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Abstract
Two characterisations of the Cu Kβ1,3 spectrum are developed, which are robust and
transferable to other experimental x-ray geometries. By observing and considering the
significant contribution of radiative Auger emission to the Kβ profile, we obtain an improved
and more robust characterisation. The contribution of the KM2,3M4,5 and KM2,3N1 radiative
Auger satellites to the Kβ1,3 spectrum is measured to be 1.96%. The contribution of radiative
Auger emission is often significant and should be included in defining characteristic x-ray
spectra. This is a step in the renewed efforts to resolve inconsistencies in characteristic x-ray
spectra between theory and common experimental geometries. The spectrum was measured
using a rotating anode, monolithic Si channel-cut double-crystal monochromator and
backgammon detector. The experimental setup provides insight into the portability of spectral
characterisations of x-ray spectra.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Characteristic atomic spectra have been used for decades in the
range of scientific applications, including plasma spectroscopy
[1, 2], perturbed atomic structure physics [3], laser-produced
plasmas [4], the transition from solid to plasma visualized by
K-radiation excited by suprathermal electrons [5], solid state
[6] and chemical physics [7]. Knowledge of the precise shape
of x-ray spectra is fundamental for applications such as refer-
ence spectra in dense plasma atomic physics and in the cal-
ibration of energy scales in high accuracy x-ray experiments
[8–12]. The study and characterisation of emission spec-
tra gives insight into atomic processes through the empirical
fitting of components attributed to electronic transitions.
Absolute measurement is a necessary component of charac-
terisation; here the transfer and portability of the spectrum is
investigated through a relative measurement. Asymmetries in
the line shape have long been explained by the presence of
spectator vacancies, created when the photo-electron causes
excitation of outer shell electrons, either to the continuum

1 Author to whom any correspondence should be addressed.

(shake off) or higher shell (shake up). Contributions to the
spectrum created in this way are referred to as shake satellites.

The x-ray spectrum of Cu is the most studied of all the
transition metals, with numerous characterisations of the Cu
Kα spectrum reported over the last century [13–22]. However,
there exists very few Cu Kβ characterisations in the literature.
The Kβ spectrum is caused by the transition 3p → 1s, this can
be further split into the Kβ1,3 lines attributed to the hole transi-
tions: [1s] → [3p3/2] and [1s] → [3p1/2]. The energy splitting
of the 3p subshells is significantly smaller than the 2p sub-
shells meaning that the Kβ component lines cannot easily be
resolved and so the spectrum appears as an unresolved doublet.

The best current characterisation of the Cu Kβ profile uses
a sum of five Lorentzians [18]. The fit shows excellent agree-
ment between data and model. However the physical signifi-
cance of each Lorentzian is undetermined. This is in contrast
to earlier work on the Cu Kα spectrum by Deutsch et al, where
each Lorentzian is attributed to an electronic transition and
therefore to specific atomic processes [17].

Alongside experimental investigations, theoretical inves-
tigations give a unique insight into the interaction between
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Table 1. KMM RAE energies according to equation (3). Binding
energies from [37, 38].

KMiMj E(K) E(Mi) E(Mj) RAE edge (eV)

KM1M1 8978.9 122.5 122.5 8733.9
KM1M2 8978.9 122.5 77.3 8779.1
KM1M3 8978.9 122.5 75.1 8781.3
KM1M4,5 8978.9 122.5 0 8856.4
KM2M2 8978.9 77.3 77.3 8824.3
KM2M3 8978.9 77.3 75.1 8826.5
KM2M4,5 8978.9 77.3 0 8901.6
KM3M3 8978.9 75.1 75.1 8828.7
KM3M4,5 8978.9 75.1 0 8903.8
KM4,5M4,5 8978.9 0 0 8978.9

Table 2. KMM RAE energies according to equation (3). Binding
energies from [39].

KMiMj E(K) E(Mi) E(Mj) RAE edge (eV)

KM1M1 8978.9 119.8 119.8 8739.3
KM1M2,3 8978.9 119.8 73.6 8785.5
KM1M4,5 8978.9 119.8 1.6 8857.5
KM2,3M2,3 8978.9 73.6 73.6 8831.7
KM2,3M4,5 8978.9 73.6 1.6 8903.7
KM4,5M4,5 8978.9 1.6 1.6 8975.7

electrons inside the atom and will be crucial in our contin-
ued understanding of intra- and inter-shell electron interaction.
Theoretical determinations of the x-ray spectrum of Cu Kβ
have been performed with an increasing level of sophistication,
driving new theoretical ideas and experimental techniques in
an attempt to improve accuracy and understand discrepancies
[17, 23, 24].

