdib pe^hb*lcc %0a 6& p^qbiifqb fkslisbp `lkcfdro^qflkp{.p./p//m 30p/0m 30a 61p/} ^ka
{.p//p//m 30p/0m 20a 61p/} clo qeb fkfqf^i ^ka cfk^i pq^qbp) obpmb`qfsbiv+

?lqe >P bum^kpflkp){0a 1p} ^ka {0p0a }) tbob bjmilvba ql `^i`ri^qb ^ii lc qeb af^do^j ^ka alj*
fk^kq p^qbiifqb pmb`qo^) fk`irafkd 1p) 0a ) 0m ) ^ka 0p pfkdib pe^hb*lcc ^p tbii ^p 0a alr_ib pe^hb*lcc qo^kp*
fqflkp+ Qeb{0a 1p} bum^kpflk fk`irabp qeb af^do^j qo^kpfqflk ^ka qeb 1p) 0a ^ka 0p pfkdib pe^hb*lcc p^qbi*
ifqbp) tefib qeb{0p0a } bum^kpflk `lsbop qeb 0a ^ka 0m pfkdib pe^hb*lcc ^ka qeb 0a alr_ib pe^hb*lcc p^qbi*
ifqbp %cfdrobp.¬4&) fk loabo lc mobaf`qba pfdkfcf`^k`b+

3+.+ Obpriqp rpfkd{0 1 } >P bum^kpflk
Qeb af^do^j qo^kpfqflk `lkpfpqp lc grpq qtl bfdbkbkbodfbp)B %Hβ.&)B %Hβ0&) pfk`b ^ii lqebo pr_pebiip ^ob
`ilpba+ Q̂ _ib1 molsfabp bfdbkbkbodfbp ^ka> I /> S d^rdb o^qflp clo b^`e ibsbi lc bum^kpflk) `^i`ri^qba

4
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Q̂ _ib 1+Qeblobqf`^i wfk` Hβ af^do^j qo^kpfqflkp) mobpbkqfkd bum^kpflkp rm ql qeb 3p ibsbi rpfkd ^`qfsb pm^`b .{0a 1p}+ Qeb d^rdb o^qfl
> I /> S fkslisbp qeb> `lbccf`fbkq `ljmrqba rpfkd qeb afmlib lmbo^qlo fk qeb ibkdqe %?^_rpehfk& ^ka sbil`fqv %@lrilj_& d^rdbp+
Bu`biibkq `lksbodbk`b lc qeb af^do^j bfdbks^irbp fp pbbk ql -+-. bS) tfqe qeb pbm^o^qflk lcB (H β.)− B (H β0) `lksbodfkd ql 0+-/%.& bS+
Qeb d^rdb o^qfl `lksbodbp ql .+--3) lo -+3"+

Wfk` Hβ.,0 af^do^j qo^kpfqflkp `^i`ri^qba tfqe ^`qfsb pm^`b .{0a 1p}
Bum^kpflk H β. G = .

/ →
0
/ H β0 G = .

/ →
.
/

1p Bkbodv %bS& 6236+23 6233+2-
> I /> S .+--26 .+--3.

1c Bkbodv %bS& 6236+4/(±-..3) 6233+35(±-..4)
> I /> S .+--26 .+--3.

2p Bkbodv %bS& 6236+41(±-.-/) 6233+4-(±-.-0)
> I /> S .+--26 .+--3.

2d Bkbodv %bS& 624-+/.(±-.14) 6234+.6(±-.16)
> I /> S .+--3- .+--3/

3p Bkbodv %bS& 624-+//(±-.-.) 6234+/-(±-.-.)
> I /> S .+--3- .+--3/

Q̂ _ib 2+Qeb qtl af^do^j qo^kpfqflkp fk Wk Hβ.,0 lofdfk^qb colj qeb p^jb fkfqf^i ^qljf`G ^ka fkfqf^i ibsbi+ Ebk`b qeb ab`^v ifcbqfjb ^ka
m^oqf^i tfaqe fp -+/6 bS %rpfkd ^`qfsb pm^`b .{0a 1p}&) pfdkfcf`^kqiv pj^iibo qe^k qeb bumbofjbkq^i p`^ib lc ^ cbt bS+ Qefp obpriq fp rpba
i^qbo ^p ^ kbt jbqof` clo `lksbodbk`b+

Qlq^i afmlib o^af^qfsb o^qb clo Wk Hβ af^do^j qo^kpfqflkp %ΣA & tfqe ^`qfsb pm^`b .{0a 1p}

Fkfqf^iG Fkfqf^i ibsbi ΣA (.-.1p−.) M^oqf^i o^af^qfsb CTEJ %bS&

.
/ . 1+1/2 -+/6.

rpfkd qeb{0a 1p} bum^kpflk+ Qeb cfkb pqor`qrob pmifqqfkd clo qeb af^do^j qo^kpfqflkp fpB %Hβ.& ¬ B %Hβ0&
= 0+-/%.& bS) tfqe d^rdb o^qflp `ilpb ql rkfqv+ @loobpmlkafkd qo^kpfqflk bkbodfbp)B %Hβ.&= 624-+// bS
^ka B %Hβ0&= 6334+/- bS ^ob fk ^dobbjbkq tfqe qeb{0p0a } bum^kpflk tfqefk -+-2 bS+ Pfk`b qeb af^*
do^j qo^kpfqflk fkslisbp lkb fkfqf^i pq^qb ^ka qtl cfk^i pq^qbp) qeb qlq^i qo^kpfqflk o^qbΣA fp l_q^fkba _v
prjjfkd qeb o^qbp clo{.p.//}→ {0m .//,0m 0//}+ Qefp vfbiapΣA = 1.1/× .-.1 p−. colj qeb {0a 1p} bum^k*
pflk %q^_ib2&) fk bu`biibkq ^dobbjbkq tfqe qeb obpriq rpfkd{0p0a } bum^kpflk %q^_ib..+ Qeb qlq^i Hβ af^*
do^j o^qb)ΣA ) pbosbp ^p qeb obcbobk`b ^d^fkpq tef`e ^ii p^qbiifqb qo^kpfqflk o^qbp ^ob `ljm^oba clo qebΣ
jbqof`+

Clo qeb1p. p^qbiifqb) qeb ^_pbk`b lc ^ 1p bib`qolk fkqolar`bp croqebo ^kdri^o jljbkqrj `lrmifkd
_bqtbbk pr_pebiip+ Qeb fkfqf^i `lkcfdro^qflk e^p qtl mlppf_ib ^qljf` ^kdri^o jljbkq^)G f ∈ {-,.}) tefib
qeb cfk^i `lkcfdro^qflk ^iiltp clro)G c ∈ {-,.(.),.(/),/}) tebob qeb prmbop`ofmq afpqfkdrfpebp qeb qtl afp*
qfk`q ^qljf` `lkcfdro^qflkp %ibsbip& qe^q _lqe vfbiaG c = .+ Ebk`b qebob ^ob pfu fkabmbkabkq bfdbkbkbodfbp
clo qeb ^iiltbaB . qo^kpfqflkp+ Q̂ _ib3 ifpqp qeb `loobpmlkafkd bfdbkbkbodfbp ^ka> I /> S o^qflp+ Qeb qo^kp*
fqflk bkbodfbp dolrm fkql qtl `irpqbop kb^o 624- bS %`irpqbo .& ^ka 6234 bS %`irpqbo /&+ Qebpb `irpqbop
lsboi^m pqolkdiv tfqe qeb af^do^j ifkbp Hβ. ^ka H β0) ^ka qebfo obi^qfsb fkqbkpfqfbp `ilpbiv jfoolo qeb
af^do^j fkqbkpfqv o^qflF(H β.)/F(H β0)+ Qefp pqolkd pmb`qo^i lsboi^m j^hbp fq buqobjbiv afccf`riq ql bumbof*
jbkq^iiv obplisb qeb1p. ifkbp colj qeb j^fk af^do^j qo^kpfqflkp X1.Z+

Qeb 1p. p^qbiifqb `ljmofpbp qtl fkfqf^i rmmbo pq^qbp)G f = - ^ka G f = .+ CloG f = -) qeb qlq^i qo^kpfqflk
o^qb) l_q^fkba _v prjjfkd lsbo-→{.(.),.(/)}) fpΣ1p.(G f = -) = 1.10× .-.1 p−.+ CloG f = .) prjjfkd
lsbo .→{-,.(.),.(/),/} vfbiapΣ1p.(G f = .) = 1.10× .-.1 p−.+ ?lqe qlq^ip ^dobb tfqe qeb af^do^j qo^kp*
fqflk o^qbΣA tfqefk -+." %q^_ib4&+

Qeb 0p. p^qbiifqb) cfdrob0) peltp ^ m^oqf^i i^`h lc `lksbodbk`b vfbiafkd clro sfpf_ib bfdbks^irbp lrq lc
pfu _v pvjjbqov+ Qeb clro l_pbosba qo^kpfqflk bfdbks^irbp ^mmb^o `lksbodba+ Qeb mb^h ^ka `bkqob*lc*
j^pp jbqof`p clo qeb bkbodv bfdbks^irbp) d^rdb o^qflp ^ka> `lbccf`fbkqp jbqof`p ^ipl `lksbodb+

Q̂ _ib 5 prjj^ofpbp `bkqob*lc*j^pp bkbodfbp)B @lJ ) ^ka ^sbo^db d^rdb o^qflp)> I
^sb/> S

^sb) clo ^ii p^qbiifqb
qo^kpfqflkp rpfkd qeb{0a 1p} bum^kpflk) tfqe jlob `ljmobebkpfsb q^_ri^qflk lc `lksbodbk`b `ofqbof^ fk
^mmbkafu+ Qeb `bkqob*lc*j^pp bkbodfbp `lksbodb tfqefk -+-/ bS ^q qeb efdebpq ibsbi lc bum^kpflk) bu`bmq
clo qeb0a 5 p^qbiifqbp) tef`e s^ov _v ^mmolufj^qbiv -+/ bS+ >ii ^sbo^db d^rdb o^qflp `lksbodb ql rkfqv
tfqefk -+4"+ Qeb qo^kpfqflk o^qbp> mb^h ^ka > @lJ ^ipl `lksbodb tfqefk -+.") bu`bmq clo qeb0a 5 p^qbi*
ifqbp) clo tef`e> mb^h ^mmb^op `lksbodba tefib> @lJ pefcqp _v ^_lrq 2" ^q qeb efdebpq bum^kpflk ibsbi
%̂ mmbkafu&+ Qeb qlq^iB . qo^kpfqflk o^qbp lc ^ii p^qbiifqbp)ΣP ) ^ob `ljm^oba tfqe qeb af^do^j qo^kpfqflk
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Q̂ _ib 6+>`qfsb pm^`b .{0a 1p} qlq^iB . o^af^qfsb o^qbp clo Wk Hβ p^qbiifqb qo^kpfqflkp %ΣP &) ^ka qeb ^mmif`^qflk lcΣ jbqof`+ O^qbp clo 1p.
^ka 0p. p^qbiifqb qo^kpfqflkp ^dobb tfqe af^do^j ab`^vp tfqefk 0"8 0m ) 0a ^ka 0a / o^qbp al klq m^pp qefp jbqof`+

Qlq^i afmlib o^af^qfsb o^qb clo Wk Hβ p^qbiifqb qo^kpfqflkp %ΣP & tfqe ^`qfsb pm^`b .{0a 1p}

@lkcfdro^qflk Fkfqf^iG Fkfqf^i ibsbi ΣP (.-.1p−.)

