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A B S T R A C T

The high level of accuracy achieved by atomic experiments in recent time has shone a spotlight on the need for
a similarly high level of accuracy in atomic structure calculations, and in particular, QED prediction. A method
of electron self-energy correction originally derived from the Welton idea by Lowe et al. (2013) (LCG-Welton
method) has now been fully incorporated into the popular atomic structural package, GRASP2K, which we have
introduced in this paper. A series of benchmark tests and results are presented, which enables the comparison
of the implementations of different versions of GRASP2K, and the implementations on different platforms or
operating systems. Test results presented in this paper demonstrate that these new implementations maintain
the overall consistency and stability of the program across various platforms, while at the same time improve
the accuracy of final energies. Our calculations for hydrogenic Ly𝛼1,2 transitions show excellent agreement
with experiment, to within less than 0.5 eV. On helium-like systems, our calculations show an improvement
from the previous GRASP2K screening method. The new results from electronic self-energy contribution using
the LCG-Welton method is more consistent with current standards in the literature, where they now fit within
experimental variability of up to 0.1 eV. An option for users to adjust the gauge factor in the electric component
of the transition rate has also been added to facilitate further investigation of this particular topic.
1. Introduction

We present a revised version of the relativistic configuration in-
teraction (RCI) program belonging to the GRASP2K v1.1 developed
by Jönsson et al. (2013). The changes relate particularly to the RCI
program, which is now called RCI4. A self-energy screening method
based on Welton’s idea is made the default technique of calcula-
tion. Whilst many other qualitatively different implementations of the
Welton idea have been made in the literature, and there have been
relativistic implementations (Indelicato and Mohr, 2001), this is the
first implementation in a GRASP2K version and is a new approach.
Non-default options are available for users to select other methods of
calculation, including the original GRASP screening method.

Self-energy screening following the concept introduced by Welton
(1948) was investigated in the GRASP2K v1.0 codes (Lowe et al.,
2013). In that work, a patch was prepared to permit use of the latest
available hydrogenic values, together with modifications to account
for finite-nuclear-size effects. The results of this implementation of
Welton’s idea show remarkable agreement with the latest advanced
full QED calculations for helium-like and many-electron systems (Lowe
et al., 2013), such as those of Artemyev et al. (2005) and Indelicato
and Mohr (2001).

∗ Corresponding author.
E-mail address: chantler@unimelb.edu.au (C.T. Chantler).

2. Self-energy approximation in many-electron atoms

The major change of this revision has been to develop and imple-
ment the LCG-Welton (Lowe–Chantler–Grant–Welton) approach for the
electron self-energy (Lowe et al., 2013) within the GRASP2K v1.1
package. Further, this updates the self-energy calculations to use the
latest available hydrogenic values (Mohr and Kim, 1992; Indelicato
et al., 1998; Le Bigot et al., 2001) and also accounts for finite-nuclear-
size effects. The Welton idea can be used in a variety of forms, with
very different predictions of QED self-energy expectation values and
shielding. If we consider an electron moving in a potential 𝑉 (𝐱), with
its motion due to fluctuations in the electromagnetic field as 𝛥𝐱, then
the mean-square radius of oscillation is

⟨(𝛥𝐱)2⟩ = 2
𝜋
𝑒2

ℏ𝑐

(

ℏ2

𝑚𝑐

)

∫

𝑘

𝑘0

𝑑𝑘
𝑘
, (1)

which diverges at both the upper and lower limit. The divergence at
the lower limit disappears for an electron in any sort of finite nuclear
potential, or with a finite low-frequency cut-off, whilst the upper limit
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is truncated at 𝑘 = 𝑚𝑐∕ℏ. Then the integrals are suitably finite. We can
xpand the instantaneous potential energy as

(𝐱 + 𝛥𝐱) =
[

1 + (𝛥𝐱 ⋅ ∇) + 1
2
(𝛥𝐱 ⋅ ∇)2 +⋯

]

𝑉 (𝐱). (2)

For the average, odd orders cancel and the average potential energy
from three orthogonal axes is then

⟨𝑉 (𝐱 + 𝛥𝐱)⟩ =
[

1 + 1
6
⟨(𝛥𝐱)2⟩∇2 +⋯

]

𝑉 (𝐱). (3)

Elaborate QED calculations of the lowest order contribution to the
self-energy of a bound electron in the field of static point nuclei and
finite nuclei have been carried out by Mohr (1974) and others, and
are comprehensively tabulated for lower principal quantum numbers,
𝑛. In many-electron atoms, an orbital electron moves in the potential
of a finite distribution of nuclear charge modified by the potential of
atomic electrons and other effects. In the Welton idea, the contribution
to the potential energy from the perturbed motion of a single electron
wave function 𝜓 is proportional to ∇2𝑉 (𝐱),