The spectra of the transition metals have been shown to
change with accelerating voltage of the incoming electrons (or
photons). X-ray spectra are obtained when the incoming elec-
tron has sufficient energy to remove a 1s electron in order for a
higher shell electron to decay and emit a photon of characteris-
tic energy. This process results in the diagram lines, Kα1,2 and
Kβ1,3. The energy required to obtain the diagram lines is the
binding energy of the 1s electrons, referred to as the threshold.
When discussing accelerating voltage two regimes are consid-
ered, the near-threshold regime and the well-above-threshold
regime. In the well-above-threshold regime we can consider
the two electron events as two independent non-interacting
processes, modelled by the frozen core or sudden approxima-
tion. When considering near threshold energies, the gradual
relaxation of the higher shell electrons matter and there is sig-
nificant wavefunction overlap, often modelled as the adiabatic
regime.

The shape of x-ray spectra changes across the two regimes,
in the near adiabatic regime we see little evidence of shake
satellite lines as the photo-electron does not have sufficient
energy to free higher shell electrons. As the energy increases
the contribution of the shake satellite lines increases towards
saturation. This evolution of the satellite contribution can be
approximated using the Thomas model—a time-dependent
perturbation calculation [25]—and has been investigated for

various elements experimentally [26–30]. More recently, the
evolution of the hyper-satellite structure with excitation energy
has also been investigated [31, 32].

1.1. The radiative Auger effect

An important decay mode not considered by Holzer et al
[18] is the radiative Auger process. This process involves the
release of an Auger electron as well as the usual photon emis-
sion. However, in this case the available transition energy is
shared between the photoelectron and the photon, causing the
photon to have a lower energy [33]. The radiative Auger effect
(RAE) gives rise to separate satellite lines—radiative Auger
satellites (RAS). These satellites must have energy less than
the parent line but can be extremely broad features. RAS are
defined and named according to the three shells involved—the
shell in which the initial vacancy exists, the shell that the
decaying electron comes from and the shell the Auger electron
is excited from e.g. KMM.

In the non-radiative case, the energy of the Auger electron is
equal to the characteristic energy less the binding energy of the
electron. In the RAE this energy is shared between the Auger
electron and the emitted x-ray. Consider the transition KMiMj

where an aMi electron fills a vacancy in the K-shell emitting
a photon with energy hν and an electron, from the MJ-shell,
with energy ε:

hν + ε = E(K) − E(Mi) − E(M j). (1)

The RAE edge is defined as the maximum allowed photon
energy. This energy corresponds to an Auger electron emitted
with zero kinetic energy. In this case the photon receives all
the allowed energy and we can write:

hν = E(K) − E(Mi) − E(M j) (2)

ERAE edge = E(K) − E(Mi) − E(M j) (3)

e.g. for Kβ1,3 RAE transitions, this becomes:

EKM2M j edge = E(Kβ1) − E(M j) (4)

EKM3M j edge = E(Kβ3) − E(M j). (5)

Associated with the RAE edge is the energy correspond-
ing to the maxima in intensity, Em. For a symmetric function
this will be the peak centroid. Em will always be less than
the RAE edge energy. For symmetric RAE fitting functionals
the difference can be large. However, we expect the transition
probability to be at a maximum when the electron is emitted
with zero kinetic energy and to then drop off slowly with an
increasing electron kinetic energy, ε [34]. This would imply
ERAE edge ≈ Em which cannot be the case for a broad symmet-
ric function. Experimentally the difference between Em and the
RAE edge has been reported to be significant [35, 36].

Table 1 shows the RAE edge energy for each of the Cu
KMM transitions obtained using equation (3). Binding ener-
gies for the K-shell have been taken from [37] and all other
subshells from [38]. Table 2 uses the binding energies from
[39]. The difference in binding energies leads to RAE edge
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Table 3. The KMM RAE percentage contribution to the Kβ1,3 spectrum for various
elements as reported. The functional form used for the RAE is listed.

