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This chapter discusses the fundamentals of the interactions of photons and

especially X-rays with matter to give an introduction to X-ray absorption

spectroscopy (XAS) in its basic form. As such, this chapter uses standard

electrodynamics and quantum mechanics, from which the key XAS processes

can be defined and presented. Later chapters will develop the theory and

applications to old and new experimental fields within the broad umbrella of

XAS. Approximations are made in this overview which will be questioned or

adapted in later advanced topics. This introduction is predominantly nonrela-

tivistic in development, using only those relativistic terms that are necessary to

explain the physical processes.

1. Background

The first indications that spectroscopy could be performed in

the X-ray region were seen in the period from 1915 to 1925.

From this period until 1975–1985, the best measured X-ray

wavelengths and energies had to be expressed in some local

unit, most often designated as the xu (� unit) or kxu (kilo �

unit). Uncertainty in the conversion factor between the X-ray

and optical scales was a dominant contributor to the total

uncertainty in the wavelength and energy values of the

sharper X-ray emission lines most frequently used in crystal-

lographic experiments. This local unit was generally defined by

assigning a specific numerical value to the lattice period of a

particular reflection from ‘the purest instance’ of a particular

crystal. Since 1985, the rigorous linking of X-ray wavelengths

to visible wavelengths, and hence to SI units and the metre, has

been established, allowing greater insight into and under-

standing of physical processes occurring in the X-ray regime.

The dominant spectra observed from the early years were

absorption and absorption edges, characteristic radiation from

bound–bound transitions and fluorescence. Characteristic

radiation (inner-shell bound–bound transitions) is dominated

by the K� spectral doublet across the range of the periodic

table. For atomic numbers Z � 10 these are soft X-ray or

X-ray spectra. The two dominant spectral lines, which are

usually well resolved, are K�1 for a 1s shell hole being filled

with a 2p3/2 electron and K�2 for a 1s shell hole being filled

with a 2p1/2 electron. Statistical population would naı̈vely

suggest a ratio of integrated area or integrated intensity of 2:1

(Fig. 1). Other strong spectral features are K� (Fig. 2), un-

resolved doublets or multiplets due to a 1s hole being filled by

a 3p electron, L� for an n = 2 shell hole being filled by an n = 3

shell electron etc., and the absorption edges, for example the K

edge corresponding to the ionization energy of the 1s electron

to the continuum (Fig. 3). Subcomponents of K�1 are labelled

K�11, K�12 et seq. and similarly K�21, K�22 et seq. corre-

sponding to fitted spectral energies, amplitudes and widths.
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Usually these components are defined empirically, although

the first component is intended to represent the dominant

diagram transitions rather than an additional set of satellite

transitions with an additional electron hole in upper and lower

states from some subshell, for example 3d.

This chapter has overlap with several chapters (Chantler et

al., 2024; Creagh & Chantler, 2024a,b; Chantler & Creagh,

2024) of the third edition of International Tables for Crystal-

lography Volume C, which supersedes the second edition

(Arndt et al., 1999). It leads on to the development of later

chapters in this current volume.

2. Types of interaction of X-rays with matter

Across much of the X-ray spectrum, the dominant interaction

of a photon with matter is that of absorption of the photon

via the photoelectric effect, yielding a free photoelectron.

Photoelectric absorption (PE) can be represented by a tran-

sition amplitude APE and a cross section in barns per atom

�PE = �PE (Chantler, 1995, 2000).

Elastic scattering of the photon to yield a second photon

wavefunction with the same energy and wavelength in the

centre-of-mass frame, scattered through some angle, is the

basis of X-ray diffraction (Bragg and Laue) and thermal

diffuse scattering (TDS). Elastic scattering becomes more

dominant at higher and intermediate X-ray energies. Elastic

photon–atom interactions (Crasemann, 1996; Kissell & Pratt,

1985; Kane et al., 1986) include (i) scattering from bound

electrons (Rayleigh scattering; Lord Rayleigh; Strutt, 1871)

with a transition amplitude AR and a cross section in barns per

atom �R; (ii) scattering from the proton charge in the nucleus

(nuclear Thomson scattering; Thomson, 1906) with amplitude

ANT and cross section �NT; (iii) Delbrück scattering (Delbrück,

1933; Papatzacos & Mork, 1975; AD, �D), which is scattering

from virtual electron–positron pairs created in the screened

nuclear Coulomb potential arising from vacuum polarization

and a consequence of quantum electrodynamics; in the photon

energy range 100–1000 keV this can be significant at inter-

mediate scattering angles for high-Z targets; and (iv) nuclear

resonance scattering (Milstein & Schumacher, 1994; ANR, �NR)

from nuclear collective resonances at (much) higher energies.

Because these processes yield a photon with indistinguishable

properties from the original photon, they are generally

coherent and the amplitudes add in phase: Aelastic = AR + ANT
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Figure 2
Experimental and theoretical Cu K� X-ray spectra, counts per channel
versus energy (across the range 8880–8930 eV), with the theoretical
contributions to the lines in the diagram (1s� 1 � 2p� 1) and those due to
the dominant 3d satellite from the shake process (1s� 13d� 1 � 2p� 13d� 1,
21.20% relative amplitude) and to secondary satellite processes including
4s satellites (1s� 14s� 1 � 2p� 14s� 1, 11.18% relative amplitude), 3p satel-
lites (1s� 13p� 1 � 2p� 13p� 1, 1.95% relative amplitude), 3d2 satellites
(1s� 13d� 2 � 2p� 13d� 2, 8.04% relative amplitude) and 3s satellites
(1s� 13s� 1 � 2p� 13s� 1) predicted separately, showing good agreement
(�2

r = 1.2) at this level. Following Pham et al. (2016).

Figure 1
Experimental and theoretical Cu K� X-ray spectra, counts per channel
versus energy (keV), with the theoretical contributions to the lines in the
diagram (1s� 1 � 2p� 1) and those due to the dominant 3d satellite from
the shake (shake-up) process (1s� 13d� 1 � 2p� 13d� 1) predicted sepa-
rately, showing good agreement at this level. Following Chantler et al.
(2010).

Figure 3
Mo K absorption-edge X-ray spectrum showing fine structure. Following
de Jonge et al. (2005).



+ AD + ANR. The total elastic cross section is then propor-

tional to (Aelastic)2.

Inelastic scattering of the photon leads to an excited state of

the atom or molecule with a photon emitted at a lower energy.

Inelastic processes become dominant at higher energies.

Inelastic photon–atom interactions include (i) photoexcitation,

including photoabsorption from photoionization, (ii)

Compton scattering from a free electron and from the elec-

tronic wavefunctions of bound electrons (Compton, 1923a,b;

AC, �C), (iii) pair production of an electron–positron pair from

the vacuum field of the nucleus (An, �n = �n) with a threshold

above 2mec2 or 1.022 MeV, (iv) pair production in the atomic

electron field, i.e. triplet production or pair production with

electronic excitations (Ae, �e = �e), with a similar threshold,

and (v) photonuclear absorption (Apn, �pn) yielding the

emission of a neutron �(�, n) or proton �(�, p) or another

particle at much higher energies. Assuming that each process

is incoherent with every other process yields the common

formula �tot = �PE + �elastic + �C + �n + �e + �pn.

The separation of elastic and inelastic processes is a little

arbitrary since the radiative corrections of quantum electro-

dynamics, the possibility of emitting very soft photon energies

and target recoil effects make ‘all’ processes inelastic to some

extent, while the experimental separation of elastic and

inelastic processes are limited by the source bandwidth and

the detector resolution.

Photons interact with electric charge. At lower energies,

including most X-ray energies, this is dominated by inter-

actions with electrons in matter; at high energies nuclear

processes and nuclear resonances become dominant and the

photon interacts with the electric charge on the protons in the

nucleus. There are also magnetic interactions, but these are

normally of secondary importance.

Photon-interaction processes are often defined as coherent

or incoherent in the literature. This is a statement of the

coherence of the secondary (photon) wavefunction with that

of the primary incident photon. Under normal circumstances

the elastic scattering process is coherent, leading to Bragg and

Laue X-ray diffraction or thermal diffuse scattering; when

each atomic elastic scattering is independent and incoherent

with the next this yields the Rayleigh scattering approxima-

tion. Similarly, inelastic processes are usually considered to be

incoherent; but it is better to ask what degree of coherence

they might have either with the incident photon or with other

inelastic processes.

The total cross section is dominated by the photoelectric

effect (photoabsorption) up to about 6 keV for helium

(Fig. 4), 25 keV for carbon (Fig. 5), 80 keV for copper (Fig. 6)

and 700 keV for uranium (Fig. 7), increasing with atomic

number. This photoelectric absorption (and to a lesser extent

Compton scattering) is the precursor and cause of radiation

damage to the irradiated medium, which limits the ability of

crystallography or X-ray absorption spectroscopy to provide

reliable and incisive structural determination. Apart from

photoabsorption, elastic processes dominate over inelastic

processes up to well above the K edge for all atomic numbers

(for example �10 keV for carbon and perhaps �150 keV for
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Figure 4
X-ray mass attenuation coefficients [�/�] in cm2 g� 1 for helium, Z = 2.
The solid line is the (total) photoelectric mass attenuation coefficient, the
dashed line is the dominant photoelectric mass absorption coefficient and
the dotted line is the inelastic cross section together with the assumed
incoherent atomic elastic cross section. The results are generally in good
agreement above 1 keV. Following Chantler (1995, 2000).

Figure 5
X-ray cross sections for carbon, Z = 6, in barns per atom. [�/�](Z = 6) =
�(Z = 6)/19.9447. Theoretical cross sections for photon interactions with
carbon showing the contributions of photoelectric (dashed/dotted line),
elastic (coherent, Rayleigh, dashed/dotted/dotted line), inelastic (inco-
herent, Compton, dashed/dotted/dotted/dotted line) and pair-production
cross sections (solid line) to the total cross sections. Also shown are the
experimental data (open circles). Components and totals are generally in
good agreement above 1 keV. In comparison with Fig. 4, notice that the
level of elastic cross section is nonlinear and is critically dependent on the
material, coherence and orientation (Chantler, 1995). From Hubbell et al.
(1980) and Gerstenberg & Hubbell, 1983).



uranium). Because the elastic processes are usually coherent

and may be in phase or out of phase, the material and angular-

dependent cross section (for example for Laue–Bragg X-ray

diffraction in phase at the Bragg peak region or almost

perfectly out of phase for the thermal diffuse scattering

magnitude well away from diffraction peaks) can vary by

orders of magnitude in different crystalline or noncrystalline

materials. Plots from different predictions can differ by factors

of two or so, but broad agreement exists above about 1 keV.

Computational limitations can be strong at energies below

1 keV and near absorption edges, especially for collective

behaviour and nonlinear processes.

All of these cross sections and the functional dependence

with energy depend upon the core equations and interactions

of electromagnetism and the interaction of electromagnetic

fields and photons with matter.

3. Electromagnetic interactions

The electromagnetic field is presented in standard under-

graduate texts in the D’Alembertian formalism with the

electromagnetic tensor, or as the isomorphic representation

given here. Both are based on Maxwell’s equations in differ-

ential form,

r � E ¼ �
@B

@t
;

r � B ¼ 0;

r � E ¼
�

"0

;

r � B ¼ �0 Jf þ Jb þ
@D

@t

� �

;

� ¼ �f þ �b;

�b ¼ � r � P;

Jb ¼ r �M;

D ¼ "E ¼ "0Eþ P;

H ¼ B=� ¼ B=�0 � M: ð1Þ

The variables in the equations are the displacement vector D,

the free charge density �f, the (total) electric field strength E,

the magnetic induction (magnetic flux density) B, the magnetic

field strength H and the free current density Jf. Constitutive

equations are given in terms of the absolute permittivities "

and permeabilities � (in the medium or in free space "0, �0)

using the total charge density �, the bound charge density �b

and divergence of polarization P, the total current density J,

the bound current density Jb and the curl of magnetization M.