M^oqf^i o^af^qfsb
CTEJ %bS& ΣP /ΣA

1p. - . 1+1/3 -+/6. .+---
. . 1+1/6 -+/6/ .+--.

0a 6 . . 1+2/4 -+/65 .+-/0
/ . 0+3-/ -+/04 -+5.1
/ / 0+4-6 -+/11 -+505
0 . 0+421 -+/14 -+516

0m 2 - . 0+-/5 -+.66 -+351
. . 0+645 -+/3/ -+566
. / 2+.23 -+006 .+.32
/ . 0+-26 -+/-. -+36.

0p. - . 1+213 -+/66 .+-/4
. . 1+226 -+0-- .+-0-

0a 5 .// . 1+303 -+0-2 .+-15
.// / 1+34. -+0-4 .+-23
.// 0 0+-61 -+/-1 -+366
0// . 1+33/ -+0-4 .+-21
0// / 1+32/ -+0-3 .+-2.
0// 0 1+34- -+0-4 .+-23
0// 1 0+1/2 -+//2 -+441
2// . 1+333 -+0-4 .+-22
2// / 1+32. -+0-3 .+-2.
2// 0 1+334 -+0-4 .+-22
2// 1 /+/36 -+.16 -+2.0
4// . 1+34- -+0-4 .+-23
4// / /+.60 -+.11 -+163
4// 0 /+50- -+.53 -+31-
6// . 0+3-/ -+/04 -+5.1
6// / .+-32 -+-4- -+/1.

Cfdrob 1+Wfk` Hβ 0a 6 p^qbiifqb pmb`qorj bum^kaba tfqe qeb ^`qfsb pm^`b .{0a 1p}+ Pbsbo^i bfdbkbkbodfbp s^kfpe rmlk qeb bum^k*
pflk) tef`e j^v obpriq colj ^_ormq `e^kdbp fk qeb bum^kpflk `lbccf`fbkqp lc qeb `lkqof_rqfkd @PCp+ Klqb qeb bccb`q lk jbqof`p
%q^_ib5&+

..
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Cfdrob 2+Wfk` Hβ 0a 6 p^qbiifqb pmb`qorj `^i`ri^qba tfqe ^`qfsb pm^`b /{0p0a }+ > cbt bfdbkbkbodfbp kb^o 623. bS buef_fq pefcqp
lc loabo . bS tebk mboclojfkd pfkdib ql jriqf`lkcfdro^qflk bum^kpflk+ Qeb lsbo^ii pmb`qo^i pqor`qrob fp mobpbosba tfqelrq `li*
i^mpb lc bfdbkbkbodfbp+ >q qeb 3p bum^kpflk) qeb obpfar^i bkbodv pefcqp ^ob tbii*`lksbodba+ Fk `lkqo^pq ql qeb{0a 1p} ^`qfsb pm^`b)
bfdbkbkbodfbp ^ob pq^_ib+

Cfdrob 3+Wfk` Hβ 0m 2 p^qbiifqb ifkbp `^i`ri^qba rpfkd ^`qfsb pm^`b /{0p0a } tfqe sfoqr^i lo_fq^i bum^kpflkp rm ql 3p+ ?v qeb 3p
bum^kpflk) bkbodv pefcqp ^ob ibpp qe^k -+. bS+

fk absf^qflkp bu`bbafkd 0- bS ^ka> *`lbccf`fbkq afccbobk`bp lc rm ql /2-" _bqtbbk qeb qtl bum^kpflk
jbqelap %pbb q^_ibp.5 ^ka .6 fk ^mmbkafu&+

3+0+ Prjj^ov lc b^`e qo^kpfqflk rpfkd qtl bum^kpflk jbqelap
Ql bkprob molmbo `lksbodbk`b lc lro `^i`ri^qflkp) b^`e qo^kpfqflk `ljmlkbkq %af^do^j)1p.)0a 6)0m 2)
0p.) ^ka 0a 5& t^p bs^ir^qba ^d^fkpq jriqfmib af^dklpqf` `ofqbof^7 %f& mb^h ^ka `bkqob*lc*j^pp bkbodv
pefcqp8 %ff& ^dobbjbkq _bqtbbk ibkdqe ^ka sbil`fqv d^rdb qo^kpfqflk o^qbp8 %fff& mb^h ^ka `bkqob*lc*j^pp
> *`lbccf`fbkq pefcqp8 ^ka %fs& `lkpfpqbk`v lc qlq^i afmlib o^qbp clo ^kv rmmbo pq^qb obi^qfsb ql qeb af^do^j
qo^kpfqflk+

Q̂ _ib ./ molsfabp ^ prjj^ov lc qebpb af^dklpqf`p clo qeb qtl ^`qfsb*pm^`b bum^kpflkp tfqe7 qeb
`bkqob*lc*j^pp bkbodv pefcq∆B @lJ ^q qeb efdebpq lo_fq^i bum^kpflk8 qeb ^sbo^db d^rdb o^qfl lc qo^kp*
fqflk o^qbp> I

^sb/> S
^sb ^q qeb efdebpq bum^kpflk8 qeb mbo`bkq^db s^of^qflk lc qeb qo^kpfqflk o^qbδ> I

@lJ /> I
@lJ

^q qeb efdebpq lo_fq^i bum^kpflk8 ^ka qeb i^odbpq obi^qfsb absf^qflk lc qeb afmlib qo^kpfqflk o^qb clo ^kv
rmmbo pq^qb colj qeb af^do^j s^irb) J^u(ΣP /ΣA )) tfqefk b^`e qo^kpfqflk+

./
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Cfdrob 4+Wfk` Hβ 0a 5 p^qbiifqb pmb`qorj `^i`ri^qba tfqe ^`qfsb pm^`b /{0p0a }+ Qeb bfdbkbkbodfbp obj^fk pq^_ib ^`olpp pr``bppfsb
lo_fq^i bum^kpflkp) tfqelrq ^kv `lii^mpb lc bfdbkbkbodv+ Qeb obpriqfkd pmb`qorj afccbop j^ohbaiv colj qe^q l_q^fkba tfqe qeb
{0a 1p} ^`qfsb pm^`b+

Q̂ _ib .-+@^i`ri^qba obpriqp clo wfk` Hβ p^qbiifqb qo^kpfqflkp rpfkd ^`qfsb pm^`b /{0p0a }+ Obpriqp fk`irab pfkdib `lkcfdro^qflk ^ka alr_ib
bu`fq^qflk+ >q qeb efdebpq sfoqr^i lo_fq^i bum^kpflk) bfdbkbkbodv pefcqp obj^fk _bilt -+-2 bS) ^ka> I

^sb/> S
^sb d^rdb o^qflp ^ob `ilpb ql

rkfqv+ Qeb 0p. p^qbiifqb buef_fqp ^k ^klj^ilrpiv i^odb bkbodv pefcq %02 bS& fk qeb bum^kpflk+

@lksbodbk`b `ofqbof^ clo wfk` Hβ p^qbiifqb qo^kpfqflkp `^i`ri^qba tfqe ^`qfsb pm^`b /{0p0a }

Bum^kpflk
P^qbiifqb

1p. 0a 6 0m 2 0p. 0a 5

1p Bkbodv %bS& 6235+3/ 624-+/5 6241+6/ 6242+4/ 624/+62
> I
^sb/> S

^sb .+--3- .+--3- .+--16 .+--4. .+--3-

1c Bkbodv %bS& 6235+43
(±-..1)

624-+15
(±-./-)

6241+61
(±-.-/)

621-+4-
(±02.-/)

6240+/0
(±-./5)

> I
^sb/> S

^sb .+--3- .+--3- .+--16 -+6662 .+--3.

2p Bkbodv %bS& 6235+35
(±-.-5)

624-+1.
(±-.-4)

6241+55
(±-.-3)

621.+-.
(±-.0.)

6240+.3
(±-.-4)

> I
^sb/> S

^sb .+--3- .+--3- .+--16 -+6663 .+--3-

2d Bkbodv %bS& 6236+.6
(±-.2.)

624-+54
(±-.13)

6242+.1
(±-./3)

621.+3/
(±-.3.)

6240+23
(±-.1-)

> I
^sb/> S

^sb .+--3. .+--3. .+--16 -+6664 .+--3.

3p Bkbodv %bS& 6236+.5
(±-.-.)

624-+53
(±-.-.)

6242+.0
(±-.-.)

621.+2-
(±-../)

6240+22
(±-.-.)

> I
^sb/> S

^sb .+--3. .+--3. .+--16 -+6664 .+--3.

3d Bkbodv %bS& 6236+//
(±-.-1)

Æ
Æ

Æ
Æ

621.+-5
(±-.1/)

Æ
Æ

> I
^sb/> S

^sb .+--3. Æ Æ -+6663 Æ

Qeb af^do^j ^ka 1p. p^qbiifqbp p^qfpcv ^ii `lksbodbk`b `ofqbof^ fk _lqe >P bum^kpflkp+ Qeb0p. p^qbi*
ifqb `lksbodbp obif^_iv tfqe qeb{0a 1p} bum^kpflk+ Qeb0a 6 ^ka 0a 5 p^qbiifqbp pelt `lksbodbk`b rpfkd qeb
{0p0a } bum^kpflk+ Qeb0m 2 p^qbiifqb buef_fqp `lksbodbk`b fk bkbodv ^ka d^rdb o^qfl clo _lqe jbqelap8
eltbsbo) fqp afmlib qo^kpfqflk o^qb absf^qbp colj qeb af^do^j fk _lqe bum^kpflkp+ Tb objfka qeb ob^abo
qe^q tb e^sb grpq abcfkba ^ka fkqolar`ba kbt jbqof`p ^p pbkpfqfsb qbpqp lc ^mmol^`e qlt^oap `lksbodbk`b
^ka ^mmol^`e qlt^oap qeb obi^qfsfpqf` t^sbcrk`qflkp+
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G+ Mevp+ ?7 >q+ Jli+ Lmq+ Mevp+ 26 %/-/3& -12--/ M E Alkd bq ^i

Q̂ _ib ..+>`qfsb pm^`b{0a 1p}Σ jbqof`7B . ab`^v o^qbpΣP clo 1p. ^ka 0a 6 ^ob tfqefk 0") tefib qelpb clo qeb 0a 5 ^ob tfqefk 4"
`ljm^oba tfqe qeb af^do^j qo^kpfqflk+ 0m 2,0p. p^qbiifqbp pelt fk`ljmibqb `lksbodbk`b+

Prjjfkd lc > `lbccf`fbkq lc Hβ p^qbiifqb qo^kpfqflkpΣP tfqe ^`qfsb pm^`b /{0p0a }

@lkcfdro^qflk Fkfqf^iG Fkfqf^i ibsbi ΣP (.-.1p−.)