Element Z KMM (%) Functional form Reference

Mg 12 20(5) Gaussian Limandri et al [36]
Al 13 22(4) Gaussian Limandri et al [36]
Si 14 42.5(28) Gaussian Limandri et al [36]
Ca 20 3.14(47) Not modelleda Budnar et al [35]
Ca 20 4.3(15) 3 Gaussians Kavcic et al [65]
Ca 20 3.26(15) Exponential ⊗ Gaussianb Baptista [68]
Sc 21 10.7(1) 1–4 Gaussians Cipolla [70]
Sc 21 1.39(8) Gaussian Limandri et al [36]
Ti 22 2.44(37) Not modelleda Budnar et al [35]
Ti 22 2.6(2) Left sided Gaussian Bé et al [64]
Ti 22 3.0(11) 3 Gaussians Kavcic et al [65]
Ti 22 8.6(2) 1–4 Gaussians Cipolla [70]
Ti 22 2.62 Exponential ⊗ Gaussianb Baptista [68]
Ti 22 1.12(2) Gaussian Limandri et al [36]
V 23 2.3 Not modelledc Servomaa et al [71]
V 23 6.4(2) Left sided Gaussian Bé et al [64]
V 23 3.8(1) 1–4 Gaussians Cipolla [70]
Cr 24 2.0 Not modelledc Servomaaet al [71]
Cr 24 2.91(58) Not modelleda Budnar et al [35]
Cr 24 3.2(1) Left sided Gaussian Bé et al [64]
Cr 24 2.98 Exponential ⊗ Gaussianb Baptista [68]
Cr 24 13(1) Gaussian Limandri et al [36]
Mn 25 2.4 Not modelledc Servomaa et al [71]
Mn 25 2.5(1) Left sided Gaussian Bé et al [64]
Fe 26 1.6 Not modelledc Servomaa et al [71]
Fe 26 2.5(1.4) 3 Gaussians Kavcic et al [65]
Fe 26 3.5(4) Left sided Gaussian Bé et al [64]
Fe 26 3.8(1) 1–4 Gaussians Cipolla [70]
Fe 26 17.4(8) Gaussian Limandri et al [36]
Co 27 1.4 Not modelledc Keski-Rahkonen et al [45]
Co 27 6.8(2) Left sided Gaussian Bé et al [64]
Co 27 3.79(4) 6 Gaussians Seetharami et al [44]
Ni 28 1.2 Not modelledc Keski-Rahkonen et al [45]
Ni 28 1.7(1) Left sided Gaussian Bé et al [64]
Ni 28 7.6(4) Gaussian Limandri et al [36]
Ni 28 3.43(3) 6 Gaussians Seetharami et al [44]
Cu 29 1.1 Not modelledc Keski-Rahkonen et al [45]
Cu 29 1.2(1) Left sided Gaussian Bé et al [64]
Cu 29 2.40(3) 1–4 Gaussian Cipolla [70]
Cu 29 3.349(171) — Cengiz et al [72]
Cu 29 3.24(3) 6 Gaussians Seetharami et al [44]
Zn 30 1.4 Not modelledc Keski-Rahkonen et al [45]
Zn 30 3.7(3) 1–4 Gaussians Cipolla [70]
Zn 30 6.1(4) Gaussian Limandri et al [36]
Zn 30 3.05(3) 6 Gaussians Seetharami et al [44]
Ga 31 2.91(3) 6 Gaussians Seetharami et al [44]
Ge 32 4.1(4) 1–4 Gaussians Cipolla [70]
Mo 42 1.14(9) 1–4 Voigts Herren et al [66]
Ru 44 1.36(9) 1–4 Voigts Herren et al [66]
Pd 46 0.99(8) 1–4 Voigts Herren et al [66]
Cd 48 0.46(7) 1–4 Voigts Herren et al [66]
Sn 50 0.36(5) 1–4 Voigts Herren et al [66]

aObtained as the difference between the fit and the measured spectrum.
bRAE probabilities were calculated theoretically. RAE structure was modelled as an exponential
convoluted with a Gaussian; ⊗ convolution.
cOnly includes contributions from the 3s and 3p electrons. Obtained as the difference between the
fit and the measured spectrum.
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energy differences ≈ 0–6 eV. Unfortunately the x-ray tabula-
tions of [40] do not include M-shell binding energies. How-
ever, the-K shell energies are consistent with [39] within 1 eV
(8980.476(20) eV from direct measurement of the extremum
of the derivative spectrum [41]; 8980.5(10) eV derived using
outer shell binding energies). Whilst [41] is an absolute mea-
surement and perhaps the best currently available, it is depen-
dent upon a possible pre-edge bound–bound structure and
is dependent upon experimental resolution and temperature.
Hence, the uncertainty in applying the derivative definition
to the experimental measurement and calibration is a larger
uncertainty than the original measurement.

Hence, as a rough estimate, table 1 has an error or uncer-
tainty of 2.5 eV for the K-edge; and something similar for the
M1, M2, M3 and M4,5 edges. Transparently the M4,5 edges are
bound and not at the continuum so this error is of order 1.6
eV. Conversely, table 2 has an error or uncertainty of approxi-
mately 1.6 eV for the K-edge; perhaps 1–2 eV for M1; perhaps
2.2 eV for M2 or M3 given that they are non-degenerate; and
maybe less than 1 eV for M4,5. The net result is that table 2 is
expected to be more accurate yet still have an uncertainty of
approximately 3 eV for the RAE edge energies. The angular
momentum coupling strongly impacts the KM1Mj and KM2Mj

energies [34, 42–44], and for Cu the main separation of the
doublet is predicted to be 7.5 eV [45].

KMN Auger profiles exist, yet the small or negligible bind-
ing energy of the N-shell electron means that their edge will
coincide with the relevant Kβ transition. In our current spectra,
any KM1Mj RAS will lie below the spectral region observed,
as will any KM2,3M2,3 RAS; and any KM4,5M4,5 RAS and
the Kβ2,5 spectral line from KM4,5 will lie above the energy
range of the spectrum although one might see a small back-
ground tail function. Hence in the spectral region of interest,
the KM2,3M4,5 RAS, a narrow doublet will dominate the RAS
observed in the data.

Kawai et al, and other authors, have studied the relation-
ship between an RAE satellite structure and x-ray absorption
fine structure (XAFS) [46–49] and used this to measure an
XAFS-like structure in the RAE spectra for various elements
including Na, Si, Al and Mg [50–53]. This relationship has
also been studied theoretically using molecular orbital mod-
els and one-step quantum mechanics [54, 55]. These ideas
promote the potential of new techniques; a deeper under-
standing of RAE processes and structure will help realise this
potential.