The wave equation for an electric field in its most general form

then follows,

r2E ¼ � r�="0 þ �0

@J

@t
þ �0"0

@2E

@t2
þ �0

@2P

@t2
ð2Þ

and in linear, isotropic and homogeneous media (lih) away

from sources we obtain

r2E ¼ � �"
@2E

@t2
: ð3Þ

Similarly, any propagating magnetic field is given by
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Figure 6
X-ray cross sections for copper, Z = 29. Theoretical cross sections for
photon interactions with copper metal showing the contributions of
photoelectric, elastic (coherent, Rayleigh) and inelastic (incoherent,
Compton) processes to 100 keV. The solid line is the (total) photoelectric
mass attenuation coefficient, the dashed line is the dominant photo-
electric mass absorption coefficient and the dotted line is the inelastic
cross section together with the assumed incoherent atomic elastic
(Rayleigh) cross section. There is generally good agreement above 1 keV.
Following Chantler (1995, 2000).

Figure 7
X-ray cross sections for uranium, Z = 92. [�/�](Z = 92) = �(Z = 92)/
395.257. Labels as per Fig. 5, with an additional triplet cross section
(dashed line at high energies). There is generally good agreement above
1 keV. Following Hubbell et al. (1980).



r2H ¼ �0"0

@2H

@t2
þ �0"0

@2M

@t2
�
@ðr � PÞ

@t
� r � Jf � rðr �MÞ;

r2B ¼ � �"
@2B

@t2
ð4Þ

in lih media away from sources. Consideration of the vector

aspect of an electromagnetic plane-wave solution in free space

leads to the transversality of electromagnetic plane waves (E is

perpendicular to B and both are perpendicular to the direction

of propagation):

E ¼ � cn̂� B; B ¼
1

c
n̂� E: ð5Þ

This is also valid for spherical waves, and shows that both B

and E propagate as transverse waves, in phase, with a speed

c = 1/("�)1/2. In free space this is just the free-space speed of

light, while in a dispersive medium this is c/n, where n is the

refractive index. The electric and magnetic fields are three-

dimensional vectors, so this transversality constrains one of

the components but allows the fields to have two orthogonal

components of polarizations either in a linear basis (linear

polarizations) or in a circular basis. The general form of

solution to the wave equation is a plane wave or spherical

wave or Fourier sum of plane waves of the phasor form

E ¼ E0 exp½iðk � r � !tÞ�: ð6Þ

Here, k is the wavevector 2�/� and the phase velocity is ! = ck.

The electric and magnetic fields are defined in terms of scalar

and vector potentials:

E ¼ � r’ �
@A

@t
; B ¼ r �A; ð7Þ

There is one degree of freedom in the solution of these

equations for the scalar and vector potentials, namely the

choice of gauge or the divergence of the vector potential. The

two most common gauges used are

Coulomb gauge : r �A ¼ 0;

Lorentz gauge : r �A ¼ �"
@’

@t
: ð8Þ

Substituting the definitions of vector and scalar potentials into

the wave equations for electric and magnetic fields gives the

self-consistent relations (Bransden & Joachain, 1983; Jackson,

1975; Born & Wolf, 1980)

r2A �
1

c2

@2A

@t2
� r r �Aþ

1

c

@’

@t

� �

¼ �
4�

c
Jf;

r2’ �
1

c2

@2’

@t2
þ

1

c

@

@t
r �Aþ

1

c

@’

@t

� �

¼ � 4��f: ð9Þ

Within the Lorentz gauge, this reduces to the following

inhomogeneous wave equations (in general):

r2A �
1

c2

@2A

@t2
¼ �

4�

c
Jf;

r2’ �
1

c2

@2’

@t2
¼ � 4��f: ð10Þ

To solve either of these equations we need to find a Green’s

function as a solution of this second-order inhomogeneous

equation, where f is known and given:

r2� �
1

c2

@2�

@t2
¼ � 4�f ðr; tÞ: ð11Þ

Decomposing this by a Fourier decomposition into single-

frequency components,

�ðx; y; z; tÞ ¼
1

2�

� �
R1

� 1

�̂ðx; y; z; !Þ expð� i!tÞ d!;

f ðx; y; z; tÞ ¼
1

2�

� �
R1

� 1

f̂ ðx; y; z; !Þ expð� i!tÞ d!;

�̂ðx; y; z; !Þ ¼
1

2�

� �
R1

� 1

�ðx; y; z; tÞ expði!tÞ dt;

f̂ ðx; y; z; !Þ ¼
1

2�

� �
R1

� 1

f ðx; y; z; tÞ expði!tÞ dt; ð12Þ

yields the inhomogeneous Helmholtz wave equation for each

value of !,

ðr2 þ k2Þ�̂ðx; y; z; !Þ ¼ 4�f̂ ðx; y; z; !Þ: ð13Þ

In order to solve for this, one searches for the corresponding

Green’s function satisfying

ðr2 þ k2ÞGkðx; x0Þ ¼ 4��ðx � x0Þ; ð14Þ

If there are no boundary surfaces, this yields a general

spherically symmetric solution

G
ð�Þ
k ðRÞ ¼

expð�ikRÞ

R
; GkðRÞ ¼ aG

ðþÞ
k ðRÞ þ ð1 � aÞG

ð� Þ
k ðRÞ;

ð15Þ

where R = x � x0. The first term represents a diverging

spherical wave propagating from the origin; the second term is

a converging spherical wave. Relative to this, the solution to

the inhomogeneous Helmholtz wave equation is

�̂ðx; !Þ ¼ aG
ðþÞ
k ðRÞf̂ ðx

0; !Þ þ ð1 � aÞG
ð� Þ
k ðRÞf̂ ðx

0; !Þ: ð16Þ

As an illustration, if we construct the corresponding time-

dependent Green’s functions satisfying

r2
x �

1

c2

@2

@t2

� �

G
ð�Þ
k ðx; t; x0; t0Þ ¼ 4��ðx � x0Þ�ðt � t0Þ: ð17Þ

the solutions are (in k-space) G
ð�Þ
k ðRÞ ¼ expði!t0Þ, so by

inverse transform the real-space time-dependent Green’s

function is

Gð�ÞðR; �Þ ¼
1

2�

R1

� 1

expð�ikRÞ

R
expð� i!�Þ d!; � ¼ t � t0:

ð18Þ

If k is real, i.e. a nondispersive medium, then

Gð�ÞðR; �Þ ¼
1

R
� � �

R

c

� �

or
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Gð�Þðx; t; x0; t0Þ ¼

� t0 � t �
jx � x0j

c

� �� �

jx � x0j
:

This shows that the Green’s function G(+) is the retarded

Green’s function, exhibiting causality associated with a wave

disturbance travelling (outwards) at speed c, while G(� ) is the

advanced Green’s function (possibly from an ingoing, for

example, spherical wave). A particular solution, then, to the

second-order inhomogeneous [scalar] wave equation is

�ðx; tÞ ¼ �inðx; tÞ þ
R R

f ðx0; t0ÞGð�Þðx; t; x0; t0Þ d3x0 dt0; ð19Þ

where �in(x, t) is any solution of the homogeneous wave

equation for, for example, the incident wave. For �in(x, t) = 0

the solution can be written explicitly as

�ðx; tÞ ¼
R

f t0 � t �
jx � x0j

c

� �� �

jx � x0j
d3x0 ¼

R ½f ðx0; t0Þ�ret

jx � x0j
d3x0;

ð20Þ

where the square brackets [f(x0, t0)]ret refer to the retarded

time and retarded potential, yielding integral solutions for the

vector and scalar potentials as (Sakurai, 1994)

�ðx; tÞ ¼
R
� t0 � t �

jx � x0j

c

� �� �

jx � x0j
d3x0 ¼

R ½f ðx0; t0Þ�ret

jx � x0j
d3x0;

Aðx; tÞ ¼
R

J t0 � t �
jx � x0j

c

� �� �

jx � x0j
d3x0 ¼

R ½fðx0; t0Þ�ret

jx � x0j
d3x0:

ð21Þ

That is, the electromagnetic wave will typically be composed

of Green’s function spherical wavelets arising from a distur-

bance or source (charge or four-current), causal with respect

to the propagation speed of the disturbance (photon wave-

field). These derivations are based on the nonrelativistic

Green’s function with lowest-order relativistic corrections,

rather than directly on the Dirac equations with the Dirac

(Green’s function) propagator, which is however quite similar

(Sakurai, 1967). Green’s function approaches are basic for the

understanding of X-ray absorption fine structure (XAFS) and

will be developed in numerous cases in later chapters.

The idea of a Green’s function as a source of an outgoing

wave in an interaction leads naturally to the idea of an oscil-

lator of charge, yielding a Green’s function source term in a

response function such as an outgoing photon wave, as

discussed in the next section.

4. Oscillators, absorption and absorption edges

The Lorentz force law indicates that charge will respond to

electromagnetic fields, and that charge will oscillate in

response to periodic electromagnetic fields. In many stable

potentials a system (atom, molecule, solid) is locally neutral,

and so an excursion of electric charge leads to a restoring force

following Hooke’s law and simple harmonic motion. Consider

initially an electron experiencing a Lorentz force from the

(effective) fields E0 and B0, to first order neglecting the

magnetic field compared with the electric field. The nuclear

potential may naı̈vely be assumed to give a linear, elastic

restoring force for small field oscillations. The equation of

motion is then

F ¼ eE0 þ ev� B0 � qr ¼ m€r; E0 ¼ E00 expð� i!tÞ: ð22Þ

Neglecting B0 and assuming a phasor solution for the charge

oscillator position r gives

r ¼ r0 expð� i!tÞ ¼
eE0

mð!2
0 � !

2Þ
; !0 ¼

q

m

� �1=2

; ð23Þ

where !0 is the resonance or absorption frequency. Each

electron contributes to the total electric dipole moment per

unit volume and hence polarization

P ¼ Np ¼ Ner ¼ N
e2

m

E0

ð!2
0 � !

2Þ
¼ N�E0; ð24Þ

where � is the polarizability and is a second-rank tensor, but it

may be taken here to be the mean polarizability or the

polarization per electron (or oscillator), assuming that the

system is isotropic and that there are no permanent dipole

moments in the absence of a field. N is the number of electrons

per unit volume. From the definition of the refractive index as

the ratio of the velocity in the vacuum, c, to that in the

medium,

n ¼
c

v
¼

"�

"0�0

� �1=2

¼ cð"�Þ
1=2
¼ ð"r�rÞ

1=2
: ð25Þ

Following equation (24), we need to determine the ‘effective

field’ E0 on the oscillating electron relative to the actual

(mean) electric field E. The problem is that the local electron

oscillators which give the polarization do not see the mean

electric field. For example, the local oscillator will be affected

by some of the surrounding dipoles, but (or and) one should

not count the dipole of the local oscillator itself. If we define a

sphere outside the electron (where the electronic wavefunc-

tion is negligible), outside of which there is the uniform mean

field and polarization of the medium (and where the local

structure is irrelevant), and inside of which is a vacuum, then

we can consider the field modified by the medium but isolated

from the effect of the local electron (dipole). The effect on the

(scalar) potential of the near region is zero for a physically

random distribution of, for example, molecules or dipoles.