M^oqf^i o^af^qfsb
CTEJ %bS& ΣP /ΣA

1p. - . 1+10- -+/6/ .+--.
. . 1+10. -+/6/ .+--.

0a 6 . . 1+221 -+0-- .+-/6
/ . 1+206 -+/66 .+-/3
/ / 1+21/ -+/66 .+-/4
0 . 1+220 -+0-- .+-/6

0m 2 - . 0+-0- -+.66 -+352
. . 0+646 -+/3/ -+566
. / 2+.3. -+01- .+.33
/ . 0+-3- -+/-. -+36/

0p. - . -+--- -+--- -+---
. . /+51/ -+.54 -+31/

0a 5 .// . 1+354 -+0-6 .+-26
.// / 1+333 -+0-4 .+-22
.// 0 1+350 -+0-5 .+-25
0// . 1+362 -+0-6 .+-3.
0// / 1+35- -+0-5 .+-25
0// 0 1+356 -+0-6 .+-3-
0// 1 1+334 -+0-4 .+-22
2// . 1+351 -+0-5 .+-26
2// / 1+34/ -+0-5 .+-23
2// 0 1+352 -+0-5 .+-26
2// 1 1+36. -+0-6 .+-3-
4// . 1+34/ -+0-4 .+-23
4// / 1+351 -+0-5 .+-26
4// 0 1+351 -+0-5 .+-26
6// . 1+361 -+0-6 .+-3.
6// / 1+350 -+0-5 .+-25

Q̂ _ib ./+@lksbodbk`b jbqof`p clo wfk` Hβ `ljmlkbkq pmb`qorj) tfqe ^`qfsb pm^`bp .{0a 1p} ^ka / {0p0a }+ @ljmlkbkqp klq p^qfpcvfkd
`lksbodbk`b `ofqbof^ ^ob efdeifdeqba fk _lia+

Jbqof` prjj^ov lc qeblobqf`^i `ljmlkbkqp `^i`ri^qba rpfkd _lqe ^`qfsb pm^`bp

^`qfsb pm^`b{0a 1p} Af^do^j 1p. 0a 6 0m 2 0p. 0a 5

∆B @lJ %bS& -+-. -+-/ -+-- -+-- -+-/ -+.6
δ> I

@lJ /> I
@lJ -+-/5" -+-40" -+-.-" -+-2/" -+-4/" 2+.0"

> I
^sb/> S

^sb .+--3 .+--3 .+--3 .+--2 .+--4 .+--3
J^u ΣP /ΣA − .+--. -+5.1 -+351 .+-0- -+/1.

^`qfsb pm^`b{0p0a } Af^do^j 1p. 0a 6 0m 2 0p. 0a 5

∆B @lJ %bS& -+-0 -+-1 -+-. -+-. -+1/ -+.
δ> I

@lJ /> I
@lJ -+.." -+-03" -+//" -+/0" -+.1" -+61"

> I
^sb/> S

^sb .+--3 .+--3 .+--3 .+--2 .+--- .+--3
J^u ΣP /ΣA − .+--. .+-/3 -+352 -+--- .+-3.

4+ @ljm^ofplk tfqe bumbofjbkq^i a^q^

4+.+ Cfqqfkd crk`qflk
Qeb jb^proba pmb`qo^ ^ob `ljm^oba tfqe qeblobqf`^i mobaf`qflkp qe^q e^sb _bbk `lkslisba tfqe
Ilobkqwf^k molcfibp ql ^``lrkq clo fkqofkpf` ifcbqfjb _ol^abkfkd+ Tb abcfkb ^ crii qeblobqf`^i pmb`qorj
`ljmlpba lc ^ prmbomlpfqflk lc qo^kpfqflkp colj qeb pbqT = {Af^do^j ,1p.,0a 6,0m 2,0p.,0a 5}) fk`irafkd
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G+ Mevp+ ?7 >q+ Jli+ Lmq+ Mevp+ 26 %/-/3& -12--/ M E Alkd bq ^i

qeb mofj^ov af^do^j ifkb ^ka qeb ^ppl`f^qbaki pe^hb*lcc p^qbiifqb qo^kpfqflkp7

F (B ) = P
∑
q∈T

M q F q (B ) %.1&

tebob P fp ^ dil_^i p`^ifkd c^`qlo fk`lomlo^qfkd qeb qlq^i bumbofjbkq^i `lrkqp)M q fp qeb obi^qfsb qo^kpfqflk
mol_^_fifqv) ^kaF q(B ) fp qeb pmb`qo^i `lkqof_rqflk lc qebqqe qo^kpfqflk+ Klqb tb al klq kbba ql fk`irab
k = / p^qbiifqbp lok = . evmbop^qbiifqbp ^p qebfo pmb`qo^ ifb c^o colj qeb Hβ.,0 pmb`qorj+

B^`e F q(B ) fp dfsbk _v ^ tbfdeqba prj lsbok q kloj^ifpba Ilobkqwf^k molcfibp) tebobk q fp qeb krj_bo
lc bkbodv bfdbks^irbp clo qebqqe qo^kpfqflk %f+b+ qeb krj_bo lc pqf`hp&7

F q (B ) =
.
Nq

k q∑
f

(
d c
)

q,f I q,f (B ) , I q,f (B ) =
k q∑
f

.
/π

Γq

(B − B q,f)
/
+
(
Γq
/

)/ %.2&

tebob B q,f ^ka (d c)q,f abklqb qeb bkbodv bfdbks^irb %pqf`h mlpfqflk& ^ka tbfdeqba lp`fii^qlo pqobkdqe %pqf`h
fkqbkpfqv&) obpmb`qfsbiv) l_q^fkba coljD O> PM+ Qeb m^o^jbqboΓq fp qeb crii tfaqe ^q e^ic j^ufjrj)
qob^qba ^p ^ cfqqfkd m^o^jbqbo `ljjlk ql b^`e qo^kpfqflkq+Nq =

∑k q
f (d c)q,f fp qeb kloj^ifp^qflk `lkpq^kq)

lo qeb qlq^i ifkb pqobkdqe clo qe^q qo^kpfqflk j^kfclia+
> mlppf_ib pvpqbj^qf` bkbodv lccpbq bfqebo arb ql qeblobqf`^i `^i`ri^qflkp lo bumbofjbkq^i `^if_o^qflk)

fp ^``lrkqba clo _v fkqolar`fkd ^ cobb bkbodv pefcq m^o^jbqbo)δB q) ^mmifba ql b^`e qo^kpfqflk+ Qeb crii
cfqqfkd jlabi clo qeb pmb`qorj fp qebk bumobppba ^p7

F (B ) = P
∑
q∈T

M q

Nq

k q∑
f

(
d c
)

q,f

/π
Γq

(B − B q,f + δB q)
/
+
(
Γq
/

)/ . %.3&

4+/+ Dllakbpp*lc*cfq
Qeb nr^ifqv lc qeb cfqqfkd fp nr^kqfcfba _v qeb pq^qfpqf`^i jb^prob lcχ/

o abcfkba ^p7

χ/
o =

.
ν

K∑
f

(
Q f − B f

σf

)/

%.4&

tebob B f ^ka Q f ^ob qeb bumbofjbkq^i ^ka qeblobqf`^i*abqbojfkba s^irbp)ν = K − m fp qeb abdobb lc cobb*
alj tfqe K _bfkd qeb krj_bo lc a^q^ mlfkqp)m _bfkd qeb krj_bo lc cfqqfkd m^o^jbqbop+χ/

o lc loabo
rkfqv prddbpqp ^ dlla cfq+

4+0+ Evmlqebpfp qbpqfkd %*qbpq&
Evmlqebpfp qbpqfkd molsfabp ^ co^jbtloh ql bs^ir^qb fc ^aaba jlabi `ljmibufqv fp grpqfcfba+ > `i^ppf`
^mmol^`e clo pr`e qbpqfkd fp qebC *qbpq) tef`e `ljm^obp kbpqba jlabip _^pba lk qebfo cfqqfkd nr^ifqv X/0Z+

Fk`irafkd jlob cobb m^o^jbqbop dbkbo^iiv obar`bpχ/) _rq qefp j^v obpriq colj lsbocfqqfkd o^qebo qe^k
qeb dbkrfkb mevpf`^i bccb`qp+ Ql abqbojfkb tebqebo ^ jlob `ljmibu jlabi) pr`e ^p lkb qe^q fk`irabp
^k ^aafqflk^i p^qbiifqb ifkb) molsfabp ^ pfdkfcf`^kqiv _bqqbo cfq) tb bjmilv qebC *qbpq+ Qefp qbpq rpbp qebC *
afpqof_rqflk ql nr^kqfcv tebqebo qeb l_pbosba fjmolsbjbkq fk cfq bu`bbap te^q tlria _b bumb`qba _v
`e^k`b) clo ^ kloj^iiv*afpqof_rqba s^of^qb) qebob_v ^iiltfkd pq^qfpqf`^i dolrkaba fkcbobk`b lc qeb rkaboiv*
fkd mevpf`p+ QebC *afpqof_rqflk fp7

c (C ; ac ., ac /) =

(
ac .
ac /

) ac .
/

C
ac .
/ −.

?
(

ac .
/ ,

ac /
/

)(
.+ ac .

ac /
C
) ac .+ac /

/

%.5&

tebob ac g fp qeb abdobb lc cobbalj clo b^`e lc qeb jlabig) ? (u , v ) fp qeb _bq^ crk`qflk)C fp qebC *
pq^qfpqf`+ QebC *pq^qfpqf` fp `ljmrqba ^p7

C =

(
χ/
. −χ/

/
)
/(m / − m .)