The value of modelling x-ray spectra using analytical
functionals is given by the strength of conclusions that can
be drawn about the atomic processes involved in creating
the spectra. In 1974 the Kα/Kβ transition ratio, obtained
through theoretical single potential relativistic Hartree–Slater
calculations [56–58], were compared to experimental results,
obtained through x-ray spectroscopy and fitting functions, over
a range of atomic numbers (12 < Z < 100) [59]. Across all Z,
the theoretical predictions underestimated the ratio obtained
through the experiment. Figure 2 of Berenyi et al [60] shows
that this discrepancy persists when comparing relativistic
Hartree–Fock calculations [61], including the exchange effect
of the nonzero overlap between subshells, with experimental

results. It is troubling that theory and experiment disagreed
across the literature for the majority of the periodic table, sug-
gesting that some key pieces of physics were missing. In 1986
this discrepancy was investigated through modelling RAE with
a Gaussian [62]. This has been repeated with some success [63,
64]. This highlighted the need for inclusion of RAE, yet the
shape of the RAE satellites are still unknown and continue to
be overlooked in many investigations.

In the literature there have been several approaches to
implementing the shape of the RAS. One method is to examine
the residual of fits that make no attempt to model it. This has
been done for specific elements and shows the RAS to have
broad features on the low energy side of the main lines [34,
35]. Another method is to use one or more Gaussian or Voigt
functions to represent each RAE peak [36, 62, 65, 66]. Such
functionals do not match the expected antisymmetric shape.
Modelling the RAS using similar functionals as discrete peaks
may lead to large correlations between fitting parameters. Bé
et al [64] used ‘Gaussians with left-sided tails’ to model the
RAE to account for antisymmetry empirically. Although this
fits better than Gaussians, residuals remain on the low energy
side of the main peaks, in common with [67]. Alternatively
the RAS have been modelled using more exotic analytic func-
tions, the basis of which are varied. Baptista et al model the
RAS as exponentials convoluted with a Gaussian. This repre-
sents some asymmetry; however their choice of shape is not
justified [68].

Enkisch et al [26] have modelled the KMN RAS in the Cu
Kβ spectrum using the function:

IRAS(E) =
Ied(E−E0)

e(E−E0)/w + 1
(6)

where d is the decay factor, w is the half width at half maxi-
mum of the parent line (Kβ1,3), E0 is the edge energy and I is
an amplitude factor. The decay factor d accounts for the low
energy tail of the RAS whilst the Fermi function, characterised
by w, provides the steeper drop on the high energy side. Includ-
ing this function yields modest residuals on the low energy
shoulder of the Kβ1,3 spectrum.

The contribution of the RAE to the Cu Kβ1,3 spectrum was
first estimated by Keski-Rahkonen, giving a result of 1.1%.
This was estimated by looking at the integrated intensity of the
residuals compared with the dominant Kβ1,3 line, rather than
modelling the component and finding the integrated intensity
[45]. Limandri et al modelled the RAS in the Kβ x-ray spec-
tra using a Gaussian function for several elements excluding
Cu, obtaining a contribution to the total spectrum ranging from
1.12% for Ti, to 42.5% for Si [36]. Some of these are infeasi-
bly high due to the RAE Gaussian stealing intensity from the
purely radiative decay processes in the spectrum. Modelling
the KMM RAS across elements Z = 22–29 as an asymmet-
ric Gaussian produced contributions as small as 1.2(1)% for
Cu and as large as 6.8(2)% for Co [64]. Table 3 shows the
KMM contribution to the Kβ1,3 spectrum found in the literature
for various elements. Also shown is the method for estimat-
ing the contribution, from fitting or counting residuals. There
are large discrepancies between percentages even when using
the same modelling function. The contribution does appear
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to decrease with Z as expected. Theoretical predictions are
given by Scofield for five elements: Ar, Fe, Kr, Zr and Xe.
For comparison, interpolation has often been used to find the
value for other elements; yet it is known that these probabili-
ties are strongly discontinuous functions with atomic number
Z [69].

Although shake-satellites and RAS both contribute to the
asymmetry of the spectrum, they do so in fundamentally dif-
ferent ways. The shake-satellites are non-degenerate (discrete)
because of the spectator vacancy during the emission of the
measured x-ray. This vacancy is created by a sudden change in
electron configuration when the initial 1s electron is removed.
The energy of the emitted electron has no influence on the
energy of the measured x-ray, however the energy of the
bombarding particles will affect the contribution of the shake
satellites to the spectrum.

Conversely, RAS are created by the change in electron con-
figuration when the higher shell electron (3p in the Kβ case)
decays. In this case, the energy of the emitted x-ray is shared
with the electron but the contribution to the spectrum is not
affected by the energy of incident particles [34].