Hence, the (scalar) potential at the centre (i.e. at the dipole in

question) can be modelled by considering the potential of the

complementary configuration, i.e. a spherical dielectric region

surrounded by free space. This complementary potential at the

origin is exactly opposite to the original potential: the sum of

the two potentials is that due to a uniform homogeneously

polarized material with no boundary, so that the impact of the

surrounding charge densities for the retarded potentials may

be used. This is the same as saying that the effect of the

surrounding dielectric is the opposite of that for a uniformly

polarized sphere, which is a standard undergraduate problem.
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With minor effort (Born & Wolf, 1980; Hecht & Zajac, 1979)

we can use the standard electromagnetism solution for the

polarization, defining the dielectric susceptibility �,

E0 ¼ Eþ
P

3"0

; P ¼ �"0E; ð26Þ

leading to the Lorenz–Lorentz (n2) or Clausius–Mosotti ("r)

equation for the relation between an external, incident

wavefield and its action upon a local oscillator embedded

within a dielectric medium,

n2 ’
"

"0

¼ "r ¼ 1þ � ¼
1þ

2N�

3

1 �
N�

3

;

� ¼
3"0

N

"r � 1

"r þ 2
¼

3"0

N

n2 � 1

n2 þ 2
: ð27Þ

In the visible regime this local environment effect can be very

significant, as n2 ’ 1.4 is common; in the X-ray regime n2 ’

1 � 0.0000002, so n2 + 2’ 3 to a very good approximation and

one recovers the simpler and standard equations. However,

thinking more broadly about the problem: in the infrared

regime (say 400–1200 cm� 1), with infrared and vibrational

spectroscopy for molecules, solids, biological systems etc., the

refractive index can easily correspond to an enormous relative

permittivity of 2.21 (dioxan), 7.43 (tetrahydrofuran), 8.93

(dichloromethane) or 35.69 (acetonitrile, corresponding to

n2 ’ 36). These are not constant as functions of energy. This

explains why and how some materials make good lenses, some

make high-index lenses and what their range of applicability is.

The answer lies directly and explicitly in the resonances of the

oscillator strength, or equivalently in the (atomic, plasmonic

or effective) form factors and combined structure factors of

materials.

Very often, only a relativistic equation can explain the

behaviour, the origin and the location of the resonances. This

expands the derivation and definition of refractive index,

permittivity and (X-ray) (atomic) form factor from high

energies down to the visible region and below. It also shows

explicitly the limits of the notions used in both crystallography

and X-ray absorption spectroscopy.

If a magnetic system were involved, then we would in an

identical manner obtain

B0 ¼ B �
�0M

3
; M ¼ �mH ¼

�m

�
B: ð28Þ

Even in the X-ray regime it is not normally possible to identify

�r or �m at an electronic, oscillator or atomic level because the

collective motions in magnetic systems dominate. For

example, diamagnetic materials have �r ’ 1 � 10� 5 and

paramagnetic materials have �r ’ 1 + 10� 5, but convention-

ally magnetic systems (ferromagnetism, ferrimagnetism etc.)

have a tensorial (�r)ij(T, history) ’ 102!106 from macro-

scopic or microscopic aligned domains, which is a function of

the temperature and history of the sample. In general, there-

fore,

n ’
"�

"0�0

� �1=2

¼ "r�rð Þ
1=2
¼ �r

1þ
2N�

3"0

1 �
N�

3"0

0

B
B
@

1

C
C
A

2

6
6
4

3

7
7
5

1=2

¼ �r

1þ
e2

m"0

2N

3ð!2
0 � !

2Þ

1 �
e2

m"0

N

3ð!2
0 � !

2Þ

0

B
B
@

1

C
C
A

2

6
6
4

3

7
7
5

1=2

: ð29Þ

If we assume that E0 = E [where E is the (total) electric field at

point x], then we can relate the displacement vector D to that

of E following

D ¼ "E ¼ "0Eþ P ¼ "0E 1þ
N�

"0

� �

; ð30Þ

and, neglecting the permeability,

n ’
"

"0

� �1=2

¼ 1þ
N�

"0

� �1=2

¼ 1þ
e2

m"0

N

ð!2
0 � !

2Þ

� �1=2

: ð31Þ

If we include the necessary damping (excited-state lifetime)

term in the bound field of the nucleus (or the molecule or the

solid . . . ), then we generalize the force to

F ¼ eE0 � qr � �_r ¼ m€r; E0 ¼ E00 expð� i!tÞ; ð32Þ

r ¼ r0 expð� i!tÞ ¼
eE0

mð!2
0 � !

2Þ � i!�
; !0 ¼

q

m

� �1=2

; ð33Þ

n ’ 1þ
e2

m"0

N

ð!2
0 � !

2Þ � i!�=m

� �1=2

: ð34Þ

For the general case there are many such resonant frequencies

with different amplitudes or oscillator strengths, yielding

n ’ 1þ
e2

m"0

P

k

Nk

ð!2
k � !

2Þ � i!�k

� �1=2

; �k ¼ �k=m: ð35Þ

In the X-ray regime, or where the refractive index is 1 � 10� 7,

this may be given to a very good approximation by the first-

order Taylor series expansion

n ’ 1 �
e2

2m"0

P

k

Nk

ð!2
k � !

2Þ � i!�k

: ð36Þ

This corresponds to a sum, with a scale, of the effective

number of charge (electron) oscillators in the matter. The

form factor in physics is defined as the scattering power

relative to a free particle; for an electron this is the scattering

power (the oscillator amplitudes) as a function of momentum

transfer and frequency, relative to the Thomson scattering

power for a free electron. For an atom dominated by electron

scattering, this approaches Z in the limit of high frequency

where the electrons are nearly free, corresponding to the

number of electrons in the atom.

This can be seen as a sum over electrons each with unit

oscillator strength, yet the same equation can describe effec-

tive plasmon oscillators in a condensed matter or band-

structure computation down to visible energies. An effective
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plasmon oscillator is just like an electron but may have frac-

tional or effective charge. The sum of all plasmon strengths

should still give the total number of electrons by conservation

of charge. Hence, in the X-ray regime this expression may be

re-expressed as a simple sum of real and complex components,

defining the (X-ray) (atomic) form factor,

n ’ 1 � � � i� ¼ 1 �
r0

2�
�2
P

k

Nkfk: ð37Þ

The (X-ray) (atomic) form factor represents the photon

scattering factor (of an atom) relative to that of a (Thomson)

free electron,

f

�

q ¼ kf � ki ¼
2! sinð�=2Þ

c
q̂; !

�

¼
R
�ðrÞ exp½iðkf � kiÞ � r� dV ’

P

k

Nk!
2

ð!2 � !2
kÞ � i!�k

;

f ðq ¼ kf � ki; !Þ ¼ Reðf Þ þ iImðf Þ ¼ f0 þ f 0 þ if 00;
P

k

Nk ¼ Z: ð38Þ

The form factor has absorptive (imaginary) components and

scattering (real) components. The scattering component

depends upon the angle of incidence �/2 and the scattering

angle �, so that q (or K) is the change of wavevector

(momentum/h- ) of the photon upon scattering and q = 0

implies scattering in the forward direction. Each atomic

subshell will represent a separate type of oscillator with a

separate resonant energy, which is therefore the absorption

edge for the photoelectron from that subshell. In the X-ray

regime, the mass absorption coefficient [�/�] is then given by

I ¼ I0 exp �
�

�

� �

ð�tÞ

� �

;
�

�

� �

¼
4��

��
;

� ¼
r0

2�
�2Im½f ð!; 0Þ� ’

e2

2m"0

P

k

Nk�k!

ð!2 � !2
kÞ

2
þ !2�2

k

: ð39Þ

One of the most important consequences of this for the

computation and self-consistency of form factors is the causal

link between the real and imaginary components of this

complex function by the Kramers–Kronig transforms, where P

represents the Cauchy principal value:

f 0ð!; q ¼ kf � ki ¼ 0Þ ¼
2

�
P
R1

!k

!0f 00ð!0; 0Þ

!2 � !02
d!0;

f 00ð!; q ¼ kf � ki ¼ 0Þ ¼ �
2

�
P
R1

0

f 0ð!0; 0Þ

!2 � !02
d!0;

Im½f ð!; 0Þ� ¼ f 00ð!; 0Þ ¼
!�PEð!Þ

4�rec
: ð40Þ

These are linked to related Kramers–Kronig transforms and to

sum rules for oscillators, usually requiring a detailed quantum-

mechanical basis.

5. Quantum-mechanical basis of photon interaction:

time-dependent perturbation theory

In the preceding section, we addressed the question of the

nature of the interaction of photons with electrons within the

framework of classical electromagnetism. The electrons were

assumed to be bound by potentials and to react with the

incoming wavefield as an oscillator with a natural frequency

!k driven by the electromagnetic fields associated with a

photon with a frequency !. This led to equations (38), (39) and

(40), which are very important equations in crystallography,

giving expressions for the atomic form factor f, the dispersion

corrections f 0 and f 00, the relation between f 0 and f 00 (the

Kramers–Kronig relation) and the relation between f 00 and the

photoelectric component of the atomic scattering cross section

�PE. Not so apparent from equations (39) and (40) is a term

representing the damping constant for the classical driven

oscillator [exp(i!k)], which is explicit in equation (38). In a

real system this term represents the radiative line width

(Chantler et al., 2024) and is insignificant unless the incoming

photon has an angular frequency close to the resonant

frequency.

From the understanding of the photoelectric effect, the

photon is a quantum of the electromagnetic field, a particle

with an oscillating electric and magnetic field propagating

from the source through an experimental or optical path to

absorption, scattering or detection. Following the minimal

substitution prescription for the Schrödinger equation p !

p � qA, V ! V + q’ with the electron charge q = � e,

including spin from the relativistic corrections of the first-

order Pauli reduction of the Dirac equation (Sakurai, 1967),

and a term beyond the Pauli reduction (Blume, 1994; Vettier,

1994; Blume, 1985), we have

H ¼
ðpþ eAÞ

2

2m
þ

eS � B

m
�

e2

2mðmc2Þ
S � ½ _AðrÞ �AðrÞ� þ V � e’

¼
p2

2m
þ V þ

e

2m
ðp �AþA � pÞ þ

e2A �A

2m
þ

eS � B

m

þ
e2

2mðmc2Þ
S � ½ _AðrÞ �AðrÞ�

¼ H0 þH0; ð41Þ

where p is the charge (electron) momentum, S is the particle

(electron) spin and V is the potential energy. Note that the last

two terms are higher-order relativistic reductions from the

Dirac equation. We would need additional corrections for the

relativistic and quantum electrodynamical corrections for the

energy eigenvalues and eigenfunctions to achieve higher

accuracy, so that for example

eS � B

m
!

gseS � B

2m
. . . ;

but the present prescription suffices for most current work

relating to XAFS. The unperturbed, time-independent (non-

relativistic) Hamiltonian and stationary-state eigenfunctions

and eigenvalues are defined by
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H0 ¼
p2

2m
þ V; ih-

@

@t
 k ¼ H0 k ¼ Ek k: ð42Þ

The time-independent Hamiltonian yields an (infinite) series

of nondegenerate and degenerate levels which will exist

forever (i.e. they are stable eigenfunctions) in an isolated

system. In such a system, it is generally impossible to (i) have

an observer, (ii) have a human/biological enquirer, (iii) have

any detector and ergo (iv) investigate any property of this

system. This is not exactly to say that any measurement of a

system collapses its wavefunction: in principle the system may

have already been in a pure eigenstate and therefore will not

change its state. Nor is the issue that the system should include

the more complex and complete detector/enquirer/observer:

in most cases this would seem ridiculous to model. Principally,

any (detection) event is necessarily that: localized in space and

time and therefore time-dependent. Time-dependent Hamil-

tonians allow time-dependent solutions, and hence the ability

of the detailed state of the system to change. Any (particle

physics or condensed-matter physics) scattering event is a key

example of a process that therefore requires time-dependence

of the Hamiltonian to explain any results. Most of the time, we

use assumptions based on perturbation theory in order to

discuss these principles, and it is very convenient to do so here.