χ/
//(K − m /)

%.6&

ebob)K ^ka m abklqbp qeb krj_bo lc a^q^ mlfkqp ^ka cfqqba m^o^jbqbop obpmb`qfsbiv) qeb pr_p`ofmq . fp
qeb obpqof`qba %lo obar`ba& jlabi ^ka / fp qeb rkobpqof`qba %lo buqbkaba& jlabi+

Qeb pfdkfcf`^k`b ibsbiα obmobpbkqp qeb mol_^_fifqv lc fk`loob`qiv obgb`qfkd qeb krii evmlqebpfp %f+b+ ^
c^ipb mlpfqfsb&+ > `ljjlkiv rpba qeobpelia fpα= -+-2) _^pba lk tef`e lkb `^k abqbojfkb qeb `ofqf`^i
C *s^irb pr`e qe^q qeb ^ob^ rkabo qebC *afpqof_rqflk ql fqp ofdeq bnr^ip qlα+ Fc qeb `ljmrqbaC *pq^qfpqf`p
bu`bbap qeb `ofqf`^iC *s^irb) qeb krii evmlqebpfp fp obgb`qba fk c^slro lc qeb jlob `ljmibu jlabi+
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G+ Mevp+ ?7 >q+ Jli+ Lmq+ Mevp+ 26 %/-/3& -12--/ M E Alkd bq ^i

Cfdrob 5+Bu`biibkq cfq lc qeb Hβ pmb`qorj) fk`irafkd qeblobqf`^i `lkqof_rqflkp colj qeb af^do^j ifkb ^ka 1p.) 0a 6) 0m 2) 0p.) ^ka
0a 5 p^qbiifqbp+ Q̂ _ib.0 ifpqp qeb cfqqba s^irbp clo qeb CTEJ)Γq) mol_^_fifqfbpM q) ^ka bkbodv pefcqpδB q+χ/

o = 1+01+

4+1+ @ljm^ofplk lc qeblov tfqe bumbofjbkq tfqe cobb obi^qfsb ^jmifqrabp clo b^`e p^qbiifqb pmb`qorj
Lro ^``ro^qb ^ka `lksbodba t^sbcrk`qflkp `^k _b `ljm^oba tfqe bumbofjbkq) ql fksbpqfd^qb qeb bsfabk`b
clo lo ^d^fkpq p^qbiifqb `lkqof_rqflkp+ Efde*obplirqflk jb^probjbkqp lc wfk` Hβ bjfppflk obj^fk ifjfqba
fk qeb ifqbo^qrob8 ebob) tb rpb qeb bumbofjbkq^i pmb`qorj lc Fqlbq ^i X.Z l_q^fkba rpfkd ^k ^kqfm^o^iibi
alr_ib*`ovpq^i u*o^v pmb`qoljbqbo+ Fkpqorjbkq^i _ol^abkfkd fp `i^fjba ql _b m^oqf^iiv objlsba+ Qeb mr_*
ifpeba pmb`qorj t^p afdfqfpba clo ^k^ivpfp) vfbiafkd .4. a^q^ mlfkqp+ A^q^ mlfkqp ^ob ^pprjba ql cliilt
Mlfpplk `lrkqfkd) pl qe^q qeb a^qrj rk`boq^fkqv clo ^ `lrkqK fp

√
K + Eltbsbo) qefp ^pprjbp qe^q qeb

lofdfk^i a^q^ obmobpbkqba u*o^v melqlkp fk qeb `lrkq) tebob^p fq fp `ljjlk qe^q qebv ^ob pfjmiv p`^iba
bib`qolkf` ob^afkdp+ Klqb colj cfdrob5 qe^q rk`boq^fkqv ^q mb^h fp .-2 %`lrkqp& dfsbk _v qeb obpfar^i
pmb`qorj) ^ka qe^q rk`boq^fkqv tebkK = .--- fp `fo`^ 00) ^p abcfkba+ Qefp `^k _b fkabmbkabkqiv bpqfj*
^qba _v illhfkd ^q qeb il`^i mlfkq*ql*mlfkq s^of^qflk fk obdflkp lc kl pqor`qrob) ^ka qefp fp `lkcfojba fk
qeb pmb`qorj ^i_bfq tfqefk ^ pfdkfcf`^kq rk`boq^fkqv+

>k rk`lkpqo^fkba cfq lc qeb qeblobqf`^i pmb`qorj ql qeb afdfqfpba bumbofjbkq^i a^q^ t^p mboclojba)
qob^qfkd qeb qo^kpfqflk bkbodfbp %δB q&) obi^qfsb ^jmifqrabp %M q&) Ilobkqwf^k crii*tfaqe*^q*e^ic*j^ufjrj
%Γq& ^p cobb m^o^jbqbop+ B^`e m^o^jbqbo t^p illpbiv obpqof`qba ql mevpf`^iiv jb^kfkdcri o^kdbp) drfaba _v
qeblobqf`^i pe^hb*lcc mol_^_fifqfbp %q^_ib0&+ Qeb qo^kpfqflk pmb`qo^ fk`lomlo^qba fk qeb cfqqfkd mol`barob
`loobpmlka ql qeb jlpq `lksbodba obpriqp colj qeb qtl ^`qfsb*pm^`b bum^kpflkp %cfdrob./&7 qeb af^do^j
%A &)1p.) ^ka 0p. qo^kpfqflkp colj qeb{0a 1p} bum^kpflk) ^ka qeb0a 6)0m 2) ^ka 0a 5 qo^kpfqflkp colj qeb
{0p0a } bum^kpflk+

Qeb H β pmb`qorj t^p cfopq cfqqba rpfkd lkiv qeb af^do^j %A & qo^kpfqflk) cliiltba _v qeb pbnrbkqf^i
fk`irpflk lc p^qbiifqb ifkbp mobaf`qba ql _b jlpq pfdkfcf`^kq+ Fk loabo lc qeblobqf`^i fjmloq^k`b %q^_ib0&)
p^qbiifqbp colj1p. ^ka 0a 6 tbob fk`iraba cfopq) cliiltba _v0m 2)0p.) ^ka 0a 5+ Qefp efbo^o`ef`^i ^mmol^`e
bk^_ibp ^ pqbmtfpb ^ppbppjbkq lc elt b^`e ^aafqflk^i p^qbiifqb ^ccb`qp _lqe qeb nr^ifqv lc cfq ^ka qeb mevp*
f`^i fkqbomobq^qflk lc qeb bumbofjbkq^i pmb`qorj+

Qeb cfq nr^ifqv fjmolsbp moldobppfsbiv tfqe qeb fk`irpflk lc ^aafqflk^i p^qbiifqb `lkcfdro^qflkp) tfqe
qeb obar`baχ/

o ab`ob^pfkd colj 16+2 clo qeb af^do^j*lkiv jlabi ql 1+01 clo qeb crii jlabi mobpbkqba
%cfdrob5&+ Qeb af^do^j*lkiv cfq mlloiv obmolar`bp qeb bumbofjbkq^i pmb`qorj) tebob^p qeb crii jlabi
pr``bppcriiv `^mqrobp qeb j^glo pqor`qro^i cb^qrobp+ Fk qeb crii jlabi) qeb pelriabop lc qeb pmb`qorj ^ob
obmolar`ba obj^oh^_iv tbii) tefib qeb ci^kh obdflk fp pifdeqiv rkabocfqqba) ^q qeb efde bkbodv q^fi tebob
qeb obpfar^ip pvpqbj^qf`^iiv absf^qbp _v /σ) mlppf_iv arb ql ^k rk^``lrkqba _^`hdolrka+ Qeb cfqqba pmb`*
qo^i fkqbkpfqfbp lc qeb af^do^j ^ka1p. p^qbiifqb `ljmlkbkqp ^ob efdeiv `loobi^qba) prddbpqfkd qe^q qebfo
qorb `lkqof_rqflkp j^v _b l_p`roba _v qeb cobb*fkqbkpfqv cfqqfkd mol`barob+ Qeb cfqqba fkqbkpfqfbp lc qeb
0a 6 ^ka 0p. p^qbiifqbp ^dobb tbii tfqe qeblobqf`^i mobaf`qflkp) tebob^p qelpb lc qeb0m 2 ^ka 0a 5 `lkcfdro^*
qflkp ^ob ^mmolufj^qbiv qtf`b ^p i^odb ^p mobaf`qba+ Qeb bkbodv pefcqp ^ob lk qeb loabo lc .¬/ bS+

Ql ^ppbpp qeb pq^qfpqf`^i pfdkfcf`^k`b lc b^`e ^aafqflk^i p^qbiifqb `ljmlkbkq) ^ pbofbp lc kbpqba jlabip
t^p `lkpqor`qba) ^kaC *qbpqp tbob mboclojba ql `ljm^ob b^`e buqbkaba jlabi ^d^fkpq fqp `loobpmlkafkd
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Q̂ _ib .0+Cfqqfkd m^o^jbqbop ^ka dllakbpp*lc*cfqp tfqe cobb ^jmifqrab ^ka fkabmbkabkq tfaqe m^o^jbqbop) tfqe m^o^jbqbopΓq
Ilobkqwf^k crii*tfaqe*e^ic*j^ufjrj)> q) co^`qflk^i fkqbkpfqv) ^kaδB q) bkbodv pefcq colj cfqqfkd s^oflrp `lj_fk^qflkp lc `^i`ri^qba Wk
Hβ af^do^j ^ka p^qbiifqb qo^kpfqflkp+ Ŝ irbp dfsbk ^ob clo qeb dllakbpp*lc*cfq)χ/ ^ka χ/

o ) tfaqep %CTEJ&) Γq) mol_^_fifqv)M q) ^ka
bkbodv pefcq)δB q+ > mlpfqfsb bkbodv pefcq abcfkbp ^ pefcq lc bkbodv bfdbks^irbp qlt^oap efdebo bkbodv+† A abklqbp af^do^j qo^kpfqflk lc
.p−. → 0m −. lo [.p]→ [0m ]+‡ 1p. abklqbp 1p. p^qbiifqb ifkbp) qe^q fp .p−.1p−. → 0m −.1p−.+∗ Qeb cfqqba m^o^jbqbo e^p efq qeb _lrka)
qeb rk`boq^fkqv fp klq jb^kfkdcri) ^ka pfjfi^oiv bipbtebob+§ Qeb cfqqba mol_^_fifqv lc af^do^j ^ka 1p. p^qbiifqb `ljmlkbkqp ^ob efdeiv
`loobi^qba arb ql qebfo pqolkd pmb`qo^i lsboi^m) vfbiafkd i^odb rk`boq^fkqv+

H β
Jlabi χ/ χ/

o M^o^jbqbo

Qo^kpfqflk

af^do^j 1p. 0a 6 0m 2 0p. 0a 5

Af^do^j
%A †&

50.1+. 16+16Γq %bS& 1.--(-.-.)∗ Æ Æ Æ Æ Æ
δB q %bS& /.--(-.-.) Æ Æ Æ Æ Æ
M q (%) .--.-(-./) Æ Æ Æ Æ Æ

A ,1p.‡ 5/06+1 16+61Γq %bS& 1.--(-.1/) 1.--(...6) Æ Æ Æ Æ
δB q %bS& /.--(-./.) /.--(..22) Æ Æ Æ Æ
M q (%) 41./(043.0)§ /2.5(043.0)§ Æ Æ Æ Æ

A ,0a 6 ./3-+3 4+31 Γq %bS& 1.--(-.-0) Æ 0.31(-..-) Æ Æ Æ
δB q %bS& ..61(-.-.) Æ ../-(-.-0) Æ Æ Æ
M q (%) 50.1(-.2) Æ .3.3(-.2) Æ Æ Æ

A ,0a 6,1p. ./22+- 4+42 Γq %bS& 1.--(-./0) 1.--(..-1) 0.30(-..0) Æ Æ Æ
δB q %bS& ..6.(-.04) /.--(/.42) ../-(-.-0) Æ Æ Æ
M q (%) 34.4(042.-)§ .2.5(041.6)§ .3.2(-.4) Æ Æ Æ

A ,0a 6,1p.,
0m 2

432+. 1+5. Γq %bS& 0.6/(-.2-) 0.--(0.//) 0.64(-..6) 0.--(-.32) Æ Æ
δB q %bS& ..26(-.14) ..66(..-6) ..1.(-.-4) −/.--(-..3) Æ Æ
M q (%) 3/.3(5/.1)§ ....(5-.6)§ .2./(-.6) .../(/.1) Æ Æ

A ,0a 6,1p.,
0m 2,0p.