2. Experimental setup

A MacScience SRA M18XH1 water-cooled rotating anode
was used to generate the Cu Kβ spectrum. The spectrum was
measured using a backgammon type multi-wire gas propor-
tional counter. A 10 mA current was passed through a tungsten
filament producing a stream of electrons incidents on a Cu
anode at 20 kV. X-rays exited the rotating anode through a 1
mm slit. The beam was diffracted using a monolithic Si(111)
channel-cut crystal, attenuated using aluminum foils and then
projected onto the detector face. Full details of the experi-
ment, detector and initial processing steps are described in
[73].

3. Deconvolution

The natural line shape of x-ray spectra has been modelled
well in the past using the sum of Lorentzians [14]. In all
experiments there will be some sources of inhomogeneous
broadening that will need to be removed, usually through
deconvolution, or including the fit by use of Voigt functions.
In the second case, if the fit to the data is satisfactory, set-
ting the Gaussian parameter to zero will result in the natural
line shape that would otherwise be obtained through deconvo-
lution. We have performed deconvolution successfully; how-
ever, it requires uniform broadening across the energy range
and accurate knowledge of the instrument function, possibly
obtained through a detailed Monte Carlo simulation.

The data obtained here has significant inhomogeneous
broadening. To remove this, a deconvolution was performed
through fitting the data to the model function shown in
equation (A.1) with parameters from [18], setting the com-
mon broadening parameter to zero and then adding the resid-
uals. The accuracy of this approximation can be tested. The
goodness of fit, the reduced chi-squared, χ2

r is 1.78. The result

Figure 1. The black line shows the raw spectrum, including
Gaussian broadening. The red line shows the deconvolved data,
modelled using the best available Kβ parameterisation [18] and
yielding χ2

r = 1.78. Hence our data is fully consistent with [18] and
deconvolving provides a good approximation to the natural line
shape.

in figure 1, is well-fitted with residuals similar in shape and
magnitude to [18]. The Gaussian broadening removed had a
full-width half-maximum fwhm of 10.02 eV. This model also
allowed for common homogeneous broadening, through an
additional common Lorentzian parameter; for this data the
additional instrument functional Lorentzian broadening was
found to be zero. This procedure also determined the energy
scale of our data.

4. Fitting

We then refitted the spectrum to search for variation of param-
eters and robustness. A Levenberg–Marquardt least-squares
process [74] fitted the model function to the deconvolved data.
Each parameter was left free, yielding parameters given in
table 4. The energy scale has been calibrated in the decon-
volution process. Figure 2 shows the five Lorentzian fit and
residuals. The model function is consistent with the data with
only a slight improvement on the parameters of [18], reflected
in the reduction of χ2

r from 1.78 using the characterisation of
[18], to 1.76 for our characterisation.

The validity of our deconvolution method can be tested by
applying our characterisation, obtained from the deconvolved
data, to the original data using the sum of five Voigt pro-
files (figure 3, χ2

r = 1.76). This again provides a smaller χ2
r

than when we use [18], so the deconvolution process appears
valid.

5. RAS consideration

The origin of the low energy βd contribution (elsewhere called
Kβ′ [17, 23, 75–77]) is the least clear feature in the spectrum.
Over the years several explanations of this feature, found in
all the transition metals, have been considered leading to a

5
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Table 4. Parameters obtained after fitting the deconvolved data.
Numbers in parentheses are one standard error uncertainties. χ2

r was
1.76. The lower panel shows the characterisation of [18], for
comparison.

This work

Peak Energy (eV) FWHM (eV) Integrated intensity (%)

Kβa 8905.519(11) 3.420(74) 46.92(180)
Kβb 8903.101(26) 3.462(71) 24.71(108)
Kβc 8908.432(46) 3.821(264) 12.83(156)
Kβd 8897.661(89) 8.339(141) 10.62(29)
Kβe 8911.482(195) 5.419(230) 04.92(73)

Hölzer et al [18]

Peak Energy (eV) FWHM (eV) Integrated intensity (%)

Kβa 8905.532(2) 3.52(1) 48.5(2)
Kβb 8903.109(10) 3.52(1) 24.8(2)
Kβc 8908.462(20) 3.55(3) 11.0(2)
Kβd 8897.387(50) 8.08(8) 10.0(2)
Kβe 8911.393(57) 5.31(8) 5.5(2)

Figure 2. The five Lorentzian sum fit to the deconvolved data improves upon the fit obtained using the parameters from [18]. Parameters of
each component are shown in table 4. The panel below shows the residuals of the fit (in black) and one standard error envelope (blue line).
Residuals are well-behaved but also show some small structure.

range of investigations over several branches of physics and
chemistry. The most likely explanation is the 3d spectator
hole transitions seen in Pham et al [24, figure 3] and Deutsch
et al [17, figure 10]. However, both show significant residuals
around 8897 eV indicating that some other process may cause
the peak at this energy. Other explanations of this line include
an exchange interaction between the 3p hole and the incom-
plete 3d shell [75]. However, this explanation implies that the

line should be absent in the Cu spectrum as here the 3d shell
is full [78]. Another explanation considers the Kβ1,3 photon
losing energy through plasmon oscillation in the conduction
band and thus creating a low energy satellite [76, 79]. Deutsch
et al [17] suggested that in the presence of 3d hole states an
exchange interaction between 3d holes and 2p hole in the final
state was responsible. However, some proportion of the line
can be explained by RAS that occur when the atom is excited
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Figure 3. The five Voigt sum fit to the raw data, using the parameters obtained from fitting the deconvolved data (figure 2). The fit produces
χ2

r = 1.76: our parameters fit both the raw and deconvolved spectra slightly better than [18].

