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High-accuracy MCDHF Cu Kα and Cu Kβ diagram spectra and major satellites are presented. Spectral 
eigenvalues reach a theoretical expansion convergence of 0.03 eV or 0.00025%, with gauge and amplitude 
convergence to 0.7% for Cu Kα diagram spectra. Dominant theoretical spectral eigenvalues are shown 
to be within 0.032 eV of experimental data. Ab initio shake-off contributions are presented in terms of 
total probability from each subshell and as separated single and double shake probabilities. Discrepancies 
between theory and experiment in copper X-ray spectra arise from profile asymmetries, relativistic 
terms and shake spectra not yet accounted for. These results and this improved agreement provide key 
fundamental parameters for processes towards XFEL evolution and resolving key discrepancies between 
theory and experiment.

© 2021 Elsevier B.V. All rights reserved.
The Kα spectrum results from the 2p → 1s decay following 
photoionisation of the core 1s electron. For relatively heavy atoms, 
fine splitting between 2p states result in the two distinct peaks 
due to the transitions 2p3/2 → 1s (Kα1) and 2p1/2 → 1s (Kα2). 
The Kβ spectrum arises from 3p3/2 → 1s (Kβ1) and 3p1/2 → 1s
(Kβ3). The copper photoemission spectrum is the most commonly 
used radiation source in diffraction and scattering experiments. 
Hence, the Cu Kα and Kβ X-ray emission spectra are the most 
widely studied [1–12]. This recent collective effort is driven by the 
desire to understand and predict the asymmetric peaks that have 
been repeatedly observed experimentally. The asymmetry strongly 
suggests that there are other transitions beyond the simple bound-
bound diagram transitions, pointing to physical processes yet to be 
explained or fully understood, referred to as satellite lines.

Several ideas have been proposed to explain the additional 
structure [13–16] and for molecular and solid state systems and 
crystals the influences of band and molecular orbital theory can 
be dominant. The most widely accepted view is that the addi-
tional structure, satellite lines, are caused by shake processes [17]. 
With the ionisation of a 1s electron, the system is no longer in 
an eigenstate of the atomic Hamiltonian. As the wavefunction re-
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laxes, there is a probability that additional electron(s) are excited 
to higher shells (shake-up) or ejected into the continuum (shake-
off), resulting in more excited state possibilities and hence addi-
tional transitions other than the diagram lines. Even within this 
picture, there are several explanations that have been proposed, 
depending on the incident photon or excitation energy [18–20]. In 
the high-energy limit, often referred to as the sudden approxima-
tion limit, the photoionisation occurs within a much shorter time 
frame than orbital relaxation, and thus the shake-off probability 
can be extracted from the wavefunction overlap between the ini-
tial and final state, which emphasise the need for highly accurate 
wavefunctions.

X-ray free electron laser (XFEL) sources involve similar pro-
cesses and cross-sections as obtained by X-rays at synchrotrons 
or laboratory sources, especially at onset, but in time-resolved 
mode. The processes of detection of copper emission spectra are 
also similar. Data on the 3d transition metals has been collected 
at XFELs [21]. Theoretical understanding at the atomic level, as 
presented in this paper, is very much needed and an ongoing 
challenge because of the multiple ionisation processes, the cas-
cade processes and hence of the satellite processes and spectra. 
XFELs provide a unique opportunity to investigate hollow atoms 
through K -shell double photoionisation [22]. Such investigations 
probe electron-electron correlation and require atomic theory cal-
culations, such as the ones performed here, for the identification 
of spectral features and the hypersatellite spectra [23]. Complex 
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Table 1
Calculated results of copper Kα and Kβ diagram transitions. 
Spectral eigenvalues converge to ± 0.02 eV or 0.00025%; and 
gauge convergence to 0.7% is obtained for these diagram transi-
tions. g f values are provided in Coulomb gauge. Even at this 
level of ‘simplicity’, both the p3/2 − s1/2 and the p1/2 − s1/2

spectra are asymmetric being composed of 6 components and 
not just 2.