36.+3 1+10 Γq %bS& 1.--(-.3.) 0.--(/.4/) 0.--(-.03) 0.--(-.6.) 1.--(-.04) Æ
δB q %bS& ..3.(-.2/) /.--(-.5.) -.32(-..3) −/.--(-..5) −/.--(-./0) Æ
M q (%) 3/.3(56.-)§ .1.3(54./)§ 4.4(..2) .-./(/.5) 1.5(..-) Æ

A ,0a 6,1p.,
0m 2,0p.,0a 5

cfdrob5

331+/ 1+01 Γq %bS& 1.--(-.24) 0.--(/.4/) 0.--(-.10) 0.--(-.54) 0.--(-.3/) 0.--(..16)
δB q %bS& ..3-(-.2.) /.--(-.5/) -.45(-..4) −/.--(-..6) −/.--(-./-) -.40(-.2-)
M q (%) 3/.4(52.3)§ .1..(50.3)§ 5.-(..3) .-.4(/.5) /.6(..-) ..3(-.5)

obar`ba cloj+ Qeb C *pq^qfpqf` nr^kqfcfbp tebqebo ^aafkd kbt qo^kpfqflkp ib^ap ql ^ pq^qfpqf`^iiv pfdkfcf`*
^kq fjmolsbjbkq fk cfqqfkd qeb bumbofjbkq^i a^q^+ > pq^qfpqf`^iiv pfdkfcf`^kq fjmolsbjbkq fjmifbp qe^q ^p
qeb C *pq^qfpqf` bu`bbap qeb `ofqf`^i s^irb) qeb fk`irpflk lc qeb ^aafqflk^i p^qbiifqb `ljmlkbkq %lo ^kv dfsbk
m^o^jbqbo& obpriqp fk ^pfdkfcf`^kq fjmolsbjbkq fk qeb cfq) %f+b+ bnrfs^ibkq ql / pq^ka^oa boolo fjmolsb*
jbkq ^`olpp qeb pmb`qorj dfsbk lro `elf`b clo qeb `ofqf`^i s^irb `loobpmlkafkd ql ^ 2" mol_^_fifqv clo
^ kloj^iiv afpqof_rqba s^of^qb&+ Fq fp qebobclob efdeiv ifhbiv) qebk) qe^q qeb ^aafqflk^i jlabi `ljmlkbkq
`^mqrobp dbkrfkb pmb`qo^i pqor`qrob o^qebo qe^k lsbocfqqfkd+

Qeb C *qbuq obpriqp pqolkdiv prmmloq qeb fk`irpflk lc qeb0a 6 p^qbiifqb qo^kpfqflk) tfqeC = 0-4) `lk*
cfojfkd fqp j^glo olib fk pe^mfkd qeb bumbofjbkq^i pmb`qorj+ >iqelrde qeb1p. qo^kpfqflk fp mobaf`qba
ql `lkqof_rqb klq^_iv _v pe^hb*lcc qeblov) fqp ^aafqflk ^ilkb fp klq pq^qfpqf`^iiv grpqfcfba %C = -+2- lo
C = -./1& arb ql pr_pq^kqf^i pmb`qo^i lsboi^m tfqe qeb af^do^j ifkb+ >aafkd0m 2 ql qebA ,0a 6,1p. jlabi
fp ^ipl efdeiv pfdkfcf`^kq %C = 00+6&+ Qeb fk`irpflk lc0p. p^qbiifqb qo^kpfqflkp vfbiap jlabpq _rq pq^qfpqf`^iiv
jb^kfkdcri fjmolsbjbkq %C = 2+20&+ Qeb fk`irpflk lc0a 5 qo^kpfqflkp vfbiap jlabpq fjmolsbjbkq _rq
klq pfdkfcf`^kq tfqeC = /+.- %q^_ib.1&+

Tefipq ^ii cfqqba m^o^jbqbop fk q^_ib.0 ^ob mevpf`^iiv mi^rpf_ib) qebfo rk`boq^fkqfbp jrpq _b fkqbo*
mobqba tfqe `^rqflk arb ql pqolkd m^o^jbqbo `loobi^qflkp) bpmb`f^iiv _bqtbbk lsboi^mmfkd `ljmlkbkqp
%klq^_ivA ^ka 1p.&+ Jlob evmlqebpfp qbpqfkd fp `^iiba clo) ^p afp`rppba _bilt+ Qeb mofj^ov l_gb`qfsb lc
qefp ^k^ivpfp fp qebobclob klq ql abqbojfkb mob`fpb ^jmifqrabp) _rq ql bpq^_ifpe) _^pba lk _lqe pq^qfpqf`^i
^ka mevpf`^i dolrkap) qeb bufpqbk`b ^ka kb`bppfqv lc qeb p^qbiifqb qo^kpfqflkp `lkqof_rqfkd ql qeb jb^proba
pmb`qorj+

4+2+ @ljm^ofplk lc qeblov tfqe bumbofjbkq rpfkd fpli^qba pe^hb mol_^_fifqv ^ka mfkkfkd
Ql ^ppbpp qeb mevpf`^i s^ifafqv lc qeb cfqqba pmb`qo^i `ljmlkbkqp) tb mbocloj ^ `lkpqo^fkba cfq fk tef`e
qeb obi^qfsb fkqbkpfqfbp lc qeb af^do^j ^ka p^qbiifqb qo^kpfqflkp ^ob cfuba ^``loafkd ql^_ fkfqfl pe^hb mol_*
^_fifqv `^i`ri^qflkp+ Qefp ^mmol^`e ^iiltp ^ afob`q `ljm^ofplk _bqtbbk qeblov ^ka bumbofjbkq) ^slfa*
fkd qeb abdbkbo^`fbp qe^q ^ofpb fk criiv cobb*fkqbkpfqv jlabip+ Fk m^oqf`ri^o) qeb1p. p^qbiifqb ifbp fk `ilpb
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Q̂ _ib .1+C *pq^qfpqf` qbpqp _bqtbbk obar`ba ^ka buqbkaba jlabip clo qeb Hβ pmb`qorj+C *qbpq molsbp qeb kbba clo ^aafkd 0a 6 p^qbiifqbp
tfqe qeb af^do^j pmb`qorj+ Qeb 1p. p^qbiifqb pelria `lkqof_rqb klq^_iv ql qeb pmb`qorj+ Eltbsbo) ^aafkd 1p. ql qeb kbpqba jlabi
A ,0a 6 albp klq vfbia ^ pq^qfpqf`^iiv pfdkfcf`^kq fjmolsbjbkq bsbk qelrde qeb `lkqof_rqflk pelria _b i^odb) _b`^rpb lc qeb pqolkd pmb`qo^i
lsboi^m _bqtbbk qeb 1p. qo^kpfqflkp ^ka qeb af^do^j pmb`qorj %cfdrobp. ^ka /&+ >aafkd 0m 2 ql qeb buqbkaba jlabi %A ,0a 6,1p.& fp
fjmloq^kq ql obmobpbkq qeb pmb`qorj+ Fk`irpflk lc 0p. m^ppbp qebC *qbpq) fjmivfkd qe^q ^ii qebpb p^qbiifqbp ifb fk qeb bumbofjbkq^i
pmb`qorj+ Fk`irpflk lc 0a 5 j^hbp ^ jlabpq fjmolsbjbkq _rq j^v klq _b pfdkfcf`^kq+

Obar`ba jlabi Buqbkaba jlabi @ofqf`^iC s^irb C *pq^qfpqf`p

A A ,1p. /+33 -+2-
A A ,0a 6 /+33 0-4+41
A ,0a 6 A ,1p.,0a 6 /+33 -+/1
A ,1p.,0a 6 A ,1p.,0a 6,0m 2 /+33 00+61
A ,1p.,0a 6,0m 2 A ,1p.,0a 6,0m 2,0p. /+33 2+20
A ,1p.,0a 6,0m 2,0p. A ,1p.,0a 6,0m 2,0p.,0a 5 /+33 /+.-

Q̂ _ib .2+C *pq^qfpqf` qbpqp _bqtbbk obar`ba ^ka buqbkaba jlabip clo qeb Hβ pmb`qorj+C *qbpq molsbp qeb kbba clo ^aafkd 0a 6 p^qbiifqbp
tfqe qeb af^do^j pmb`qorj+ Qeb 1p. p^qbiifqb pelria `lkqof_rqb klq^_iv ql qeb pmb`qorj+ Eltbsbo) ^aafkd 1p. ql qeb kbpqba jlabi
A ,0a 6 albp klq vfbia ^ pq^qfpqf`^iiv pfdkfcf`^kq fjmolsbjbkq bsbk qelrde qeb `lkqof_rqflk pelria _b i^odb) _b`^rpb lc qeb pqolkd pmb`qo^i
lsboi^m _bqtbbk qeb 1p. qo^kpfqflkp ^ka qeb af^do^j pmb`qorj %cfdrobp.)/&+ >aafkd 0m 2 ql qeb buqbkaba jlabi %A ,0a 6,1p.& fp
fjmloq^kq ql obmobpbkq qeb pmb`qorj+ Fk`irpflk lc 0p. m^ppbp qebC *qbpq) fjmivfkd qe^q ^ii qebpb p^qbiifqbp ifb fk qeb bumbofjbkq^i
pmb`qorj+ Fk`irpflk lc 0a 5 j^hbp ^ jlabpq fjmolsbjbkq _rq j^v klq _b pfdkfcf`^kq+

H β
Jlabi χ/ χ/

o M^o^jbqbo

Qo^kpfqflk

af^do^j 0a 6 1p. 0m 2 0p. 0a 5

A 03 466+0 /.4+42Γq %bS& 1.1.(-.-/) Æ Æ Æ Æ Æ
δB q %bS& /.--(-.-.) Æ Æ Æ Æ Æ
M q(%) .--+- Æ Æ Æ Æ Æ

A ,1p. .4 /2-+/ .-0+/6Γq %bS& 1.2-(-.2.) 1.2-(0.00) Æ Æ Æ Æ
δB q %bS& /.--(-./4) /.--(..43) Æ Æ Æ Æ
M q(%) 53+5 .0+/ Æ Æ Æ Æ

A ,1p.,0a 6 04/5+. //+26 Γq %bS& 1.//(-.//) 1.12(..20) 0.--(-.-5) Æ Æ Æ
δB q %bS& ..63(-...) /.--(-.43) ..02(-.-1) Æ Æ Æ
M q(%) 43+6 ..+4 ..+1 Æ Æ Æ

A ,1p.,0a 6,0m 2 ./30+2 4+42 Γq %bS& 1.00(-.-4) 0.--(-./4) 0.-3(-...) 0.--(-.0-) Æ Æ
δB q %bS& ..51(-.-0) ..42(-..1) ..11(-.-2) −...2(-..3) Æ Æ
M q(%) 40+- ..+. .-+5 2+. Æ Æ