(shaken) by the 3p electron that fills the 1s vacancy. Then the
emitted photon transfers some of its energy to the Auger elec-
tron, meaning that these satellites will always lie on the low
energy side of the diagram lines. They can be extremely broad
features, extending over hundreds of eV [26]. RAS are one
explanation of the residuals around 8897 eV shown in theo-
retical calculations by Pham et al [24, figure 3] and Deutsch
et al [17, figure 10].

The contribution of the KMM RAS to the Cu Kβ spec-
trum have been shown to be on the order of 1–3% following
table 3 [44, 45, 61, 64, 70]. Tables 1 and 2 show the RAE edge
for each of the KMM RA transitions. The only two RAS we
expect to be present in our spectrum are the KM2,3M4,5 and
KM2,3N1, with edge energies within 8901–8906 eV. Interest-
ingly, none of the RAE contribution to the Cu Kβ spectrum
previously reported have been attributed to KMN transitions
[44, 45, 64, 70]. Because the 3p1/2 and 3p3/2 levels are close
in energy it is common practice in the literature to model the
KM2,3Mj structure with one analytic function, rather than fit-
ting KM2Mj and KM3Mj separately or rather than fitting the
eigenvalues for the angular momenta for the coupled electron
wavefunctions.

Here we model the inclusion of RAS in the Cu Kβ
spectrum. The entire RAS structure was modelled using
equation (6). The intensity was left free, w was set to the half
width at half maximum of Kβ1,3 and d was tied following [26].
The edge energy, E0, could be tied to a theoretical value from
the binding energies of the subshells (equation (3)) or left as
a free parameter. The fit is undefined if several RAS are mod-
elled simultaneously in this spectrum. Leaving the edge energy
as a free parameter gave a value of 8906.0 eV (table 5), slightly

Table 5. χ2
r for a given E0. For all columns except the first E0 was fixed.

Free Enkisch et al [26] KM2,3N KM3M4,5 KM2M4,5

E0 8906.0 8900.8 8905.5 8903.8 8901.7
χ2

r 1.583 1.582 1.582 1.582 1.582

higher than using equation (3) yet with a very large uncer-
tainty; this change had no significant effect on the other fitting
parameters or χ2

r .
Figure 4 shows the deconvolved spectra fitted using five

Lorentzians and the RAS modelled as described above. The
parameters, in table 6, show a very significant divergence from
the earlier fit, especially for the integrated intensity of the satel-
lite lines. Although each of the RAS, KM2M4,5, KM3M4,5 and
KM2,3N1, have their own edge energies and origin, here they
were modelled as a single RAS. The resolution and the narrow
energy separations implied that the RAS were not separately
identifiable and became heavily correlated.

The angular momentum coupling of the two holes will also
affect the energies of the radiative Auger photon—resulting
in a further splitting of the RAS. For the KM2,3M4,5 transi-
tions there are six ways to couple. Although little work has
been done on the momentum coupling of the KMM transition
we can consider the work on LMM transitions for inspiration.
Experimentally in the LMM transitions the 1F and 3D lines
appear dominant and separated by roughly 7.5 eV [80, 81].
Modelling each of these angular momentum coupling states
individually in our spectra gave no improvement to using a sin-
gle RAS function. The individual states could not be resolved.
Distinguishing these lines is more feasible when investigating

7
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Figure 4. The right panel shows five Lorentzian fit now including a contribution from RAS, modelled using equation (6). χ2
r is reduced to

1.58 by including RAS, indicating the significance for obtaining transferable parameterisations. The left panel shows the same fit on a log
scale to emphasise the RAS. The lower left box shows the residuals of the fit.

Table 6. The parameters of the fit with the inclusion of the RAS
satellite. Numbers in parentheses are one standard error uncertainties.
χ2

r = 1.58. Iint is the integrated intensity to the total spectrum across
the fitted energy range. Iint∗ is the integrated intensity calculated over
all energies. The only significant difference between these two
columns relates to the RAS profile which according to the functional
form used has a very large tail and so contributes much intensity
outside the fitting range. The RAS parameters d and w were defined
in accordance with [26]. w is the half width at half max of the Kβ1,3
line. The KM3M4,5E0 was chosen for the dominant RAE component
on the basis of statistical degeneracy (table 5).