Transition Energy (eV) AL/AV g f

Kα1

J = 0 → J = 1 8047.90 (±0.02) 1.0067 0.214935
J = 1 → J = 1 8047.80 (±0.03) 1.0067 0.108004
J = 1 → J = 2 8047.84 (±0.02) 1.0067 0.538166

Kα2

J = 0 → J = 1 8027.99 (±0.02) 1.0069 0.110581
J = 1 → J = 0 8027.92 (±0.02) 1.0069 0.109988
J = 1 → J = 1 8027.90 (±0.03) 1.0069 0.219854

Kβ1

J = 0 → J = 1 8903.61 (±0.02) 1.0064 0.0209132
J = 1 → J = 1 8903.51 (±0.02) 1.0065 0.0131888
J = 1 → J = 2 8903.70 (±0.03) 1.0065 0.0568483

Kβ3

J = 0 → J = 1 8901.18 (±0.03) 1.0067 0.0134186
J = 1 → J = 0 8901.18 (±0.03) 1.0067 0.0116048
J = 1 → J = 1 8901.05 (±0.00) 1.0068 0.0213909

plasma dynamics such as in XFELs invoke many body processes for 
which satellite computations are required [24]. The method used 
here to calculate ab initio shake probabilities extends to a variety 
of multi-vacancy states that are expected at XFELs due to the high 
intensities and electric fields, especially including otherwise for-
bidden two-photon processes and many-body satellites.

Experimental efforts to resolve and understand the physical 
processes behind the Cu Kα and Kβ spectra are non-trivial be-
cause of numerous systematics associated with experiments [25,
26]. High-accuracy theoretical data enables the isolation of the 
different transitions involved and better control of spectral char-
acterisation. Our theoretical approach employing the multicon-
figuration Dirac-Hartree-Fock method (MCDHF), implemented via 
the grasp2k program [27] supplemented by our own codes and 
modifications [28], is a fully-relativistic method with Dirac wave-
functions. In using the MCDHF method, the total wavefunction 
is a linear combination of configuration state functions (CSFs), 
where each CSF is a single electronic wavefunction built from 
anti-symmetrised products of Dirac central field orbitals. MCDHF 
wavefunctions use the usual first-order base electronic structure of 
copper, but also include many other possible higher-order config-
urations to approximate the complete wavefunction.

Table 1 details the characteristic diagram transitions of Cu Kα
and Kβ numerically computed using the MCDHF method. Our ap-
proach utilised the Coulomb (relativistic velocity) and Babushkin 
(relativistic length) gauges as one of several key metrics to deter-
mine accuracy, with a ratio AL/AV close to unity being a necessary 
condition of convergence. The eigenvalue convergence seen to ±
0.02 eV or 0.00025% and the high degree of gauge convergence at-
test to the robustness of the methodology. The energies calculated 
here are smaller than the most accurate detailed previous theoret-
ical work on Cu Kα [29] by 0.03 eV to 0.19 eV, which is within the 
estimated accuracy of the previous work. The computational con-
straints of [29] did not allow convergence when handling a large 
basis set, so only a few primary lines were calculated and the 
rest were scaled accordingly. Herein, all diagram lines have been 
obtained simultaneously using the same basis set, and thus are ex-
pected to be more accurate. Earlier theoretical work [1] does not 
report discrete theoretical eigenvalues, so cannot be directly com-
pared. Their results converged to an energy roughly 0.5 eV away 
from that found experimentally. A direct comparison between ex-
2

Fig. 1. Copper Kα diagram and satellite transitions with relative intensity, compared 
with 2017 experiment with Cu metal foil [12]. The Kα distinct peaks are clearly 
asymmetric due to the transitions beyond the characteristic diagram lines. The la-
bel convention here indicates the subshell where shake-off has occurred, and the 
number of electrons remaining. For example, 3d8 indicates 2 of the 10 d electrons 
were ejected from the 3d subshell as part of the shake process. Experiment and 
theory appear in very good agreement, possibly down to the convergence limit.

perimental peak energies and theoretical energy eigenvalues will 
not give a true reflection of accuracy for several reasons; widths, 
multiple transitions within the diagram lines, and satellite lines 
all shift the peak energy. Cu Kα1 experimental peak energies of 
8047.817(8) eV [12] from 2017 imply very good agreement (Fig. 1). 
Transition energies calculated to a high degree of accuracy and 
convergence point to much more accurate wavefunctions, which 
are fed into ab initio shake models that can be used in conjunc-
tion with experimental fittings to extract the underlying physical 
processes within the atomic spectra.