In the general time-dependent Hamiltonian we invoke

perturbation theory to yield general solutions for the final-

state wavefunctions as an ordered iteration from initial-state

wavefunctions and coefficients in the Fermi interaction picture.

Formally, we invoke perturbation theory wherever H0 � H0.

Following, for example, Sakurai (1967) or many others, with �0 =
P

k c
ð0Þ
k j ki expðiEkt=h- Þ and �ðtÞ ¼

P
k ckðtÞj ki expðiEkt=h- Þ,

leads to the variation of constants method ck(t) = c
ð0Þ
k +

P
s �

ic
ðsÞ
k ðtÞ . . . with the iterative solution to convergence of

_c
ðsþ1Þ
j ðtÞ ¼ ð1=ih- Þ

P
k c
ðsÞ
k ðtÞh j H0ðtÞ

�
�

�
� ki expði!jktÞ. This is

equivalent to the evolution operator (matrix) U(t, t0) =

[uij(t, t0)] for the array of coefficients C(t) = [cj(t)] with �(t0) =

U(t, t0)�(t), C(t0) = U(t, t0)C(t) with initial (infinitesimal)

conditions

Uðt; t0Þ ¼
1; t ¼ t0

_CðtÞ t0 � t ¼ �t

�

:

Hence, in a time-dependent system _Cðt0Þ ¼ ð1=ih- ÞH0ðtÞCðtÞ

and _Uðt0; tÞ ¼ ð1=ih- ÞH0ðtÞUðt; t0Þ, yielding the recursive
_Uðt0; tÞ ¼ ð1=ih- Þ

R t0

t
H0ð�ÞUðt; �Þ d� with the Fredholm/Dyson

iterative series solution

_Uðt0; tÞ ¼
1

ih-

Rt0

t

H0ð�Þ d� þ
1

ih-

� �2Rt0

t

H0ðt1Þ dt1

Rt1

t

H0ðt2Þ dt2 þ . . .

ð43Þ

From the earlier section, we can invoke a second illustration

of Green’s function as the kernel of an integral operator, the

propagator of a time-dependent wavefunction, involving the

Green’s function for a Hamiltonian function of energy, linking

directly to Fermi’s golden rule, for example

h- 2

2m
r2

r0 þ Vðr0Þ � ih-
@

@t

� �

G
ð�Þ
k ðr; t; r0; t0Þ ¼ 4��ðr � r0Þ�ðt � t0Þ:

ð44Þ

Then, for causal propagation one again chooses the time-

retarded Green’s function or propagator

GðþÞðr; t; r0; t0Þ ¼ r0 exp
� iĤðt0 � tÞ

h-

 !�
�
�
�
�

�
�
�
�
�
r

* +

¼ r0
P

k

jki exp
� iEkðt

0 � tÞ

h-

� �

hkj

� ��
�
�
�

�
�
�
�r

� �

; ð45Þ

from which a formal solution is the Lippmann–Schwinger

equation,

Wðk; rÞ ¼ Uðk; rÞ þ
R

G0ðk; r; r0ÞVðr0ÞWðk; r0Þ dr0 ð46Þ

or

Wðr; tÞ ¼ Uðr; tÞ þ
R

G0ðr; r0ÞH0ðr0; t0ÞWðr0; t0Þ dr0 dt0; ð47Þ

where U is the incident wave and G0(k, r, r0) = G(+)(|r � r0|) =

� [exp(ik|r � r0|)]/(4�|r � r0|), which can be transformed into

an integral equation for the Green’s function

GðþÞðr; r0Þ ¼ G
ðþÞ
0 ðr; r0Þ þ

R
G
ðþÞ
0 ðr; r00ÞVðr00ÞGðþÞðr00; r0Þ dr00

ð48Þ

as a special case of the Dyson equation. In turn, this can be

expanded into a Born sequence,

�ðr; tÞ ¼  nðr; tÞ;  0ðr; tÞ ¼ �ðr; tÞ;

 1ðr; tÞ ¼ �ðr; tÞ þ
R

G
ðþÞ
0 ðr; t; r0; t0ÞH 0ðr0; t0Þ�ðr0; t0Þ dr0 dt0;

 nðr; tÞ ¼ �ðr; tÞ þ
R

G
ðþÞ
0 ðr; t; r0; t0ÞH 0ðr0; t0Þ n� 1ðr

0; t0Þ dr0 dt0:

ð49Þ

We can define the time integral G(t) by setting t0 = 0 and r0 = r

in equation (45):

GðtÞ ¼
R

dr0GðþÞðr0; t; r0; 0Þ

¼
R

dr0
P

a0
jhr0ja0ij2 exp

� iEa0 t

h-

� �

¼
P

a0
exp
� iEa0 t

h-

� �

for the basis set |a0i or k. The Fourier transform of G(t) is

GðþÞðEÞ ¼ �
i

h-

R1

o

GðtÞ exp
iEt

h-

� �

dt

¼ �
i

h-

R1

o

P

k

exp
� iEkt

h-

� �

exp
iEt

h-

� �

dt

¼
P

k

1

E � Ek þ i"
; ð50Þ

where the oscillating integral is made meaningful by the off-

axis contour (or damping coefficient) with E! E + i". In the

limit "! 0, this is a sum of the resonant eigenvalue poles. This

is equivalent to the Lippmann–Schwinger equation for the

transition amplitude T in terms of the potential V:
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T ¼ Vþ V
1

E � H0 þ i"
T

¼ Vþ V
1

E � H0 þ i"
V

þ V
1

E � H0 þ "
V

1

E � H0 þ i"
Vþ . . . ð51Þ

Phenomenologically, this is equivalent to a wave (i) created by

the potential V(r) at r, (ii) propagated to r0 by the propagator,

(iii) scattered by the potential V(r0) at r0, (iv) propagated to r00

and (v) scattered again by the potential V(r00) at r00 etc. to yield

a multiple-scattering formalism.

For multiple-electron atoms, multiple-particle systems,

molecules and solid-state quantum systems, we can generate

similar time-independent wavefunctions (eigenfunctions) �n

by summing over all electron or particle momenta in a self-

consistent manner, which is beyond the scope of this intro-

duction. Common steps in standard texts include the Born–

Oppenheimer approximation to decouple the motion of the

nuclei from that of the electrons, antisymmetrization to ensure

that the electron wavefunctions obey the Pauli exclusion

principle for fermions etc. Following a standard phasor

representation for the vector potential A, E and B, setting

’ = 0 without loss of generality,

A ¼
P

j

fAj0 exp½ið!jt � k � rÞ� þAj0 exp½� ið!jt � k � rÞ�g;

E ¼
P

j

½2!Aj0 sinð!jt � kj � rÞ� ¼
P

j

½Ej0 sinð!jt � kj � rÞ�;

B ¼
P

j

½2k�Aj0 sinð!jt � kj � rÞ� ¼
P

j

½Bj0 sinð!jt � kj � rÞ�:

ð52Þ

In more advanced operator quantum theory, we must quantize

the electromagnetic fields (photons) and write the equations

in terms of specific creation operators â
y
k and annihilation

operators âk which define the allowed states as a finite sum of

specific occupied modes of the field (i.e. a specific number of

photons). In other words, the amplitude coefficients must be

quantized multiples of the corresponding operators. See

Loudon (2000), Bransden & Joachain (1983) and Sakurai

(1994) for examples including the simple harmonic oscillator.

The solution from quantum mechanics is

Aðr; tÞ ¼
P

k

h-

2"0V!k

� �1=2

"""kfâk exp½iðk � r � !ktÞ�

þ â
y
k exp½� iðk � r � !ktÞ�g;

Eðr; tÞ ¼
P

k

i
h- !k

2"0V

� �1=2

"""kfâk exp½iðk � r � !ktÞ�

� â
y
k exp½� iðk � r � !ktÞ�g;

Bðr; tÞ ¼
P

k

i
h-

2"0V!k

� �1=2

k� """kfâk exp½iðk � r � !ktÞ�

� â
y
k exp½� iðk � r � !ktÞ�g: ð53Þ

Each mode of wavevector k and polarization """k represents a

quantum-mechanical harmonic oscillator whose creation and

annihilation operators obey the standard commutation rules

for bosons (light carries one unit of angular momentum and

hence is a boson). V is the volume. Using the interaction

picture Hamiltonian and standard time-dependent perturba-

tion theory,

H0ðtÞ ¼ �
e

2m
ðp �AþA � pÞ þ

e2A �A

2m
þ

eS � B

m

þ
e2

mðmc2Þ
S � ½ _AðrÞ �AðrÞ�; ð54Þ

where the last term arises from the expansion of the Dirac

Hamiltonian and the term

e

mðmc2Þ
S � EðrÞ � ½pþ eAðrÞ�:

Applying the rotating-wave approximation yields the transi-

tion rate: the probability per atom per unit time of a transition

(absorption) between the many-electron wavefunction in an

atom, molecule or quantum system from state |ii = �i to state

|ji = �j,

Pij ¼ jcjðtÞj
2=t ¼ Bij�ð!ijÞ; ð55Þ

where P is the transition probability per unit time per photon

energy density per unit bandwidth, Bij is the Einstein B

coefficient for (stimulated) absorption and �(!ij) is the photon

density of states. For nondegenerate levels Bij = Bji follows

directly from the hermiticity of the perturbation H0(t) (see, for

example, Blume, 1994) and

jcjðtÞj
2 ¼ jhjjĤ

0
jiij2A2

0

sin2½ð!ji � !Þt=2�

h- 2½ð!ji � !Þ=2�
2
: ð56Þ

For many sources, the incident photon distribution is broad;

that is, �(!) is a slowly varying function of !. From the

operator formalism, the time-dependent perturbation must be

an operator Ĥ
0
ðtÞ. Hence, integrating over a (narrow) range of

angular frequencies around !ij leads to

Pij ¼ jcjðtÞj
2=t ¼

�

"0!
2
ijh
- 2
jhjjĤ

0
ðtÞjiij2�ð!ijÞ;

Ĥ
0
ðtÞ ’ A0

e

m

�

"""k � p expðik � rÞ þ iS � k� """k expðik � rÞ

þ
eA00

2
"""0k � """k exp½iðk � k0Þ � r�

þ
eA00

mc2
S � ½"""k0 expð� ik0 � rÞ� � ½"""k expðik � rÞ�
� �

�

: ð57Þ

To deal with many electrons in an atom or a more complex

quantum system, we would simply replace pexp(ik · r) with
P

i pi expðik � riÞ for the sum of electron momenta and loca-

tions.

It has been mentioned earlier that in order to determine the

physical state of a system it is necessary to interact with it

using some kind of probe, in this case a photon. In moving to a

quantum-mechanical formulation of the photon scattering

process it is necessary to formulate a rule to describe the

probability of transition between energy levels (from one

eigenstate |ii to another eigenstate hj|) in a continuum when
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the system is subjected to a weak perturbation. Fermi’s golden

rule is such a rule. In its simplified form it states that the

transition probability Pij ’ (2�/h)|hj|H0|ii|2�, where � is the

density of final states and H0 is the matrix element of the

perturbation linking |ii to hj|, as we have just discussed.