Peak Energy (eV) FWHM (eV) Iint (%) Iint∗ (%)

Kβa 8905.535(12) 3.392(76) 45.84(177) 44.33(172)
Kβb 8903.118(28) 3.623(72) 26.43(117) 25.64(114)
Kβc 8908.347(49) 3.360(335) 09.17(195) 8.87(189)
Kβd 8897.325(74) 6.571(207) 07.09(31) 7.22(31)
Kβe 8910.430(360) 7.268(218) 09.52(164) 9.75(168)

E0 (eV) w (eV) Iint (%) Iint∗ (%) d (eV−1)

RAS 8903.8 2.96 1.96(15) 4.19(31) 0.023

RAS further away from the dominant Kβ lines, however these
features do not affect the Kβ1,3 characterisation.

As discussed, some authors have approximated the RAS
with symmetric functions—Gaussians or Voigts. With our data
these symmetric options resulted in much worse fits and higher
χ2

r as expected, compared with using equation (6).
The functional form for the shape of RAS in x-ray spec-

tra is not clear in the literature. The function suggested by
Enkisch et al [26] was chosen in this research primarily
because it provided the necessary antisymmetric shape and
consistently produced fits with lower χ2

r when compared to
Gaussian or Voigt profiles. Furthermore, the simplicity of the
function means only two parameters have to be added to the fit-
ting function. Table 3 demonstrates the lack of antisymmetric
alternatives.

6. Analysis

The two prominent peaks (βa and βb) can evidently be iden-
tified by the diagram lines, Kβ1 and Kβ3, resulting from
transitions [1s] → [3p3/2] and [1s] → [3p1/2]. The other three
spectral components (βc,d ,e) are expected to be dominated by
spectator vacancies. This interpretation yields a satellite line
contribution of 0.287 or 28.7%, in good agreement with the
results of Deutsch et al, obtained through the empirical fitting
of single and double crystal spectroscopy data [17], and with
multi-configurational Dirac–Fock calculations applied to the
same data [82, 83].

Earlier work focussed on the 3d hole transitions, [1s3d] →
[3p3d] yielding a 3d shake probability ≈ 30%. However, the
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Table 7. Difference in parameters of our five Lorentzian fit from
[18]. The lower panel shows the difference as a fraction of the sum
of 1σ (standard error) uncertainties.

Difference

Component Energy (eV) FWHM (eV) Area (%)

Kβa −0.014 −0.010 −1.584
Kβb −0.008 −0.058 −0.091
Kβc −0.030 0.271 0.827
Kβd 0.274 0.259 0.628
Kβe 0.201 0.109 −0.580

Difference w.r.t. parameter standard errors

Component Energy (eV) FWHM (eV) Area (%)

Kβa −1.010σ −1.187σ −0.778σ
Kβb −0.223σ −0.716σ −0.071σ
Kβc 0.458σ 0.923σ 1.030σ
Kβd 1.973σ 1.173σ 1.342σ
Kβe 0.794σ 0.351σ −0.613σ

latest theoretical calculations indicate a lower shake probabil-
ity for the 3d shells and that other spectator vacancies make a
significant contribution. Pham et al use multi-configurational
Dirac–Hartree–Fock to predict the contribution from 4s and
3p holes as 12.43% and 7.74%, respectively [24]. The 4s
satellite structure is almost identical in energy to the diagram
lines, so any contribution from the 4s satellite structure will be
included in the fitted βa and βb components.

Although the fit here is empirical, we can make a prelim-
inary discussion on the origin of each of the lines by com-
paring to [24]. The ‘stick diagrams’ [24, figure 2] show the
structure of each of the hole satellites as determined using
MCDF. Comparing this to figure 4 indicates that our Kβc

component is likely made up of several different hole transi-
tions: [1s3d] → [3p3d], [1s3p] → [3p2] and to a lesser extent
[1s3d2] → [3p3d2]. The Kβd component lines up well with
the low energy 3s contribution caused by the [1s3s1/2] →
[3p3s1/2] transitions. However according to the ab initio prob-
abilities calculated by Pham et al this transition is much too
weak to produce a line as strong as the Kβd line. Alterna-
tively our Kβd line may be caused by a combination of the low
energy 3d and 3d2 hole transitions, as well the RAE. Lastly,
the high energy Kβe component is created through high energy
3d and 3d2 hole transitions. We expect the widths of each of
the components, especially Kβd and Kβe, to be larger than the
natural line widths of the transitions because there are multi-
ple transitions contributing to each Lorentzian. This explains
the widths of Kβa,b being slightly larger than theoretical val-
ues of [84]. The widths of the other components are signif-
icantly larger than that of an individual theoretical transition
width because these components need to account for multiple
complex satellite structures and in some cases the structure of
double satellite transitions [24].

Our characterisation is generally consistent with that by
Holzer et al [18]. The largest discrepancies, almost 2σ, are in
the parameters of the low energy βd satellite. The shift in each
parameter is shown in table 7.

Despite Cu being one of the most investigated of all x-ray
spectra there exists very few full characterisations or measures
of the fwhm of the Cu Kβ spectrum in the literature. The fwhm
of our Kβ1,3 spectrum was measured to be 5.913(1) eV similar
to that found by Holzer et al at 5.92 eV. Earlier fwhm measure-
ments were made by Obert and Bearden [85] and by Edamoto
(using x-units) [86], who report fwhms of 6.01 eV andbreak
6.49 eV, respectively.