Fig. 1 presents the most recent Cu Kα experimental reference 
spectrum with detailed error analysis [12], using copper metal foil, 
from the NIST standards laboratory, together with the array of di-
agram and satellite eigenvalue spectra from our theory, expanded 
to the 5s subshell. Computed transitions that may contribute to 
the observed spectrum are represented by the coloured sticks un-
derneath the profile. The dominant characteristic diagram lines are 
the standard Kα transitions. The ground state for neutral atomic 
copper is 1s2 2s2 2p6 3s2 3p6 3d10 4s1, with the diagram transitions 
from 1s−1 (a 1s hole) relaxing to 2p−1 (a 2p hole). Compared with 
this, the double shake-off satellite will have two fewer 3d elec-
trons, designated 3d8. Note the complexity of the computations, 
and of the structure: the double shake-off satellite 3d8 (alone) con-
tains 1506 independent eigenvalues (i.e. spectral lines) compared 
with the relatively straightforward 6 diagram spectral components 
for Cu Kα or Cu Kβ . The 2p5 satellite eigenvalues lie within the 
high-energy tail of the spectrum and contribute to the Kα3,4 com-
plex [30,12].

Fig. 2 shows the Cu Kβ spectrum with the diagram lines and 
satellite contributions, with the computation expanded to the 6g
level. Eigenvalue convergence is to ± 0.03 eV and gauge conver-
gence is to 0.6%, with some 91000 simultaneous CSF convergence. 
Similar to the Kα spectrum (Fig. 1), the 3d9 is the most dominant 
satellite but is not the sole cause of asymmetry observed. The en-
ergy eigenvalues of the Kβ1,3 diagram lines agree to within half 
an eV of the previous most detailed MCDHF calculations [11]. In 
addition, the satellite structures look consistent.

To better understand the contribution of each satellite, a shake 
model was developed following the sudden approximation imple-
mented into the MCDHF framework. The validity of the sudden 
approximation limit relevant for the experimental reference data 
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Table 2
Total theoretical shake probabilities and extracted experimental shake probabilities for various satel-
lite intensities in the literature. Early theoretical work underestimated all total shake probabilities. 
4s satellite spectra are almost perfectly aligned with diagram spectra. All past experimental work 
extracting only a 3d satellite probability tended to overestimate the 3d probability by subsuming all 
others.

Claimed Shake(-off) Probabilities (%)

Theory 3s 3p 3d 4s

Mukoyama and Taniguchi (1987) [34] 0.34 2.5 9.7 9.7
Kochur et al. (2002) [35] 2.6 14.5
Lowe et al. (2011) [10] 14.7
Pham et al. (2016) [11] 0.32∓0.02 7.74∓0.10 19.94∓0.14 12.43∓0.15
This work (Total Shake to 6g) 2.97 7.42 18.39 11.25

Experiment (extracting only P(3d shake))

Sauder et al. (1977) [17] 26.5±2
Deutsch et al. (1995) [1] 26 - 30.0
Hölzer et al. (1997) [4] 18.5
Diamant et al. (2006) [36] 25±2
Galambosi et al. (2003) [7] 25±2
Enkisch et al. (2004) [8] 29.0
Ito et al. (2006) [9] 23.1
Chantler et al. (2009) [3] 29±2.5
Chantler et al. (2010) [29] 26±1
Chantler et al. (2012) [37] 15-30-39
Fig. 2. Copper Kβ diagram and satellite transitions with relative intensities from 
theory. The red curve is a simulated spectrum with typical experimental widths. 
The two primary diagram peaks are separated by only about 2 eV, yielding only 
one large unresolved but asymmetric peak. The 3d9 satellite is dominant relative to 
other satellites, but insufficient to fully explain the asymmetry. (For interpretation 
of the colours in the figure(s), the reader is referred to the web version of this 
article.)

has been shown experimentally previously [31,32,11,33]. Near-
threshold experiments [5] have suggested that satellites resulting 
from photoionised core electrons in medium-Z atoms are purely 
shake-off. The probability of electron shake-off from an nκ sub-
shell in the sudden approximation limit is

P shake
nκ = 1 −

∣∣∣
∑

j

∑

k

c jdk 〈φBknκ |φA jnκ 〉Mnκ

∣∣∣
2
, (1)

where c j and dk represent the mixing coefficients in a multi-
configuration framework and Mnκ is the occupation number. The 
overlapping wavefunctions capture the moment immediately after 
ionisation of the 1s subshell but prior to orbital relaxation. Ta-
ble 2 compares total shake-off calculations with literature. Satellite 
lines contribute significantly (10%-20%) to the spectrum and are 
the dominant contributors to the experimentally observed asym-
metry. The variation of predicted percentage for a given satellite 
or for a total collection of satellites is discussed below and cer-
3

tainly varies according to the element even with the transition row 
series. Further, Table 2 reflects that experimental ansatzes yield 15-
39%, an even bigger variation, whilst theoretical predictions have 
varied for a single component from 9.7% to 19.9%. Note implicitly 
that this variation implies that several of the determinations had 
uncertainties or systematic issues of order 10%. Indeed several of 
the earlier or experimental determinations definitely have system-
atic errors of 10%.