A ,1p.,0a 6,

0m 2,0p.
50.+4 2+.4 Γq %bS& 0.65(-..0) 1.2-(..-4) 0.--(-..0) 0.--(-.11) 0.--(-.0-) Æ

δB q %bS& ..5/(-.-3) /.--(-.20) -.56(-.-3) −..6-(-./0) −..02(-..2) Æ
M q(%) 4.+2 .-+6 .-+3 2+- /+- Æ

A ,1p.,0a 6,

0m 2,0p.,0a 5

cfdrob6

463+6 2+-. Γq %bS& 0.65(-..1) 1./3(....) 0.--(-..0) 0.--(-.11) 0.--(-.00) 0.--(..05)
δB q %bS& ..5.(-.-4) /.--(-.22) -.55(-.-3) −/.--(-.//) −..40(-..4) -.61(-.34)
M q(%) 4.+- .-+5 .-+2 2+- /+- -+4

bkbodbqf` molufjfqv ql qeb j^fk af^do^j qo^kpfqflk ^ka buef_fqp ^ efdeiv pfjfi^o pmb`qo^i molcfib) j^h*
fkd fq afccf`riq clo ^ cobb fkqbkpfqv cfq ql afpqfkdrfpe fqp `lkqof_rqflk+ Qeb rpb lc qeblobqf`^i mfkkfkd qerp
molsfabp ^ jlob mevpf`^iiv dolrkaba jlabi clo qbpqfkd qeb mobpbk`b ^ka pqobkdqe lc qeb1p. p^qbiifqbp
tfqefk qeb bumbofjbkq^i pmb`qorj+

Qeb obi^qfsb pmb`qo^i tbfdeqp lc qeb qo^kpfqflkp tbob kloj^ifpba ql qeb qlq^i bkpbj_ib mol_^_fifqv mob*
af`qba _v qeblov q^_ib0+ Qeb af^do^j qo^kpfqflk aljfk^qbp qeb pmb`qorj) `lkqof_rqfkd ^mmolufj^qbiv
4." lc qeb qlq^i kloj^ifpba fkqbkpfqv+ Qeb pfkdib pe^hb*lcc p^qbiifqbp1p. ^ka 0a 6 b^`e `lkqof_rqb ^olrka
.-") cliiltba _v0m 2 ^q 2") ^ka pj^iibo `lkqof_rqflkp colj0p. %/"& ^ka 0a 5 %-+4"&+ Qebpb s^irbp
abcfkb qeb qeblobqf`^i mlmri^qflk lc qeb fkfqf^i pq^qbp obpmlkpf_ib clo qeb l_pbosba Hβ bjfppflk+

Qeb `lkpqo^fkba cfqp pelt ^ `ib^o ^ka pvpqbj^qf` fjmolsbjbkq fk cfq nr^ifqv ^p ^aafqflk^i p^qbiifqb
`lkcfdro^qflkp ^ob fk`iraba) tfqe qeb `loobpmlkafkd cfqqfkd m^o^jbqbop ^ob ifpqba fk q^_ib.28χ/

o = 2.-.
%cfdrob6&) sbov moljfpfkd `ljm^oba tfqe qeb mobsflrp cobb fkqbkpfqv cfqqfkd jlabi+ Qeb ^ppl`f^qbaC *
pq^qfpqf`p %q^_ib.3& `lkcfoj qe^q b^`e pr``bppfsb buqbkpflk lc qeb jlabi molsfabp ^ pq^qfpqf`^iiv pfdkfcf`^kq
fjmolsbjbkq+ Bsbk qeb fk`irpflk lc qeb0a 5 alr_ib p^qbiifqb) ^iqelrde fq e^p ^ pj^ii qeblobqf`^i fkqbkp*
fqv %-+4"&) vfbiap pfdkfcf`^kq pq^qfpqf`^i fjmolsbjbkq %C = 0+14&) ^_lsb qeb `ofqf`^i qeobpelia %0+-2&) pl fp
`lkcfojba ^p ^ pfdkfcf`^kq `lkqof_rqflk+
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Cfdrob 6+Cfq lc qeb Hβ af^do^j) 1p.) 0a 6) 0m 2) 0a 5 ^ka 0p. qo^kpfqflkp tfqe fkqbkpfqv mfkkba _v^_ fkfqfl qeblobqf`^i pe^hb mol_^_*
fifqv %q^_ib.2&8χ/

o = 2+-.) moljfpfkd ^ka `lkpfpqbkq tfqe qeb b^oifbo jlabi cfqqfkd tfqe jriqfmib ^aafqflk^i cobb m^o^jbqbop+

Q̂ _ib .3+Obpriqp clo qebC *pq^qfpqf`p _bqtbbk qeb obar`ba ^ka buqbkaba jlabip clo Hβ pmb`qorj tfqe fkqbkpfqv mfkkba _v^_ fkfqfl
qeblobqf`^i pe^hb mol_^_fifqfbp+ >ii p^qbiifqbp ^ob pbbk ^p pfdkfcf`^kq+

Obar`ba jlabi Buqbkaba jlabi @ofqf`^iC s^irb C *pq^qfpqf`p

A A ,1p. 0+-2 61+30
A ,1p. A ,1p.,0a 6 0+-2 /66+/0
A ,1p.,0a 6 A ,1p.,0a 6,0m 2 0+-2 .25+64
A ,1p.,0a 6,0m 2 A ,1p.,0a 6,0m 2,0p. 0+-2 1.+46
A ,1p.,0a 6,0m 2,0p. A ,1p.,0a 6,0m 2,0p.,0a 5 0+-2 0+14

Klqb qeb cfk^iχ/
o lc qeb qeblobqf`^i) mfkkba jlabi fp pfdkfcf`^kqiv efdebo qe^k qe^q lc qeb cobb m^o^*

jbqbo jlabi+ Qefp fp bumb`qba ^p qeb `lkpqo^fkqp ifjfq klk*mevpf`^i s^of^qflk lc m^o^jbqbop8 qebob ^ob
cbtbo m^o^jbqbop fk qeb jlabi8 ^ka qebob ^ob mlppf_ib ifjfq^qflkp lc qeb qeblobqf`^i ^kp^qw+ Qeb jlpq pfd*
kfcf`^kq afccbobk`bp _bqtbbk qeb cobb cfq ^ka qeb qeblobqf`^iiv*`lkpqo^fkba cfq ^ob qeb ^jmifqrabp clo qeb
0m 2 p^qbiifqbp ^ka qeb0a 5 p^qbiifqbp) tef`e `^k _b ob^i lo ^oqfcf`f^i ^ka `^k _b arb ql fk^abnr^`fbp lc qeb
`ljmibqb qeblobqf`^i jlabi bfqebo colj qeb pe^hb mol_^_fifqv lo) clo bu^jmib) colj `lksbodbk`b lc qeb
> *`lbccf`fbkqp+

4+3+ @ljm^ofkd afccbobkq >P bum^kpflk evmlqebpbp clo b^`e bfdbks^irb ^ka p^qbiifqb pmb`qorj
Qeb bumbofjbkq^i pmb`qorj e^p _bbk cfqqba rpfkd qeblobqf`^iiv abqbojfkba af^do^j ifkbp qldbqebo tfqe
qeb 1p.)0a 6)0m 2)0p.) ^ka 0a 5 p^qbiifqb ifkbp) rpfkd qtl afccbobkq >P bum^kpflkp7{0a 1p} ^ka {0p0a }+ Qeb
`ljmlkbkqp fk`iraba fk b^`e cfq tbob `elpbk _^pba lk qeb _bpq `lksbodbk`b jbqof`p %q^_ib./&+ Fk m^o*
qf`ri^o) qeb{0a 1p} bum^kpflk vfbiaba tbii*`lksbodba pmb`qo^ clo qeb af^do^j %A &)1p.) ^ka 0p. qo^kp*
fqflkp) tefib qeb{0p0a } bum^kpflk molar`ba jlob obif^_ib obpriqp clo qeb0a 6)0m 2) ^ka 0a 5 p^qbiifqb j^k*
fcliap+ Ql ^ppbpp qeb pbkpfqfsfqv lc qeb pmb`qo^i cfq ql qebpb afccbobkq >P bum^kpflkp) clro jlabi evmlqebpbp
^ob abcfkba7

.+ Jlabi >7 A )1p.) ^ka 0p. colj {0a 1p}) tfqe0a 6)0m 2) ^ka 0a 5 colj {0p0a } %cfdrob6&+
/+ Jlabi ?7 A )1p.)0m 2) ^ka 0p. colj {0a 1p}) tfqe0a 6 ^ka 0a 5 colj {0p0a } %cfdrob.-&+
0+ Jlabi @7 ^ii `ljmlkbkqp l_q^fkba plibiv colj qeb{0a 1p} >P %cfdrob..&+
1+ Jlabi A7 ^ii `ljmlkbkqp l_q^fkba plibiv colj qeb{0p0a } >P %cfdrob./&+

Cfdrobp6¬./ mobpbkq cfqqba pmb`qo^ clo ^ii clro jlabip) tfqe m^o^jbqbop fk q^_ib.4+ Jlabi >
^`efbsba qeb _bpq lsbo^ii cfq tfqeχ/

o = 2.-.) `ilpbiv cliiltba _v Jlabi ? %χ/
o = 2.-2&+ ?lqe jlabip

buef_fq `lkpfpqbkq m^o^jbqbop) ^p qeb0m 2 p^qbiifqb qo^kpfqflkp ^ob pfjfi^oiv `^i`ri^qba fk _lqe bum^kpflkp+
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Cfdrob .-+Cfq lc Jlabi ? ql qeb bumbofjbkq^i pmb`qorj) `lj_fkfkd qebA ) 1p.) 0m 2) ^ka 0p. qo^kpfqflkp colj qeb{0a 1p} bum^k*
pflk tfqe qeb 0a 6 ^ka 0a 5 qo^kpfqflkp colj qeb{0p0a } bum^kpflk+ Qeb cfqqfkd m^o^jbqbop ^ob ifpqba fk q^_ib.4+χ/

o = 2+-2) `ljm^o*
^_ib ql Jlabi >+

Cfdrob ..+Cfq lc Jlabi @ ql qeb bumbofjbkq^i pmb`qorj) `lj_fkfkd ^ii qo^kpfqflkp %A ) 1p.) 0a 6) 0m 2) 0p.) ^ka 0a 5& colj ^`qfsb
pm^`b .){0a 1p}+ Qeb cfqqfkd m^o^jbqbop ^ob ifpqba fk q^_ib.4+χ/

o = 3+/5) klq `ljmbqfqfsb tfqe Jlabip > ^ka ?) ifhbiv arb ql qeb
fk`ljmibqb `lksbodbk`b lc qeb 0a 6 ^ka 0a 5 qo^kpfqflkp fk qefp jbqela+