A comparison of tables 4 and 6 show significant differences,
especially in the satellite parameters, upon the inclusion of the
RAS profile. The reduction inχ2

r indicates that the RAS feature
makes an improvement, and is a real and important contributor
in explaining the shape of x-ray spectra and their transferabil-
ity. The estimation of significance is particularly presented by
the F-test, which depends on the change of χ2 rather than χ2

r .
In this case Δχ2 is 173, so quite significant. The formal F test
can be used to determine whether this change in significant.
Consider the F statistic,

F =
Δχ2

χ2

Ndof

Δp
(7)

where Ndof is the number of degrees of freedom in the model
we are testing (in our case the RAE model) and Δp is the dif-
ference in the number of parameters of the two models. In
order for the F-test to pass, the F statistic must be greater
than the critical value of the F-distribution for some level of
confidence, e.g. 95%, α = 0.05. This critical value takes into
account the degrees of freedom, Δp, Ndof through the param-
eters of the F-distribution (often labelled v1 and v2). For our
data the F statistic is far grater than the critical value F ≈ 56 �
Fv1,v2,0.01 = 6.66, meaning we can say with > 99% confidence
that the model that includes a functional form for the RAE is
significantly better than the five Lorentzian sum model.

The strength of the empirical fitting of Lorentzians or Voigts
to the x-ray spectra is the link with electronic processes, such
as shake and radiative Auger processes. The literature has not
had great success in attributing specific atomic processes to
each Kβ component—as we have done with Cu Kα. Nonethe-
less, by correctly attributing some of what has long been called
Kβ′ to RAS we are a step closer to the realization of such
a characterisation. This task is made difficult for Kβ spec-
tra by the experimental resolution and the significant overlap
between components.

Theoretical predictions suggest that the RAE contribution
to the Kβ spectrum are roughly an order of magnitude larger
than in the Kα spectra [61], so investigation of the RAS func-
tional form is ideal in the Kβ spectrum. The exact shape of the
RAS contribution is currently ill-defined. Investigations into
the structure are ongoing and important.

7. Conclusion

The five Lorentzian fit provides an improved alternative,
reflected in a lower χ2

r , to the characterisation given by [18]
while also displaying the robustness of the characterisation
across experimental geometries. Residuals around the Kβd

line continues to show the largest inconstancies and leads
us to the second characterisation. Despite the RAE being a
significant atomic process, RAS have often been neglected
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when modelling x-ray spectra, leading to errors in transferabil-
ity of reference characterisations and the conclusions drawn
from empirical fits. Here we demonstrate that modelling the
RAS with an analytic function alters the other components
of the characterisation quite significantly. Modelling the RAS
offers a superior fit, yielding a lower χ2

r , and explaining long
standing residuals in Cu Kβ1,3 fits around the troublesome low
energy shoulder. More work on the precise shape and func-
tional form of RAS satellites is required, so that these con-
tributions can be well understood and documented in x-ray
characterisations.
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Appendix A. Fitting function

The function used to model the spectrum is the sum of five
Voigt functions and background parameters B(E):

f (E) =
5∑

i=1

Vi(E; γi, σ, Ei, Ai) + B(E) (A.1)

where the ith Voigt is given by:

Vi(E; γi, σ, Ei, Ai) =
Ai

σ
√

2π

∫ ∞

−∞

γie−x2/(2σ2)

π[(E − Ei − x)2 + γ2
i ]

dx

(A.2)

and γ i is the Lorentzian broadening parameter (γ is the half-
width half-maximum of the Lorentzian or fwhm/2), Ei is the
centroid position and Ai is the integrated area of the Lorentzian.
The Gaussian broadening parameter, σ, represents the com-
mon instrumental broadening.

The goodness of fit is characterised by χ2
r .

χ2
r =

χ2

Ndof
(A.3)

where Ndof is the number of degrees of freedom.
The energy scale has been calibrated using [18], specifically

the energies of the Kβ1 and Kβ3 components. The uncertainty
in the number of counts in each channel of the detector was in
our case very close to Poissonian (ΔIi =

√
Ii).
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[67] Lépy M C, Bé M M and Plagnard J 1997 Processing of x-ray
spectra using a peak shape calibrated Si(Li) detector AIP
Conf. Proc. 392 1067–70

[68] Baptista G B 2001 K-MM radiative-Auger transition probability
calculations for Ca, Ti and Cr J. Phys. B: At. Mol. Opt. Phys.
34 389–404

[69] Krause M O and Oliver J H 1979 Natural widths of atomic K
and L levels, Kα x-ray lines and several KLL Auger lines J.
Phys. Chem. Ref. Data 8 329–38

[70] Cipolla S J 1999 K x-ray production cross sections, Kβ/Kα, and
radiative Auger ratios for protons impacting low-Z elements
Nucl. Instrum. Methods Phys. Res. A 422 546–50

[71] Servomaa A and Keski-Rahkonen O 1975 K to M ˆ2 radiative
Auger effect in transition metals. I J. Phys. C: Solid State
Phys. 8 4124
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