Theoretical results are smaller than those of experiment, not 
just in Table 2 with copper but e.g. also for scandium where the 
3p satellite shake probability was predicted to be 7.8% [34] and 6% 
[35], compared with 15% extracted from experiment [38]. Results 
reported by [7] and [36] are similar, with a similar experimental 
approach. Enkisch et al. [8] measured the Kβ spectrum, which is 
challenging to separate. Ito et al. [9] fitted four Lorentzians, with 
wildly different results. Chantler et al. fitted atomic structural cal-
culations using MCDHF to experimental results, as did Deutsch 
et al. [1]. The uncertainty of extracting shake probabilities through 
fits to experimental data is far larger than that given by the fitting 
procedure [37], evident by the wide range of values given for the 
3d shake probability (Table 2). This highlights the need for ab ini-
tio methods. Furthermore, the work of Deutsch et al. [1] has led to 
many researchers only modelling the diagram line and 3d satellites 
lines. In that case, the neglect of additional satellites artificially 
inflates the extracted 3d shake probability. Ref. [1] suggests that 
results from fitted atomic structure calculations are different from 
empirical experimental fitting. Empirical experimental fitting im-
plies a shake probability of 18%, while fitting the results of atomic 
structure calculations indicates 3d shake probabilities for Kα and 
Kβ of 30% and 26%, respectively [1].

Experimental values have difficulty separating the components 
and are often empirical. Theoretical values to date have been to-
tal shake probabilities. However, Pnκ is the probability of at least 
one electron being removed from the nκ subshell. For the purpose 
of experimental fitting and comparison it is important to distin-
guish the difference between single and double shake probabilities 
within a nκ subshell. Using the binomial theorem, single and dou-
ble shake probabilities can be extracted.

We must also consider the effects of two shake events oc-
curring across different subshells. The isolated single and double 
shake-off probability is the probability that a shake event occurs 
only in a particular nκ subshell whilst leaving the other subshells 
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Table 3
Isolated single and double shake-off probabilities (%): the probability that either one or two electrons removed 
from particular subshell, while all the electrons from other subshells remain as is. The 3d, 4s and 3p single shake 
processes are expected to be dominant according to the shake probabilities.

nκ 1,−1 2,−1 2,1 2,−2 3,−1 3,1 3,−2 3,2 3,−3 4,−1

P(%) 1.57 1.6 1.67 1.72 1.79 2.04 2.45 4.84 6.65 7.47

n1l1 n2l2 3d4s 3d2 3p3d 3p4s 3s3d 3s4s 3p2 3s3p 2p3d 2p4s

P(%) 1.458 0.9087 0.8747 0.5686 0.3490 0.2269 0.1403 0.1362 0.6622 0.4305
unchanged. Single shake probabilities calculated here (Table 3) are 
for electrons from any particular nκ subshell, whereas the double 
shake probabilities are presented for two electrons from subshells 
n1l1 and n2l2. Separating single and double shake events within 
and across subshells has not been considered in the literature and 
provides a more complete picture from which atomic structure cal-
culations can be applied to experimental data. Previous attempts 
to calculate double shake probabilities from Pnκ or Pn� have been 
limited in their approach [35].

The energy and amplitude eigenvalues of 3698 transitions con-
tributing to the Cu Kα and Cu Kβ spectra have been calculated. 
Many have been determined for the first time. Gauge convergence 
of < 0.7% for both sets of diagram transitions, along with energy 
convergence to 0.03 eV, indicate the stability of the wavefunc-
tions and a near-complete inclusion of correlation effects. The ab 
initio shake probabilities highlights the requirement of a multi-
configurational framework when dealing with open shell systems 
and confirm the 3d8 and 3d94s0 double hole satellites as the two 
most dominant double-shake processes. Shake probabilities have 
been dissected and reported down to the subshell level. Previously 
only the total 3d has been reported, whereas here we present 3d−
and 3d as well as other subshells, including double shake pro-
cesses.