Sum rules in quantum mechanics are formulae which

describe transitions between energy levels in which the sum of

the transition strengths is expressed in a simple manner. Sum

rules are used to describe many systems: atoms, molecules,

assemblages of atoms and molecules, and so on. They are

derived using general principles and are useful when the

behaviour of individual energy levels is too complex to be

described precisely using quantum theory. They use the

Heisenberg terminology and algebraic structure. The transi-

tion probabilities of the overall transitions are related to the

idea of the concept of oscillator strength which was introduced

in Section 4. One such rule is the Thomas–Reiche–Kuhn rule.

The oscillator strength for a transition from state |ii = |1i to

hj| = h2|, f12, is given by

f12 ¼
4me

h- 2
ðE2 � E1Þ

P
jh1m1jRpj2m2ij

2;

where the summation is over the spatial coordinates x, y, z;

Rp =
P

i xi, where the summation is from i = 1 to i = N, |nii can

be 1 or 2, and each of the ni may have degenerate sublevels mn.

Consider the Hamiltonian H = (p2/2me) + V(r), so the

commutator [H, x] = ih- px/me. Then,

xnk ¼ �
ih-

meðE1 � E2Þ
ðpxÞnk:

Calculating the matrix elements for [px, x] leads to

hnj½px; x�jki ¼
eh-

ime

P

n

jhnjpxjkij
2=ðEn � EkÞ;

with the summation being over all k except k = n. Remem-

bering that [px, x] = ih- , the expression for the sum rule is

reached:
P

n fnk ¼ 1, where fnk = (2/me)|hn|px|ki|2/(En � Ek).

In the current era, with the advent of ultrafast pulsed high-

intensity X-ray sources, the complex time-dependencies

including the assumptions of time-dependent perturbation

theory can become important, measureable and observed.

This is especially true with attosecond pump–probe experi-

ments and with X-ray free-electron laser sources and inter-

actions. In such cases, discussed in part later in this volume,

and in part in Chantler (2024), these temporal dependencies

can become important. The most direct and obvious impact of

time-dependent perturbation theory is, however, the nature of

transition probabilities and the observation of selection rules

for atomic and quantum system transitions, as discussed next.

6. Quantum-mechanical basis of photon interaction:

transition probabilities

Equations (54) and (57) generate and generalize to Fermi’s

golden rule (number 2), including up to second-order

perturbation theory, with photon scattering wavevector K =

k � k0,

Pij ¼ jcjðtÞj
2=t ¼

2�

h-
hjjĤ0ðtÞjii þ

P

k

hjjĤ0ðtÞjkihkjĤ0ðtÞjii

Ej � Ei � h- !

�
�
�
�
�

�
�
�
�
�

2

� �ðEj � Ei � h- !Þ;

Ĥ0ðtÞ ’ A0

e

m

P

i

�

"""k � pi expðik � riÞ þ iSi � k� """k expðik � riÞ

þ
eA00

2
expðiK � riÞ

�

"""0k � """k � i
h- !

mc2
Si � ð"""

0
k � """kÞ

��

:

ð58Þ

The Dirac delta function � selects the photon density of states

of the X-ray source distribution �(!ij), which conserves

energy. Fermi’s golden rule implies that the transition prob-

ability is linear with (small) time intervals, yielding an expo-

nential after integrating over finite times. The A · A or

ðeA00=2Þ"""0k � """k term is the ‘seagull’ term. This represents first-

order perturbation theory scattering of the field and corre-

sponds to the Thomson term, Thomson scattering and also

nonresonant inelastic scattering (NIXS) (Sakurai, 1967). It is

typically seen as A* · A or âk � â
y
k or â

0
k � â

y
k terms, i.e. as

absorption and emission operators. If one uses relativistic

theory, this interpretation is clarified.

If we consider a transition between two states as implied in

the first-order term of Fermi’s golden rule, with a radiation

intensity

I ¼
c"0

2
jEj2 ¼

4c!2A2
0"0

2

(in W m� 2) then the cross section (in barns per atom) corre-

sponds to (Joly & Grenier, 2016; Kas et al., 2016; Mobilio,

2015; Bertoni, 2015)

�ij ¼
h- !Pij

I
¼

4�

4c"0!A2
0

jhjjĤ
0
ðtÞjiij2�ðEj � Ei � h- !Þ: ð59Þ

If the final state is a continuum state then

d2�ij

dE0ed�e

¼
h- !Pij

I

¼
4�

4c"0!A2
0

jhj; e0jĤ0ðtÞjiij2�ðEj þ E0e � Ei � h- !Þ; ð60Þ

where the total cross section would then integrate over the

resonance continuum electron energy E0e and the electron

scattering vector to yield the total process cross section �ij.

If we consider a resonant inelastic scattering process to a

final bound state, then the second-order term is critical and

d2�ij

d!0d�
¼

h- !Pij

I
ð61Þ

indicates the vector direction of the scattered photon of

energy !0, and the integral over the resonance photon energy

and over the photon scattering vector will yield the total

process cross section �ij. Similarly, if the final state is a

continuum state then

d4�ij

d!0d�dE0ed�e

¼
h- !Pij

I
; ð62Þ
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where the total cross section would then integrate over the

resonance photon energy, the photon scattering vector, the

resonance continuum electron energy E0e and the electron

scattering vector to yield the total process cross section �ij.

As an illustration, the mass absorption coefficient in

cm2 g� 1 is related to the photoelectric cross section in barns

per atom by

�

�

� �

PE

¼
�PE

uA
; ð63Þ

where u is the atomic mass unit and A is the relative atomic

mass.

We can perform a Taylor series expansion of the expo-

nential of equation (58) or (59) (for a particular electron or

orbital) to yield multipole operators (electric dipole radiation

E1, ôE1, electric quadrupole radiation E2, ôE2, magnetic dipole

radiation M1, ôM1, electric octopole radiation E3, ôE3 . . . ) and

define selection rules for transition probabilities,

j
Ĥ
0
ðtÞ

A0

�
�
�
�
�

�
�
�
�
�
i

* +

¼ i
e

h-
ðEj � EiÞhjjôjii;

ô ¼ ôE1 þ ôE2 þ ôM1 þ ôE3 þ . . . ;

ôE1 ¼ """k � r;

ôE2 ¼
i

2
ð"""k � rÞðk � rÞ;

ôM1 ¼
h-

2meðEj � EiÞ
ðk� """kÞ � ðLþ 2SÞ;

ôE3 ¼ �
1

6
ð"""k � rÞðk � rÞ

2
; . . . ð64Þ

These operators define the expected relative magnitudes and

symmetries of allowed transitions, including the polarization

vector coupling. In cylindrical coordinates the electric field

vector can be defined as a sum of three linear polarizations or

in general as any linear combination of the three polarizations

"""k ¼ ẑ; """k;þ ¼
� 1

21=2
ðx̂þ iŷÞ; """k;� ¼

1

21=2
ðx̂ � iŷÞ: ð65Þ

This represents plane- or �-polarized radiation and right-

handed and left-handed circularly polarized radiation �+ and

�� , respectively. For X-ray absorption edges the E1 operator

is dominant, while above about 4.5 keV the E2 operator can

be significant and follows different selection rules; E3 and M1

channels are difficult to detect in absorption spectra but are

easily identified in medium- to high-Z materials in discrete

bound–bound transitions (such as in dominant transitions in

few-electron X-ray spectra) across the X-ray regime.

Consider a transition from an electronic wavefunction with

quantum numbers |ii = |li, mli, msi, . . . , L, S, J, MJ�i to a final

state |fi = jl0i;m0li;m0si, . . . , L0, S0, J0, M0J�
0i. The selection rules

for electric dipole radiation include the following.

(i) Parity �. The electric dipole operator only connects

states of opposite parity. The radial operator is odd in parity,

so any wavefunction with a defined parity must change to the

opposite parity. From parity considerations in Legendre

polynomials, we can state �li = odd (strictly). For l = 0, or an

s-state, parity is even; for l = 1, or a p-state, parity is odd; for l =

odd, parity is odd.

(ii) Magnetic orbital angular momentum quantum number

ml. The separability of the radial and angular dependence of

the wavefunctions implies selection rules for changes in ml

(the z-projection magnetic quantum number). Hence, m0l �

ml = 0, +1 or � 1. For example, if """k ¼ ẑ then �ml = 0. Hence,

this �-polarized radiation has an electric dipole selection rule

of �ml = 0. Similarly, �+/� circularly polarized radiation

requires �ml = �1, respectively.

(iii) li and si. In low-energy or LS (Russell–Saunders)

coupling, which is suitable for low-Z atoms, the individual

quantum numbers li and si for each electron sum vectorially to

a total L (orbital angular momentum quantum number) and a

total S (spin angular momentum quantum number) for the

atomic quantum system, which then sum to a total J (the total

angular momentum quantum number). The ‘good’ quantum

numbers are L, S, J and MJ in the nonrelativistic atomic

system before coupling to nuclear, molecular or solid-state

wavefunctions.

In the case of magnetic dipole radiation M1, whether the

perturbing Hamiltonian does or does not include the spin term

makes a major difference to the selection rules. Including the

spin term in the Hamiltonian H0, and using Cartesian coor-

dinates for polarizations, the angular spherical harmonic

integrals yield

hl0im
0
lim
0
si . . . jLx þ gsSxjlimlimsi . . .i ¼

h-
�

1

2
½l0iðl
0
i � 1Þ � m0liðm

0
li � 1Þ�

1=2
�mli;m

0
li

þ
1

2
½l0iðl
0
i � 1Þ � m0liðm

0
li þ 1Þ�

1=2
�mli;m

0
li
þ1�msi;m

0
si

þ
gs

2
�mli;m

0
li
�msi;� m0

si

�

�li;l
0
i

hl0im
0
lim
0
si . . . jLy þ gsSyjlimlimsi . . .i ¼

ih-
�

1

2
½l0iðl
0
i � 1Þ � m0liðm

0
li � 1Þ�

1=2
�mli;m

0
li
� 1

�
1

2
½l0iðl
0
i � 1Þ � m0liðm

0
li þ 1Þ�

1=2
�mli;m

0
li
þ1�msi;m

0
si

þ ð� 1Þ
m0

si
þ3=2 gs

2
�mli;m

0
li
�msi;� m0

si

�

�li;l
0
i

hl0im
0
lim
0
si . . . jLz þ gsSzjlimlimsi . . .i ¼

h- h½m0li þ ð� 1Þ
m0

si
þ3=2 gs

2
i��mli;m

0
li
�msi;m

0
si

n o
�li;l

0
i
: ð66Þ

Hence, the selection rule from orbital angular momentum

�S = 0 becomes, naturally, �S = 0, �1 upon inclusion of the

spin interaction, and in general the angular integrals yields

selection rules as in Table 1.

Incidentally, the dominant decay mode for excited states is

often radiationless Auger transitions, including Coster–Kronig

transitions. These have selection rules as listed.

Therefore, for an s-electron ionization (the K, L1 or M1

edges), electric dipole radiation E1 probes p orbitals, electric

quadrupole radiation E2 probes d orbitals, magnetic dipole

radiation M1 probes s orbitals and electric octopole radiation
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E3 probes p and f orbitals. For ionization from a p shell (L2,3

and M2,3 edges), electric dipole radiation E1 probes the s and

d orbitals (usually dominated by the d-orbital interaction)

while E2 radiation probes the p and f orbitals.

For higher-Z systems, inner-shell processes and general

X-ray energies, LS coupling breaks down and intermediate or

jj coupling become the clearer definition of well defined

quantum numbers and hence selection rules (Bransden &

Joachain, 1983). However, the general problem is therefore an

intermediate coupling problem where an eigenstate is defined

by a sum of configuration state functions, which represents a

more complex system but is necessary for high-accuracy

computations (Grant, 1973; Jönsson et al., 2013). Similarly, a

fully relativistic wavefunction requires a yet different para-

metrization (Grant, 2007; see also Fujikawa, 2024).