Jlabi @) fk tef`e ^ii qo^kpfqflkp tbob `^i`ri^qba tfqefk qeb{0a 1p} bum^kpflk) mboclojba ibpp c^slro*
^_iv %χ/

o = 3./5&) `lkpfpqbkq tfqe fk`ljmibqb `lksbodbk`b lc qeb0a 6 ^ka 0a 5 p^qbiifqb `lkcfdro^qflkp)
pljb bfdbkbkbodfbp tbob ilpq arofkd qeb jriqf`lkcfdro^qflk bum^kpflk+ Jlabi A) tef`e obifba bkqfobiv
lk qeb {0p0a } bum^kpflk) vfbiaba qeb mllobpq cfq %χ/

o = 3.63&) ifhbiv arb ql pmroflrp `lksbodbk`b lc qeb
0p. p^qbiifqb+

/-
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Cfdrob ./+Cfq lc Jlabi A ql qeb bumbofjbkq^i pmb`qorj) `lj_fkfkd ^ii qo^kpfqflkp %A ) 1p.) 0a 6) 0m 2) 0p.) ^ka 0a 5& colj ^`qfsb
pm^`b /){0p0a }+ Q̂ _ib.4 ifpqp cfqqfkd m^o^jbqbop+χ/

o = 3+63) qeb efdebpq ^jlkd qeb clro jlabip+ Qeb pmb`qorj fp rkabocfqqba ^q
qeb mb^h ^ka ci^khp) ifhbiv arb ql pmroflrp `lksbodbk`b lc qeb 0p. qo^kpfqflk+

Q̂ _ib .4+M^o^jbqbopΓq Ilobkqwf^k crii*tfaqe*e^ic*j^ufjrj)> q) co^`qflk^i fkqbkpfqv) ^kaδB q) bkbodv pefcq clo fk`lomlo^qfkd p^qbiifqbp
colj afccbobkq ^`qfsb pm^`b bum^kpflkp+ Fk`iraba ^ob qeb dllakbpp*lc*cfqχ/)χ/

o ) tfaqep %CTEJ&) Γq) mol_^_fifqv)M q) ^ka bkbodv pefcq)
δB q+

H β
Jlabi χ/ χ/

o M^o^jbqbo

Qo^kpfqflk

af^do^j 0a 6 1p. 0m 2 0p. 0a 5

Jlabi >
cfdrob6

463+6 2+-. Γq %bS& 0.65(-..1) 1./3(....) 0.--(-..0) 0.--(-.11) 0.--(-.00) 0.--(..05)
δB q %bS& ..5.(-.-4) /.--(-.22) -.55(-.-3) −/.--(-.//) −..40(-..4) -.61(-.34)
M q(%) 4.+- .-+5 .-+2 2+- /+- -+4

Jlabi ?
cfdrob.-

5-0+4 2+-2 Γq %bS& 0.65(-..2) 1..6(...3) 0.--(-..0) 0.--(-.11) 0.--(-.00) 0.--(..06)
δB q %bS& ..5.(-.-4) /.--(-.24) -.55(-.-4) −/.--(-./0) −..4-(-..4) -.61(-.34)
M q(%) 4.+- .-+5 .-+2 2+- /+- -+4

Jlabi @
cfdrob..

665+6 3+/5 Γq %bS& 1..0(-..-) 0.2/(-.25) 0.2.(-..4) 0.--(-.11) 0.--(-.02) 0.--(..65)
δB q %bS& ..5-(-.-2) /.--(-./6) -.45(-.-5) −/.--(-.//) −/.--(-..5) -.53(..--)
M q(%) 4.+- .-+5 .-+2 2+- /+- -+4

Jlabi A
cfdrob./

..-4+- 3+63 Γq %bS& 1./5(-.-4) 0.-/(-./6) 0.--(-...) 0.--(-.01) 0.--(4.2-) 0.--(..1.)
δB q %bS& ..55(-.-0) ..5/(-..1) ..04(-.-3) −../2(-..3) −/.--(./.-1) -.55(-.4-)
M q(%) 4.+- .-+5 .-+2 2+- /+- -+4

5+ @lk`irpflk

Tb e^sb mobpbkqba qeb cfopq `ljmobebkpfsb qeblobqf`^i fksbpqfd^qflk lc qeb wfk` Hβ pmb`qorj+ Rpfkd qeb
jriqf*`lkcfdro^qflk Afo^`¬E^oqobb¬Cl`h jbqela) qeb af^do^j pmb`qorj) qeb[1p], [0a ], [0m ], [0p] pfkdib
pe^hb qo^kpfqflk j^kfcliap) ^ka qeb[0a ] alr_ib pe^hb qo^kpfqflk pmb`qorj tbob abqbojfkba) ^ka qebpb
tbob cfqqba ql qeb efdebpq ^``ro^`v bumbofjbkq^i pmb`qo^ ^s^fi^_ib+ Tb abcfkb ^ pbofbp lc pq^ka^oa ^ka
klsbi `lksbodbk`b `ofqbof^+ B^`e qeblobqf`^i `ljmlkbkq t^p pr_gb`q ql `ofqf`^i `lksbodbk`b jbqof`p+
@lksbodba `ljmlkbkqp buef_fqba bkbodv pefcqp pj^iibo qe^k -+-0 bS fk qebfo bum^kpflkp) tfqe qo^kpfqflk
o^qbp fk qeb ibkdqe ^ka sbil`fqv d^rdbp ^dobbfkd tfqefk -+3"+ Qlq^i o^af^qfsb ifcbqfjbp lc ^ii `ljmlkbkqp
^dobba tfqe qeb af^do^j qo^kpfqflk tfqefk 4") tfqe qeb bu`bmqflk lc qeb0m 2 pmb`qo^i j^kfclia+ Pmb`qo^i
cfqqfkd t^p obcfkba rpfkd^_ fkfqfl qeblobqf`^i pe^hb mol_^_fifqfbp+ QebC *qbpq `lkcfojp qeb pfdkfcf`^k`b lc
^ii `ljmlkbkqp ^ka qeb mevpf`^i ob^ifqv lc ^ii p^qbiifqb qo^kpfqflk pmb`qo^+

Qeb fk`irpflk lc ^ii pmb`qo^i `lkqof_rqflkp afp`rppba vfbiabaχ/
o =2+-+ Qeb obpfar^i milq %cfdrob6&

peltp qe^q qeb j^glofqv lc a^q^ mlfkqp ifb tfqefk .¬/σ lc qeb bumbofjbkq^i rk`boq^fkqfbp) tebob qeb a^q^
mlfkq rk`boq^fkqv obmobpbkqba _v `lrkqfkd pq^qfpqf`p s^ofbp colj ^_lrq 0- ql .-- ^`olpp qeb pmb`qorj ^p

/.
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pbbk lk qeb milq+ Qefp bu`biibkq ^dobbjbkq ifbp ^`olpp qeb o^kdb lc qeb a^q^+ > pbm^o^qb pbofbp lc evml*
qebpbp `lkcfojba qe^q qeb pmb`qorj t^p _bpq cfqqba tfqe qeb tbii*`lksbodba pmb`qo^) tef`e fp ^k ^aaf*
qflk^i `lkcfoj^qflk lc qeb rqfifqv ^ka s^ifafqv lc qeb `lksbodbk`b `ofqbof^ ^ka qeb >P bum^kpflkp+

Qeb mobpbkq jbqelalildv bpq^_ifpebp ^ ol_rpq qeblobqf`^i clrka^qflk clo fkqbomobqfkd qeb ^pvjjbqov
lc qeb H ifkbp fk wfk` ^ka _ol^aiv fk 0a qo^kpfqflk jbq^ip) ^ka fkabba ^ii `ljmibu lmbk*pebii ^qljf` pvp*
qbjp+ QebΣ jbqof` lccbop ^ pbkpfqfsb qbpq lc qeb obif^_fifqv lc lro `^i`ri^qflkp+ Crqrob tloh tfii fksbpqfd*
^qb[1p0a ]) [1p0m ]) [0a 0m ]) [/m ]) [/p] ^ka [0p/] p^qbiifqb qo^kpfqflk pmb`qo^) >rdbo bccb`qp X1-)1/)10Z) ifcbqfjb
mobaf`qflkp lc tfaqep ^ka molcfib pe^mbp+

>`hkltibadjbkq

Qefp tloh e^p _bbk prmmloqba _v qeb >rpqo^if^k Obpb^o`e @lrk`fi Do^kq Kl+ AM/.-.--462) Qeb
Rkfsbopfqv lc Jbi_lrokb Obpb^o`e @ljmrqfkd Pbosf`bp) ^ka qeb Mbq^p`^ib @^jmrp Fkfqf^qfsb+ Tb ^`hklt*
ibadb Glk^qe^k T Ab^k ^q qeb K^qflk^i Fkpqfqrqb lc Pq^ka^oap ^ka Qb`eklildv+

A^q^ ^s^fi^_fifqv pq^qbjbkq

>ii a^q^ qe^q prmmloq qeb cfkafkdp lc qefp pqrav ^ob fk`iraba tfqefk qeb ^oqf`ib %^ka ^kv prmmibjbkq^ov
cfibp&+

>rqelo `lkqof_rqflkp

M E Alkd ---6*---1*00/4*412U
A^q^ `ro^qflk %bnr^i&) Cloj^i ^k^ivpfp %bnr^i&) Fksbpqfd^qflk %bnr^i&) Tofqfkd ¬ lofdfk^i ao^cq %bnr^i&

Q S ? Kdrvbk
@lk`bmqr^ifw^qflk %bnr^i&) Fksbpqfd^qflk %bnr^i&) Jbqelalildv %bnr^i&) Tofqfkd ¬ obsfbt #
bafqfkd %bnr^i&

P J Hopqbsphf ---6*---/*/4.6*1/6-
Fksbpqfd^qflk %bnr^i&) Jbqelalildv %bnr^i&) Tofqfkd ¬ obsfbt # bafqfkd %bnr^i&

@ Q @e^kqibo ----*---.*33-5*--15
@lk`bmqr^ifw^qflk %bnr^i&) Crkafkd ^`nrfpfqflk %bnr^i&) Jbqelalildv %bnr^i&) Molgb`q
^ajfkfpqo^qflk %bnr^i&) Obplro`bp %bnr^i&) Plcqt^ob %bnr^i&) Prmbosfpflk %bnr^i&) Tofqfkd ¬ obsfbt #
bafqfkd %bnr^i&

>mmbkafu+ @lksbodbk`b `ofqbof^ ^ka*`lbccf`fbkqp

@lksbodbk`b lc bkbodvB mb^h, B @lJ ^ka qo^kpfqflk> `lbccf`fbkq> mb^h, > @lJ clo b^`e p^qbiifqb pmb`qorj
^ob q^_ri^qba fk qefp ^mmbkafu+ @lksbodbk`b `ofqbof^ clo b^`e qo^kpfqflk l_q^fk fk >P .{0a 1p} fp dfsbk
fk q^_ib.5) tebob b^`e lc qeb `ofqbof^ clo ^ii qo^kpfqflkp ^mmb^o ql pq^_fifpb tfqefk -+." fk qebfo efdebpq
lo_fq^i bum^kpflk bu`bmq clo qeb0a 5 alr_ib p^qbiifqb+