Up until recently, even the best theoretical computations 
showed eigenvalue convergence issues internally and compared 
with experiment at the level of eV or more. [25] appears reli-
ably to reach below 1 eV and perhaps below 0.5 eV, and here we 
present formal convergence below 0.10 eV, though of course the 
theory and modelling may or may not correspond with a physical 
quantum system. Hence, the convergence of energy eigenvalues 
with the expansion of the active set is not a proof of accuracy 
with respect to a particular experimental system; rather it approx-
imates the uncertainty resulting from using a finite basis set and a 
particular theoretical approach. The gauge and amplitude conver-
gence are based on the transition probability and if fully relativistic 
can approach the 0.7% stated. The amplitude convergence can of-
ten be significantly better than the gauge convergence marker, for 
the recommended gauge. Previous satellite probabilities have been 
challenged by the level of theory available, by the formula used to 
derive the probability and by the lack of wavefunction biorthogo-
nalisation. There has been a key question about the meaning and 
usage of a given theoretical computation and hence its conver-
gence for a particular system.

X-ray free electron laser (XFEL) sources [21,22] require theoret-
ical understanding at the atomic level, as presented in this paper, 
which is an ongoing challenge because of the multiple ionisation 
and cascade processes and hence of the satellite processes and 
spectra. Understanding ionisation, Auger and multiple ionisation 
processes is challenging, for which experimental and theoretical 
data remains quite limited. In particular, the semi-empirical coef-
ficients used widely in XFEL evolution modelling will be improved 
by more detailed and advanced ionisation and cascade computa-
tions.

The theory and formal convergence is valid strictly only for an 
isolated copper atom - i.e. for atomic physics. The solid state effect 
of delocalisation and conduction electrons can be large for cop-
4

per metal, for 3d and 4s electrons. If the hybridisation between 
the X-ray emitting atom and its neighbour atoms are large, the 
shake-off probability might become low because the core hole per-
turbation is not felt by these delocalised electrons. So prima facie
it might not apply to a molecule, solid or even metal. Fig. 1 shows 
that our results for energy eigenvalues of the diagram lines agrees 
well with the experimental peak energy measured by Menden-
hall et al. [12]. The weighted mean line energy of our Kα1 and 
Kα2 energy eigenvalues are 8047.848(23) and 8027.927(24) eV, 
respectively. Mendenhall et al. report experimental peak energies: 
Kα0

1 = 8047.8162(4) and Kα0
2 = 8027.9435(22) eV. These two 

measures should not be in perfect agreement because the peak en-
ergy is affected by line widths, satellite intensities and experimen-
tal broadening. The two measures give energies to within 0.032
eV indicating, along with the convergence of eigenvalues with the 
active set, that the method used is capable of reproducing theo-
retical spectrum in agreement with experimental to below 0.1 eV. 
If Doniac asymmetries are present [15] then their effect must be 
small; and although the conduction band of the Cu metal system is 
very different from the isolated atomic 4s electron orbital (delocal-
isation [39,40]), the influence of this upon the Cu metal spectrum 
appears to be small.

The influence of the 4s electron, whether included or omitted 
in our theoretical computation, shifts the energy eigenvalue of our 
diagram lines by only 0.21 eV (from difference between our Kα1
diagram and Kα−1 4s satellite line energy eigenvalues). Previ-
ous work, whether omitting [1] or including [3,29] the conduction 
band electron was able to match atomic structure calculation to 
experimental data taken on metallic Cu well with χ2

r ≈ 1. Hence 
any theory or conduction band effects on the diagram and key 
satellite eigenvalues must be small.

We know that a naïve application to e.g. an oxide with a differ-
ent oxidation state, Fermi level and symmetry will be fraught (i.e. 
invalid). The observed line shape is then governed by the discrete 
valence electron response such as shake-off, but also by avoided 
crossing due to spontaneous covalence or delocalisation [41] for 
CuO, and also free-electron-like conduction electron response to 
the creation of a core hole [15].

However, molecular orbital theory gives support for the individ-
ual theoretical satellite contribution being valid yet for the overlap 
intensities varying widely as expected. Band theory is much less 
accurate an approximation than these computations, yet contains 
key partitioning into band structure. Hence there is scope for sig-
nificant application and significant further work in this regard. We 
think there is clear evidence that for metal foils the influence is 
much less than sometimes realised, but of course the impact of 
band theory is dominant for conduction bands and visible spec-
troscopy.
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