The dominant A · p term gives X-ray absorption in the

lowest order, and XAFS in higher orders, and resonant elastic

X-ray scattering (REXS, X-ray diffraction) and resonant

inelastic X-ray scattering (RIXS) in the second and higher

orders. The spin term and spin–orbit term are crucial for M1

magnetic dipole radiation and transitions, and are also crucial

for magnetic scattering, and the final term from the higher-

order reduction of the Dirac equation is important for

magnetic scattering and magnetic systems, and also arises as a

first-order perturbation theory; for a 10 keV X-ray, for

example, it is approximately h- !/mc2 ’ 0.02 times the

Thompson term. The magnetic X-ray scattering cross section

vanishes at forward momentum (q = 0) and does not contri-

bute to absorption (Vettier, 1994).

The transition probabilities thus enunciated allow any

manner of inelastic scattering processes including photo-

absorption and elastic scattering as a limiting form, so that the

processes discussed qualitatively at the beginning of this

chapter can now be explored quantum-mechanically as scat-

tering processes, as follows.

7. Scattering

Thomson (1906) derived the classical result for the total

scattering (integrated over angles) of an X-ray by free electrons

�T ¼
8�r2

e

3
; ð67Þ

where re = e2/(mec2) ’ 2.82 � 10� 15 m is the classical electron

radius, the transition amplitude AR = f(q, !) and the terms

multiplying f are the Thomson cross section. The corre-

sponding Thomson differential cross section (Thomson &

Thomson, 1933) for the scattering of unpolarized radiation by

a classical free electron, also not observing the polarization of

the scattered radiation, is

d�T

d�
¼

r2
e

2
ð1þ cos2 �Þ; ð68Þ

where � is the scattering angle through which the wavevector

of the radiation has changed (for diffraction, �B = �/2).

Compton (1923b) recognized that the scattered energy from a

free electron would change:

h- !0 ¼
h- !

1þ
h- !

mec2
ð1 � cos �Þ

: ð69Þ

The differential cross section for Compton scattering from a

free electron, averaged over initial and summed over final

photon and electron polarizations, is given by the Klein–

Nishina formula (Klein & Nishina, 1929) from lowest-order

relativistic quantum mechanics,

d�KN

d�
¼

r2
e

2

!0

!

� �2
!0

!
þ
!

!0
� sin2 �

� �

; ð70Þ

which reduces to the Thomson differential cross section in the

limit !0 ! ! where the scattered photon frequency becomes

that of the incident photon and the cross section becomes that

of an elastic system. Where a second-order process such as

scattering is involved, the differential cross section d�/d� can

be integrated over the 4� range for the vector of the outgoing

photon or electron to yield the total cross section for that

process. The low-energy expansion of the Klein–Nishina

formula for Compton scattering from a free electron (Jackson,

1975; Berestetskii et al., 1982) is given by
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Table 1
Selection rules for multipole transitions.

Allowed
transitions

Electric dipole
(E1)

Magnetic dipole
(M1)

Electric quadrupole
(E2)

Magnetic quadrupole
(M2)

Electric octopole
(E3)

Magnetic octopole
(M3) Auger

Rigorous rules �J = 0, �1 ðJ ¼ 0 6$ 0Þ �J = 0, �1, �2
ðJ ¼ 0 6$ 0; 1; 1

2
6$ 1

2
Þ

�J = 0, �1, �2, �3
ð0 6$ 0; 1; 2; 1

2
6$ 1

2
; 3

2
; 1 6$ 1Þ

�J = 0

�MJ ¼ 0;�1 ð�MJ ¼ 0 6$ 0 if �J ¼ 0Þ �MJ = 0, �1, �2 �MJ = 0, �1, �2, �3 �MJ = 0

Parity �f = � �i �f = �i �f = � �i �f = �i �f = �i

LS coupling One electron jump No electron jump No or one jump One jump One jump One jump No jump
�li = �1 �li = 0, �n = 0 �li = 0, �2 �li = �1 �li = �1, �3 �li = 0, �2 �li = 0
�mli = 0, �1 �mli = 0 �mli = 0, �1, �2 �mli = �1 �mli = 0, �1, �2, �3 �mli = 0, �2 �mli = 0
�si = 0 �si = 0, �1 �si = 0 �si = 0 �si = 0 �si = 0 �si = 0
�S = 0 �S = 0, �1 �S = 0 �S = 0 �S = 0 �S = 0 �S = 0

�L = 0, �1 �L = 0 �L = 0, �1, �2 �L = �1 �L = 0, �1, �2, �3 �L = 0, �2 �L = 0
ðL ¼ 0 6$ 0Þ �J = �1 ðL ¼ 0 6$ 0; 1Þ ðL ¼ 0 6$ 0; 1; 2; 1 6$ 1Þ

Intermediate
coupling

If �S = 0, �L = 0, �1
ðL ¼ 0 6$ 0Þ

If �S = 0, �L = 0 If �S = 0, �L = 0, �1, �2
ðL ¼ 0 6$ 0; 1Þ

If �S = 0, �L = 0, �1, �2, �3
ðL ¼ 0 6$ 0; 1; 2; 1 6$ 1Þ

Intermediate
coupling

If �S = �1, �L = 0, �1, �2 If �S = �1,
�L = 0, �1, �2, �3
ðL ¼ 0 6$ 0Þ

If �S = �1,
�L = 0, �1
ðL ¼ 0 6$ 0Þ

If �S = �1,
�L = 0, �1, �2, �3,
�4 ðL ¼ 0 6$ 0; 1Þ

If �S = �1,
�L = 0, �1, �2
ðL ¼ 0 6$ 0Þ



�KN ¼ �r2
e

R1

� 1

1þ cos2 � þ
k2ð1 � cos �Þ

2

1þ kð1 � cos �Þ

½1þ kð1 � cos �Þ�
2

dðcos �Þ; k ¼
h- !

mec2

’ �T 1 �
2h- !

mec2
þ . . .

� �

; h- !� mec2: ð71Þ

7.1. Polarizations in scattering

For Rayleigh (elastic photon) scattering, assuming that the

atom is not polarized or aligned, there are two independent

scattering amplitudes for the incident and scattered polariza-

tion and wavevector, corresponding to scalars

d�R

d�
¼

r2
e

2
jAj2;

A ¼ "̂ � "̂
0�

M1ðk � k
0Þ þ "̂ � k̂0"̂

0�
� k̂M2ðk � k

0Þ;

k̂ ¼
k

jkj
; ð72Þ

where these are most readily resolved in polarizations in the

plane of scattering "̂k and out of the plane of scattering "̂?.

Then,

"̂? � "̂
0�

? ¼ 1; "̂k � "̂
0�

k ¼ cos �;

"̂? � k̂
0�
¼ k̂ � "̂

0�

? ¼ 0; "̂k � k̂
0�
¼ � k̂ � "̂

0�

k ¼ sin �;

A ¼ "̂k � "̂
0�

k ½M1ðk � k
0Þ cos � � M2ðk � k

0Þ sin2 ��

þ "̂? � "̂
0�

?M1ðk � k
0Þ

¼ "̂k � "̂
0�

k Ak þ "̂? � "̂
0�

?A?: ð73Þ

The nature of the experiment becomes important in deter-

mining the relevant observables and hence the relevant inte-

grals. In general, whenever an experimental (or theoretical)

system does not fully specify the incident photon polarization,

the target orientation and alignment, and where the outgoing

channels may include photoelectrons etc., the density-matrix

formalism is able to represent the observables by statistical

sum or integration (Åberg & Tulkki, 1985). In the limit of

undefined orientation and alignment, the cross section for

scattering photons polarized perpendicular to the plane of

scattering becomes

d�R?

d�
¼ jA?j

2; ð74Þ

with the cross section for scattering photons polarized parallel

to the plane of scattering being

d�Rjj

d�
¼ jAjjj

2; ð75Þ

so that the cross section for unpolarized photons, averaged

over incident-photon polarizations and summed over scat-

tered-photon polarizations, is given as

d�R

d�
¼

1

2
ðjA?j

2 þ jAkj
2Þ: ð76Þ

For Thomson scattering AT
? ¼ � re;AT

k ¼ � re cos �. For the

high-energy limit, AR
? ¼ � reNe;AR

k ¼ � reNe cos �, where Ne

is the number of electrons per atom. For a neutral atom

Ne = Z; however, the (atomic) electrons cannot be treated as

point charges and instead scatter as a form factor which

can follow the form-factor approximation (James, 1962)

AR
? ¼ � ref ðq; !Þ, AR

k ¼ � ref ðq; !Þ cos �, which approaches

Ne for low momentum transfer and approaches zero for high

momentum transfer.

In the form-factor approximation, the differential scattering

cross section for elastic Rayleigh scattering, for unpolarized

photons, averaged over final polarization, is therefore given by

d�R

d�
¼

r2
e

2
ð1þ cos2 �Þjf ðq; !Þj2 ¼

d�T

d�
jf ðq; !Þj2; ð77Þ

where the form factor, equation (38), is the Fourier transform

of the electron density.

Some confusion exists in the literature in definitions of the

form-factor approximation. The simplest is that

f q ¼ kf � ki ¼
2! sinð�=2Þ

c
; !

� �

¼
R
�ðrÞ exp½iðkf � ki � r� dV;

the first-order form-factor approximation, which is known to

be poor and fails to represent any resonances and absorption

edges. Usually there are limitations of the form-factor

approximation at high momentum transfers and high energies,

where h- q� 0.2mc or where the atomic inner-shell electron has

(v/c)2 ’ 1
2
(Z�/n)2 becoming large. In an intermediate regime,

the modified form-factor formalism, mff, which includes a

next-order correction for the (atomic) binding potential, can

improve the accuracy of predictions. This has been used

extensively in developments involving the S-matrix formalism,

with some encouraging results in comparisons of measure-

ments on medium- and high-Z targets with theory (Muck-

enheim & Schumacher, 1980; Kissell & Pratt, 1985; Kane et al.,

1986; Crasemann, 1996). Unfortunately, the more complex

versions of the S-matrix formalism remain highly computa-

tional and no generic tables have been produced on this basis.

Additionally, they are limited by the accuracy of the mff.

The greatest improvement is made by explicitly including

the anomalous scattering factors, allowing high-accuracy

computations for binding: the complex form-factor approx-

imation, cff (Chantler, 1994, 2000). These are also represented

in International Tables for Crystallography Volume C (Chan-

tler & Creagh, 2024). The q-dependence of the anomalous

scattering factors, both real and imaginary, remains a major

question because the predictions are based around the

forward scattering angle (equation 40). To first order, it

appears that the expansion f(q, !) = f0(q) + f 0(!) + if 00(!) is

useful, where f0 is defined by the usual (first-order) atomic

form factor. The additional anomalous scattering factors arise

directly from the second-order perturbation theory expansion

and provide the absorption edges and resonant scattering.

Notice that when the anomalous scattering is included the

form factor is complex, with the real component representing

Rayleigh scattering and the imaginary component repre-

senting absorption from each of the elastic scattering

processes. Additionally, the quality of the result depends

critically upon the quality of the quantum-mechanical wave-

functions, eigenvalues and the software used to generate these.
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Tabulations of atomic form factors obtained using relati-

vistic theory and advanced quantum mechanics are available,

although they do not usually present results for individual

shells or subshells (Chantler, 1995, 2000; Creagh, 1999). These

typically depend upon a simplification of the most advanced

atomic codes using a relativistic but density-functional theory

(DFT) approximation rather than a fully relativistic Dirac–

Hartree–Fock (DHF) approach to the computations (Grant,

2007; Chantler et al., 2010; Pham et al., 2016). The latest

version of International Tables for Crystallography Volume C

includes extensive tables for X-ray laboratory sources etc.