Fk m^oqf`ri^o qeb `bkqob*lc*j^pp> `lbccf`fbkq s^ofbp _v 2"+ Clo qeb pfkdib ql jriqf`lkcfdro^qflk
bum^kpflk) qe^q fp colj qeb 1p ql qeb 1c ibsbi) qeb `bkqob*lc*j^pp> `lbccf`fbkq `e^kdbp _v .3" clo0a 6

^ka /2" clo 0a 5+ @lksbodbk`b `ofqbof^ clo b^`e qo^kpfqflk l_q^fkba fk >P /{0p0a } fp dfsbk fk q^_ib.6+
Qebpb abq^fip ^ob _ol^aiv prjj^ofpba fk q^_ib./+ Qeb 0a 5 p^qbiifqb pmb`qorj e^p qeb tb^hbpq `lksbodbk`b
lk qeb > *`lbccf`fbkq jbqof` ^ka qeb{0p0a } bum^kpflk fp mobcbooba clo qefp p^qbiifqb+

//
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Q̂ _ib .5+@lksbodbk`b `ofqbof^ clo wfk` Hβ af^do^j ^ka p^qbiifqb qo^kpfqflkp `^i`ri^qba tfqe ^`qfsb pm^`b .{0a 1p}+ Clo b^`e bum^kpflk)
qeb mb^h s^irbp `loobpmlka ql qeb qo^kpfqflk tfqe qeb i^odbpqd c) tefib qeb `bkqob*lc*j^pp %@lJ& s^irbp ^ob l_q^fkba _v tbfdeqfkd lsbo
^ii `lkqof_rqfkd qo^kpfqflkp ^``loafkd ql qebfod c pqobkdqep+

@lksbodbk`b `ofqbof^ clo wfk` Hβ p^qbiifqb qo^kpfqflkp `^i`ri^qba tfqe ^`qfsb pm^`b .{0a 1p}

Bum^kpflk @ofqbof^ Af^do^j 1p. 0a 6 0m 2 0p. 0a 5

1p B mb^h%bS& 6236+23 6236+43 6243+21 6242+-/ 625-+0/ 6243+35
B @lJ %bS& 6235+20 6235+3/ 624-+/5 6241+6/ 6242+4/ 624/+62
> mb^h(.-..p−.) 614+52 46-+/5 3/0+50 ./14+.- 5.-+53 264+55
> @lJ (.-..p−.) 46.+-. 253+02 00/+4- 341+/3 50.+42 //6+45

1c B mb^h%bS& 6236+4/%-+.3& 6236+54%-+./& 6243+24%-+-0& 6242+-.%-+-.& 625-+10%-+..& 625/+01%2+34&
B @lJ %bS& 6235+36%-+.3& 6235+43%-+.1& 624-+41%-+13& 6241+64%-+-1& 6242+5-%-+-6& 6240+60%-+65&
> mb^h(.-..p−.) 604+41%.-+..& 45/+.1%5+.1& 3.6+14%1+03& ./04+0.%6+46& 5-1+.0%3+41& 262+24%/+0.&
> @lJ (.-..p−.) 45/+3-%5+1.& 25.+21%1+5.& 065+01%32+31& 336+-6%2+.4& 5/2+.0%3+30& 0-3+5.%44+-0&

2p B mb^h%bS& 6236+41%-+-/& 6236+56%-+-/& 6243+26%-+-/& 6242+-/%-+-.& 625-+12%-+-/& 625/+02%-+-.&
B @lJ %bS& 6235+4.%-+-0& 6235+45%-+-/& 624-+43%-+-/& 6241+65%-+-.& 6242+50%-+-/& 6240+63%-+-0&
> mb^h(.-..p−.) 604+02%-+06& 45.+60%-+/.& 3.6+.6%-+/4& ./06+/4%.+63& 5-0+41%-+06& 262+/4%-+0.&
> @lJ (.-..p−.) 45/+/4%-+0/& 25.+-3%-+15& 063+6/%.+1/& 336+6-%-+5.& 5/1+44%-+03& 0-1+04%/+11&

2d (2a clo0a 5) B mb^h%bS& 624-+/.%-+14& 624-+01%-+12& 6243+62%-+03& 6242+/.%-+.6& 625-+60%-+15& 625/+/6%-+-3&
B @lJ %bS& 6236+.6%-+15& 6236+/2%-+14& 624.+.3%-+1-& 6242+//%-+/1& 6243+/3%-+11& 6240+44%-+.6&
> mb^h(.-..p−.) 60/+21%1+5/& 445+0.%0+3/& 3.5+26%-+3.& ./01+0-%1+64& 5--+65%/+43& 261+45%-+16&
> @lJ (.-..p−.) 445+//%1+-2& 246+34%.+06& 062+00%.+26& 334+24%/+01& 5/.+5.%/+63& /56+2-%.1+53&

3p B mb^h%bS& 624-+//%-+-.& 624-+02%-+-.& 6243+63%-+--& 6242+/.%-+--& 625-+61%-+-.& Æ
B @lJ %bS& 6236+/-%-+-.& 6236+/3%-+-.& 624.+.4%-+--& 6242+//%-+--& 6243+/4%-+-.& Æ
> mb^h(.-..p−.) 60/+/4%-+/3& 445+/1%-+-4& 3.5+16%-+.-& ./00+60%-+04& 5--+5/%-+.2& Æ
> @lJ (.-..p−.) 445+--%-+//& 246+2/%-+.3& 062+03%-+-1& 334+05%-+.6& 5/.+30%-+.4& Æ

3d B mb^h%bS& Æ 624-+05%-+-/& Æ 6242+//%-+--& 625-+62%-+-.& Æ
B @lJ %bS& Æ 6236+/5%-+-/& Æ 6242+//%-+--& 6243+/6%-+-/& Æ
> mb^h(.-..p−.) Æ 444+40%-+2/& Æ ./00+/2%-+35& 5--+26%-+/1& Æ
> @lJ (.-..p−.) Æ 246+.-%-+1/& Æ 334+-0%-+02& 5/.+-1%-+26& Æ

/0
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Q̂ _ib .6+@lksbodbk`b `ofqbof^ clo wfk` Hβ af^do^j ^ka p^qbiifqb qo^kpfqflkp `^i`ri^qba tfqe ^`qfsb pm^`b /{0p0a }+ Clo b^`e bum^kpflk)
qeb mb^h s^irbp `loobpmlka ql qeb qo^kpfqflk tfqe qeb i^odbpqd c) tefib qeb `bkqob*lc*j^pp %@lJ& s^irbp ^ob l_q^fkba _v tbfdeqfkd lsbo
^ii `lkqof_rqfkd qo^kpfqflkp ^``loafkd ql qebfod c pqobkdqep+

@lksbodbk`b `ofqbof^ clo wfk` Hβ p^qbiifqb qo^kpfqflkp `^i`ri^qba tfqe ^`qfsb pm^`b /{0p0a }

Bum^kpflk @ofqbof^ Af^do^j 1p. 0a 6 0m 2 0p. 0a 5

1p B mb^h%bS& 6236+23 6236+43 6243+21 6242+-/ 625-+0/ 6243+35
B @lJ %bS& 6235+20 6235+3/ 624-+/5 6241+6/ 6242+4/ 624/+62
> mb^h(.-..p−.) 614+52 46-+/5 3/0+50 ./14+.- 5.-+53 264+55
> @lJ (.-..p−.) 46.+-. 253+02 00/+4- 341+/3 50.+42 //6+45

1c B mb^h%bS& 6236+4.%-+.2& 6236+54%-+..& 6243+24%-+-0& 6241+65%-+-1& 6206+56%1-+11& 625/+01%2+34&
B @lJ %bS& 6235+35%-+.2& 6235+43%-+.0& 624-+15%-+/-& 6241+61%-+-/& 621-+4-%02+-/& 6240+/0%-+/5&
> mb^h(.-..p−.) 604+34%.-+.5& 45/+/4%5+-.& 3.6+54%0+63& ./04+33%6+11& /26+-4%22.+5-& 262+50%/+-2&
> @lJ (.-..p−.) 45/+21%5+14& 25.+6-%1+12& 0/6+.2%0+22& 336+//%2+-1& //5+2/%3-0+/0& //5+52%-+61&

2p B mb^h%bS& 6236+30%-+-5& 6236+46%-+-5& 6243+2-%-+-5& 6241+6/%-+-3& 621-+/-%-+0/& 625/+/4%-+-4&
B @lJ %bS& 6235+3-%-+-5& 6235+35%-+-5& 624-+1.%-+-4& 6241+55%-+-4& 621.+-.%-+0.& 6240+.3%-+-4&
> mb^h(.-..p−.) 603+4-%-+64& 45.+2-%-+44& 3.6+/5%-+26& ./1/+0.%1+32& /25+42%-+0/& 262+00%-+2-&
> @lJ (.-..p−.) 45.+40%-+5.& 25.+..%-+46& 0/4+63%.+.6& 34.+.2%.+60& //5+-2%-+15& //6+5/%-+65&

2d B mb^h%bS& 624-+.1%-+2.& 624-+/5%-+16& 6243+56%-+1-& 6242+.2%-+/0& 6212+12%2+/2& 625/+24%-+0-&
B @lJ %bS& 6236+./%-+2/& 6236+.6%-+2.& 624-+54%-+13& 6242+.1%-+/3& 621.+3/%-+3-& 6240+23%-+1-&
> mb^h(.-..p−.) 600+01%0+03& 445+46%/+4.& 3.5+3/%-+33& ./05+3.%0+4-& /4.+/6%./+21& 262+.5%-+.2&
> @lJ (.-..p−.) 445+6.%/+5/& 25-+36%-+1/& 0/2+4-%/+/3& 336+0/%.+50& /00+/6%2+/2& /02+01%2+2/&

3p B mb^h%bS& 624-+.1%-+--& 624-+/4%-+-.& 6243+55%-+-.& 6242+.0%-+-/& 6212+00%-+..& 625/+23%-+-.&
B @lJ %bS& 6236+./%-+--& 6236+.5%-+-.& 624-+53%-+-.& 6242+.0%-+-.& 621.+2-%-+..& 6240+22%-+-.&
> mb^h(.-..p−.) 600+/.%-+.0& 445+36%-+.-& 3.5+26%-+-0& ./02+/-%0+1.& /4.+.3%-+.0& 262+.4%-+-.&
> @lJ (.-..p−.) 445+5-%-+..& 25-+3-%-+-6& 0/3+10%-+4/& 334+5.%.+2.& /00+01%-+-2& /00+.2%/+.6&

3d B mb^h%bS& 624-+.4%-+-0& 624-+0-%-+-0& Æ Æ 6211+6.%-+10& Æ
B @lJ %bS& 6236+.2%-+-0& 6236+//%-+-0& Æ Æ 621.+-5%-+1/& Æ
> mb^h(.-..p−.) 60/+//%-+66& 445+-1%-+32& Æ Æ /4.+6-%-+41& Æ
> @lJ (.-..p−.) 444+63%-+50& 25-+06%-+/.& Æ Æ /00+33%-+0/& Æ
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