(Chantler & Creagh, 2024) and also presents a detailed

summary of the current agreement of the latest computations

with experiment. In general, this is the state of the art for

comprehensive predictions.

Significant developments in the understanding of these have

been made with the S-matrix formalism, typically within the

modified form-factor formalism, and with attempts at full

relativistic matrix-element calculations.

7.2. Nuclear Thomson scattering

For a point nucleus the nuclear Thomson amplitude is

ANT
? ¼ � reZ2ðme=MÞ, ANT

k ¼ ANT
? cos �; with the finite

nuclear size included the amplitude is approximately

ANT
? ¼ � reZ2 me

M
1 �

!2

3c2
hr2

Ni

� �

:

This in turn can be well approximated by the Fermi model

(Lowe et al., 2013). In areas where both Rayleigh and nuclear

Thompson scattering are observable, for unpolarized photons,

the elastic scattering cross section is

d�R

d�
¼

r2
e

2
ð1þ cos2 �Þ f ðq; !Þ þ

ANT
?

re

�
�
�
�

�
�
�
�

2

¼
d�T

d�
f ðq; !Þ þ

ANT
?

re

�
�
�
�

�
�
�
�

2

:

ð78Þ

A few measurements have confirmed the preceding predic-

tions with ANT ’ O[Z2(me/M)] (Kissell & Pratt, 1985; Ericson

& Hüfner, 1973; Wright & Debevec, 1982).

7.3. Delbrück scattering

The imaginary part of the amplitude for Delbrück scattering

is the absorptive process for pair production and is zero below

h- ! < 2mec2 = 1.022 MeV. The real component is a dispersion

form corresponding to the same vacuum polarization and is

ergo a nonlinear process of quantum electrodynamics (QED)

for which there is no classical analogue. In principle, the real

component is observable below �1 MeV for high-Z neutral

systems such as uranium but is unimportant below 500 keV.

Between 1 and �4 MeV strong interference can occur

between the contributions of Rayleigh, nuclear Thomson and

Delbrück scattering. Experiments (Rullhusen et al., 1983)

suggest that calculations using the lowest-order Born

approximation might be accurate to a few percent for Z < 60.

The effect of these lowest-order QED processes, including

the self-energy and vacuum polarization, are observable at

room temperature and for all atomic numbers in high-accuracy

experiments, especially with medium-Z atoms at the 10� 5 or

10–20 parts per million level for X-ray energies and Lyman

spectra.

7.4. Giant dipole resonances (GDR) and the elastic nuclear

resonance cross section

For photon energies above 1 MeV, the complex nuclear

structure allows nuclear resonances and in particular the giant

dipole resonance. The photonuclear absorption cross section

for the giant dipole (nuclear) resonance can be represented by

a fit of two Lorentzian lineshapes. ANR is purely real for

energies below the (�, n) threshold (for example �7.4 MeV

for 208Pb). Above the onset of the GDR, the nuclear structure

and resonances become more complex (Hayward, 1993).

Above �4 MeV, the GDR and ANR dominate over the elastic

cross sections; although in regions free of resonances the

Delbrück scattering is able to once more be significant and

observable. Normal synchrotron beamlines have maximum

energies well below 100 keV, so the last two elastic and

absorptive processes can be neglected, yet specialized

experiments and facilities do access these higher energy

regions. At low angles (forward scattering) the phases of

Rayleigh and nuclear Thomson scattering (AR, ANT) are both

negative, while the phases of Delbrück and nuclear resonance

scattering are positive.

7.5. Inelastic scattering and fluorescence

In presenting the discussion of complex elastic scattering

amplitudes, we have also explicitly discussed the photo-

absorption amplitudes and cross sections. Following equations

(43), (46), (49) and (51) for the development of perturbation

theory expansions and equations (58), (61) and (62) for the

perturbing time-dependent Hamiltonian, we have the core

equations for inelastic scattering. To lowest order (semi-clas-

sically), and in sympathy with the derivation of the Klein–

Nishina cross section, we have

d2�ij

d!0d�
¼

h- !Pij

I
¼

�

c"0!A2
0

hjjĤ
0
ðtÞjii

�
�
�

�
�
�

2

�ðEj � Ei � h- !Þ;

Ĥ
0
ðtÞ ’ A0

e

m

P

i

½"""k � pi expðik � riÞ þ iS � k� """k expðik � riÞ�:

ð79Þ

Fluorescent scattering, especially as a measurement type for

X-ray absorption spectroscopy, is discussed in Chantler (2024)

and elsewhere. In all such secondary processes, the timing

structure of the experiment and detection becomes important

in estimating the information content obtained.

In elastic scattering, j = i, Ej = Ei + h- !0 = Ei + h- ! and

�ðrÞ ¼ ��n
P

j expð� ik � rÞ�n, so this is equivalent to our

earlier AR
? ¼ � ref ðq; !Þ;AR

k ¼ � ref ðq; !Þ cos � and equation

(77).

By contrast, for inelastic scattering to the same order, h- !0 =

h- ! + Ei � Ej and
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d2�ij

d!0d�
¼

�

c"0!A2
0

P

j6¼i

!0

!
j
P

r

expð� iq � rÞ

�
�
�
�

�
�
�
�i

� ��
�
�
�

�
�
�
�

2

� �ðEj þ h- !0 � Ei � h- !Þ ð80Þ

and is the Compton cross section. At high energies !0 ’ ! and

we note that

P

j6¼i

j
P

r

expð� iq � rÞ

�
�
�
�

�
�
�
�i

� ��
�
�
�

�
�
�
�

2

¼ Ne �
P

i

i
P

r

expð� iq � rÞ

�
�
�
�

�
�
�
�i

� ��
�
�
�

�
�
�
�

2

;

ð81Þ

where the number of electrons per atom Ne = Z in a neutral

atom. Hence, at the same order of accuracy as the form-factor

formalism, one can define an inelastic scattering factor S(q, !)

= Ne � |f(q, !)|2 or S(q, !) =
P

j jhjj
P

r expð� �q � rÞjiij2 �

|f(q, !)|2. The formula for inelastic Compton scattering can

then be generalized from the Klein–Nishina cross section as

�C ¼ �r2
e

R1

� 1

1þ cos2 � þ
k2ð1 � cos �Þ

2

1þ kð1 � cos �Þ

½1þ kð1 � cos �Þ�
2

Sðq;ZÞ dðcos �Þ;

k ¼
h- !

mec2
: ð82Þ

A general discussion of polarization dependence, the tensorial

dependence of the lowest-order and higher order contribu-

tions, especially for inelastic scattering processes, is given

elsewhere in this volume (Paolasini & Di Matteo, 2024; Šipr,

2024; van der Laan, 2024; van der Laan & Figueroa, 2024;

Glatzel et al., 2024) and in the wider literature (Åberg &

Tulkki, 1985; Pratt et al., 1994; Blume, 1994). For the angular

dependence of elastic processes Figs. 5, 6, 9, 10 and 11 of

Kissell & Pratt (1985) are particularly commended, and Fig. 2

of Åberg & Tulkki (1985) for elastic, inelastic and fluorescent

peaks as a function of energy (incident, emission) and angle.

Some authors distinguish inelastic ‘Raman scattering’ repre-

senting lower energy bound–bound excitations or threshold

interactions near the absorption edge, perhaps by distinction

from inelastic ‘Compton scattering’ from bound systems. In

general these processes tend to overlap and are therefore

nontrivial to separate, depending perhaps mainly on the inner-

shell versus outer-shell excitation or ionization. In the high-

energy limit, the photoelectron emission from photoabsorp-

tion is followed by a relaxation of the inner-shell hole in a

second step, with almost no angular dependence; this may be

by Auger electron emission or by X-ray fluorescence, for

example. Hence, in both cases this radiation is isotropic.

Conversely, in the near-edge or threshold region the process

can be seen as a single two-step or higher order process,

resonant Raman or resonant inelastic X-ray scattering, in

which case the spectrum is energy-dependent and angle-

dependent.

Having discussed the individual processes, in the next

section we can now discuss the interaction of these processes

in the quantum interference of X-ray absorption fine structure.

8. Quantum interference of the photoelectron and

X-ray absorption fine structure

Photoionization emits a continuum electron in a near-spherical

wave from the target orbital. The photoelectron scatters

elastically and inelastically from the surrounding electron

density. The backscattered photoelectron wave then interferes

constructively and destructively at the origin, yielding the

phenomenon of X-ray absorption fine structure (XAFS;

Fig. 8).

This structure can be computed from the photoelectron

scattering function, or equally and equivalently it can be

formulated as the modulation of the photoionization event of

the photon absorption. The presentation here is introductory

in nature and leads to later chapters. Standard detailed deri-

vations are given from different perspectives, much of this

following from the work of Stern, Sayers and Lytle (Stern,

1974, 1988; Lee & Pendry, 1975; Ashley & Doniach, 1975;

Durham, 1988). A number of presentations have gone beyond

the simple XAFS equation, particularly in order to develop

important software packages for real analysis (Gurman, 1988;

Natoli et al., 1990; Zabinsky et al., 1995). Interesting intro-

ductions are given in several places (Mobilio, 2015; Bertoni,

2015; Fornasini, 2015; Benfatto & Meneghini, 2015; Kas et al.,

2016; Joly & Grenier, 2016). Other useful discussions and

summaries are noted (Sayers et al., 1970; Lytle et al., 1975;

Stern et al., 1975; Rehr et al., 1978, 1991; Lee et al., 1981; Teo,

1981; Pendry, 1983; Durham, 1983; Rehr & Albers, 1990, 2000;

de Leon et al., 1991; Gurman, 1995).

The starting point of all presentations should be the

perturbation theory photoabsorption cross section, amplitude,

matrix element or form factor based on equations (43), (46),

(49) and (51) for the development of perturbation theory

expansions and equations (58), (59), (60), (64) and (65) for the

perturbing time-dependent Hamiltonian. Some presentations

of the multiple-scattering or XAFS interference provide only

the first-order interference, whether representing the nearest-

neighbour interference (Stern, 1974) or two shells, or two-path
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Figure 8
X-ray energy levels and the transitions leading to XAFS and XANES
(X-ray absorption near-edge structure). Schematic representation of the
interaction of a photon incident on an atom in a material. The atomic
potential well is shown, as are the energy levels of the atomic shells. In
this diagram the X-ray excites an electron from the K shell which can be
promoted into unoccupied states in the vicinity of the K edge.



interference (Ashley & Doniach, 1975). Notice from the

perturbation theory expansion that the sum in each order is

over scattering from the whole potential, i.e. all paths and all

electron density (subject to causality). However, the dominant

contributions are the nearest nuclear potentials with the

corresponding electron density for scattering, so that the

second-order correction can include contributions from all

two-leg paths: photoelectron scattering from nearest neigh-

bours or more distant neighbours, from inner shells or further

shells, while in third-order perturbation theory the sum is over

all three-legged or triangular paths (scattering from one atom,

then from another, then returning to the origin).

Hence in the history of the development of reviews of

XAFS, early work used a point-scattering approximation

corresponding to the atomic positions, while later work used

plane waves and muffin-tin potentials centred at atomic

positions (Lee & Pendry, 1975; Natoli et al., 1990), curved

waves (Gurman, 1988), curved waves to three legs and four

legs and muffin-tin potentials centred at atomic sites (Lee &

Pendry, 1975; Gurman et al., 1986; Rehr & Albers, 1990),

whereas in principle all electron density can contribute in each

order. The transition rate and indeed the whole XAFS or

XANES signal arises in lowest order in second-order pertur-

bation theory (not first-order), or from the second term of the

Born sequence, and may be compared with the ‘atomic’ or

reference absorption coefficient without potential scattering

of the photoelectron wave (the first-order cross section).

Hence, a transition-matrix approach (Durham, 1983, 1988)

requires and uses higher order perturbation theory. Similarly,

the Green’s function approaches and presentations (Ashley &

Doniach, 1975; Rehr & Albers, 1990; Zabinsky et al., 1995) do

not expand the G0 from the nonscattered probability (the

lowest order) but collect the terms from multiple scattering

arising from the higher order perturbation theory expansion,

including the integral form for G(+). As such, the Green’s

function approaches and the multiple-scattering approaches

are and must be isomorphic (Lee & Pendry, 1975), so that the

major variations depend upon the approximations made to

simplify the (relativistic) wavefunction and potential.

Following Lee & Pendry (1975) and Gurman et al. (1986),

we comment that the primary functional fitted in XANES is

�(E) or [�/�](�t)(E), whereas in all conventional XAFS or

EXAFS fitting to date the relevant functional fitted is ideally

�(k),

�ðkÞ ¼

�

�

� �

�
�

�

� �

0

�

�

� �

0

: ð83Þ

In this equation it is assumed that all matrix attenuation and

all attenuation by the nonresonant atoms and electrons has

been removed, so that it is conventional to label this as

isolating the atom and the electron for the relevant photo-

absorption edge involved (for example the Ni K edge if

resonant absorption is by a nickel inner-shell electron etc.) as

*. Similarly, the theory directly relates only to photoabsorp-

tion coefficients, so any measured data would need in principle

to correct for this to achieve amplitude ratios corresponding to

the theoretical calculations. Hence,

�ðkÞ ¼

�

�

� ��

PE

�
�

�

� ��

PE;0

�

�

� ��

PE;0

: ð84Þ

Hence, ½�=���PE is the contribution to the (measured) sample

X-ray absorption that is attributed to the edge under consid-

eration and ½�=���PE;0 is a smooth ‘background’ mass absorp-

tion corresponding to absorption by a free atom. In principle,

the transmission measurement will only measure attenuation

coefficients, including any signal loss due to elastic or inelastic

scattering processes. Assuming, then, that the ‘free-atom’

background is the estimate without any interference channels,

and hence is the prediction for photoabsorption of the first-

order perturbation theory, with variations depending upon the

integral over photoelectron energies and emitted solid angle

and averaging over polarization as might be needed (from

equations 58, 60, 64 and 65), we have to second order

�

�

� �

PE

¼
1

uA

R

�e;E
0
e

h- !Pij

I
d�e dE0e;

h- !Pij

I
¼

�

c"0!

�
�
�
� j; e0

Ĥ
0
ðtÞ

A0

�
�
�
�
�

�
�
�
�
�
i

* +

þ
P

k

j; e0
Ĥ
0
ðtÞ

A0

�
�
�
�
�

�
�
�
�
�
k

* +

kjĤ
0
ðtÞji

D E

Ej þ E0e � Ei � h- !
þ . . .

�
�
�
�

2

� �ðEj þ E0e � Ei � h- !Þ;

Ĥ
0
ðtÞ ’ A0

e

m

P

i

�

"""k � pi expðik � riÞ þ iSi � k� """k expðik � riÞ

þ
eA00

2
expðiK � riÞ """

0
k � """k � i

h- !

mc2
Si � ð"""

0
k � """kÞ

� ��

;

ð85Þ

�

�

� �

PE;0

¼
1

uA

R

�e;E
0
e

h- !Pij;0

I
d�e dE0e;

h- !Pij;0

I
¼

�

c"0!
j; e0

Ĥ0ðtÞ

A0

�
�
�
�
�

�
�
�
�
�
i

* +�
�
�
�
�

�
�
�
�
�

2

�ðEj þ E0e � Ei � h- !Þ: ð86Þ

It is normal, but not necessary, to then theoretically isolate the

active subshell, implying the possibility of separating one

electron, for example |i, 1si, out of the full N electrons (or one

subshell out of all subshells) or the independent electron

approximation so that |ii = �(i)N = �N� 1(i)’1(i)1s = |(N � 1)i,

(1s)ii, implying antisymmetrization etc., and similarly hj; e0j =

�yðjÞN� 1�e0 = hðN � 1Þjj�e0 with an emitted photoelectron

wavefunction. If one defines * for the active subshell as those

processes only including an active transition involving the

single core electron, with no interaction with the non-active-

shell wavefunction, then this implies
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hðN � 1Þjj
Ĥ
0
ðtÞ

A0

jðN � 1Þii ¼ 0

and h(N � 1)j||(N � 1)ii = 1. These (neglected) shake-up and

shake-off processes are very significant near an edge, and are

collective excitations with additional probabilities. They

appear as contributions with shifted (higher) edge energies E00
and have some amplitude and probability as a function of

incident X-ray energy. These are very important in resonant

inelastic X-ray scattering and related techniques. In standard

XAFS analysis at higher energies above the edge, they can be

approximated by a high-energy or impulse limit coefficient

S2
0 ¼ jjhðN � 1ÞjjjðN � 1Þiij

2. If considered as a higher order

effect they can be included in the higher order perturbation

theory and

�

�

� ��

PE

¼
1

uA

R

�e;E
0
e

h- !P�ij

I
d�e dE0e

h- !P�ij

I
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�
�
�
� e0

Ĥ
0
ðtÞ

A0

�
�
�
�
�

�
�
�
�
�
i; 1s

* +

S0þ

P

k

e0
Ĥ
0
ðtÞ

A0

�
�
�
�
�

�
�
�
�
�
k

* +

kjĤ0ðtÞji; 1s
� �

S2
0

Ej þ E0e � Ei � h- !
þ . . .

�
�
�
�

2

� �ðEj þ E0e � Ei � h- !Þ; ð87Þ
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uA

R

�e;E
0
e
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I
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�
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2

S2
0�ðEj þ E0e � Ei � h- !Þ:

ð88Þ

The seagull (Thompson) and relativistic second-order spin

terms are operators that are quadratic in A, and hence impact

upon scattering in the first-order perturbation theory term of

equation (88). Conversely, terms that are first order in A are

intrinsically photoabsorptive and thus only enter into scat-

tering in the second-order perturbation term. Similarly, it is

common in derivations to simplify the interaction (time-

dependent) Hamiltonian to the electric dipole operator for the

active electron following equation (64), whence Ĥ
0
ðtÞ ’

A0ðe=mÞ"""k � pi expðik � riÞ ’ A0eh- !ij"""k � ri. Notice that this

neglects magnetic interactions, the seagull term and all higher

order multipoles and selection rules. In this case, standard

angular momentum probabilities may be determined

following

h- !P�ij;0

I
’

e2h- 2�!ij

c"0

e0 """k � ri

�
�

�
�i; 1s

� ��
�

�
�2S2

0�ðEj þ E0e � Ei � h- !Þ;

’
e2h- 2�!ij

c"0

P

mi

P

l0m0
l0m0 """k � ri

�
�

�
�limi

� ��
�

�
�2

� expð2i�lÞS
2
0�ðEj þ E0e � Ei � h- !Þ; ð89Þ

with a phase offset exp(2i�l), where li, mi are the angular

momentum quantum numbers of the initial-state inner-shell

electron, the sum being over degenerate sublevels of mi; l0, m0

are the angular momentum quantum numbers associated with

a term of the final-state wavefunction. For an isolated or

independent electron approximation the final-state wave-

function, limited by selection rules, corresponds to the final

state of the emitted photoelectron and can be written as a

spherical wave and hence as a radial component multiplied by

a spherical harmonic. As discussed, for example, in Lee &

Pendry (1975), Gurman et al. (1986) and Gurman (1988), in an

isolated atom etc. the matrix element is real so the central

atom phase-shift factor can be factored out.

The next particular issue relates to the higher order scat-

tering, especially of the photoelectron wave and the XAFS

interference either for XANES or XAFS, following any of the

standard derivations using the variations of constants, the U

and T matrices or the Green’s function formalism. Any higher

order contribution can be due to any perturbation in the

Hamiltonian, whether from the time-dependent photon field

or indeed from the time-dependent propagation of the

photoelectron wavefunction scattered from the surrounding

potential. In the latter case, the higher order contribution in

each order comes from a Green’s function propagator to a

scattering potential or electron density (for example at a

muffin-tin atomic region), a T matrix to scatter the incoming

(spherical) photoelectron wave to an outgoing (spherical)

photoelectron wave and a Green’s function propagator to

propagate the outgoing photoelectron wave, ultimately back

to the central atom where the photoemission occurred, to

provide the interference term. Clearly, the sum of all of these

higher order scattering terms in equation (86) can be denoted

Zl0m0;lm. As will be discussed further, this yields

�ðkÞ ¼
1

�

�

� ��

PE;0

P

m0

P

lm;l0m0
l0m0 """k � ri

�
�

�
�lm

� �

� 2ReZlm;l0m0 l0m0 """k � ri

�
�

�
�l0m0

� �
exp½ið�l þ �l0 Þ�S

2
0: ð90Þ

In earlier work, powerful agreement and support was obtained

with only a few terms of the Z expansion into two-leg or other

multiple-scattering paths, or indeed with only a few terms

summed in the G expansion. More recently, experimental data

have been observed to be sensitive to more paths, more legs

and more contributions than previously contemplated, so that

the expansion formalism is in fact very rich and will be

explored in later chapters.

Perhaps to conclude this introductory presentation, and to

point towards developments and derivations in later chapters,

it will suffice to present forms for the standard XAFS equation

for path (bond) distances R, coordination numbers NR,

structural and vibrational variance in path (bond) distances

�2
R, the many-body amplitude-reduction factor (shake, satel-

lite multi-electron processes) S2
0ðkÞ, the effective curved-wave

backscattering amplitude feff(�i, k, R) = |feff(�i, k, R)|exp(i�eff)

for an (i + 1)-legged path, with �i = � for a two-legged path, the

final-state l-wave central atom phase shift �l
c, the mean free
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path of the photoelectron �(k) and the effective photoelectron

wavenumber k = {[2m(E � E0)]/h- 2}1/2 ’ 0.51235(E � E0)1/2

with E in eV and k in Å� 1. Then, for s electron transitions (K

edges, L1 edges, M1 edges, where the initial state has l0 = 0, and

dipole selection rules yield l = l0 + 1 = 1) under these

approximations

�l¼0ðkÞ ’ �
P

j

NjS
2
0ðkÞ
jfeffð�i; k; rjÞj

kr2
j

sin½2krj þ �jðkÞ
l
þ�eff�

� expð� 2�2
j k2Þ exp½� 2rj=�ðkÞ; �jðkÞ�

¼ 2�1 þ � � �: ð91Þ

For p electron transitions (L2, L3 edges and M2, M3 edges,

where the initial state has l0 = 1, and dipole selection rules

yield l = 0, 2) under these approximations, we have two

channels which interfere:

�l¼1ðkÞ ’ �
P

j

NjS
2
0ðkÞ
jfeffð�i; k; rjÞj

kr2
j

�

�

ð1 � 3 cos2 �jÞM02 sin½2krj þ �
0
02jðkÞ�

þ
1

2
ð1þ 3 cos2 �jÞ sin½2krj þ �

0
2jðkÞ�

�

� expð� 2�2
j k2Þ exp½� 2rj=�ðkÞ�;

M02 ¼ jðh2jzj1ih0jzj1i þ h1jzj2ih1jzj0iÞh2jzj1ij
� 2;

�002jðkÞ ¼ �2ðkÞ þ �0ðkÞ þ �jðkÞ: ð92Þ
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