𝐸𝑆𝐸 ≈ 1
6 ∫ 𝜓†(𝐱)(𝛥𝐱)2 ⋅ ∇2𝑉 (𝐱) ⋅ 𝜓(𝐱) 𝑑3𝐱 , (4)

which suggests modelling the self-energy in the many-electron atom
(Lowe et al., 2013) as

𝐸𝑆𝐸 =
⟨𝜙|∇2𝑉 (𝐱)|𝜙⟩

⟨𝜓𝐻 |∇2𝑉 (𝐱)|𝜓𝐻 ⟩

𝐸𝐻𝑆𝐸 . (5)

The vacuum polarisation and self-energy (𝑆𝐸) screening methods
listed (Lowe et al., 2013) for a single orbital are retained in this version.
In a many-electron atom, the wave function for each atomic state (an
Atomic State Function, ASF) is

𝛹𝛤 = 𝛴𝛾𝐶𝛤 ,𝛾𝛷𝛾 (6)

where 𝛷𝛾 are a set of 𝑁-electron configuration state functions (CSFs)
represented by the quantum labels 𝛾, including a total angular momen-
tum 𝐽 and parity 𝑃 . Each CSF is an antisymmetrised product of Dirac
rbitals 𝜙𝑖. If the generalised occupation number of the orbital 𝑖 in the
SF is 𝑁̄𝛾,𝑖 in 𝛷𝛾 , then this contributes

𝑗
𝑆𝐸 (𝛾) = 𝛴𝑖𝑁̄𝛾,𝑖𝐸

𝑗
𝑆𝐸,𝑖 , (7)

here 𝑗 is the choice of approximation from the list below. Assuming
o off-diagonal CSF contributions, the total ASF self-energy is
𝛤 , total, ASF
𝑆𝐸 = 𝛴𝛾𝐶

2
𝛤 ,𝛾𝐸

𝑗
𝑆𝐸 (𝛾) (8)

or a single unexpanded CSF, with no correlation orbitals, occupation
umbers are generally unity or zero (occupied or unoccupied), as in the
xample and comparison above. However, GRASP2K permits expansion
nto correlation orbitals to improve convergence of the wavefunction
ut with potentially different symmetries, numbers of nodes, and limits.

Should correlation orbitals be included in the sum, or excluded?
pectroscopic orbitals dominate the computation of physical observ-
bles. The correlated orbitals are there to improve the wave function
nd are not so constrained, so it might be queried as to whether
he Welton idea can or should be applied to the correlation orbitals.
f course, the key issue is that the correlation orbitals change the
avefunction in the region of maximum Laplacian, near the nucleus, so
ust be included in the computation. The virtue of one or the other of

hese approaches can only be justified by future appeal to experimental
vidence, which will be in a subsequent publication. Here we note
hat in practice the improvement of the LCG-Welton is independent
f this question and its answer. In a test computation on copper 𝐾𝛼,
he choice of spectroscopic orbital sum versus a sum over all orbitals
spectroscopic and correlation) could lead to a shift of 0.4% of the
elf-energy contribution, and hence be secondary to the choice below.

During the RCI calculation process, the user is presented with
ultiple prompts for the inclusion of various relativistic corrections

uch as the transverse photon interaction and self-energy estimation.
2

t is generally recommended that all effects are included for more
ccurate results. In this update, Eq. (5) is now made the default option
or self-energy calculation.

The original formulation for the evaluation of the self-energy of
round-state hydrogenic atoms was provided by Mohr (1974), which
as later extended to include 𝑛 = 2 hydrogenic systems (Mohr, 1983).
urther developments in recent time have seen hydrogenic self-energies
valuated for 𝑛 = 3, 4, 5 (Mohr and Kim, 1992; Indelicato et al., 1998;
e Bigot et al., 2001). Eq. (5) allows us to use these high accuracy
ydrogenic computations to estimate the self-energy of a more complex
ystem by scaling the results of the hydrogenic system. We use all
hese results to provide the latter term of Eq. (5). For 𝑛 > 5 the
ew implementation sets the contribution to be zero, which is a good
pproximation for many purposes. Note that the first order term scales
s (𝑍𝛼)4∕𝑛3.

The Fermi model for the nuclear charge distribution is useful for
inite-difference methods because all derivatives are finite and contin-
ous. The model is defined as

(𝑟) =
𝜌0

1 + 𝑒(𝑟−𝑐)∕𝑎
(9)

here 𝑎 and 𝑐 are constants relating to the nuclear size and skin
hickness (the default values of 𝑎 and 𝑐 from the GENISO package of
GRASP2K (Jönsson et al., 2007) were used for all following calcula-
tions).

By Poisson’s equation, Parpia et al. (1996) defines the nuclear
Laplacian as

∇2𝑉 (𝑟) =
𝜌0

𝜖0
(

1 + 𝑒(𝑟−𝑐)∕𝑎
) (10)

which allows convenient numeric determination of ∇2𝑉 (𝑟) for use in
computation which we have implemented in this revision.

We also considered contributions to 𝑉 (𝑟) from the mean electron
distribution, since ∇2𝑉 (𝑟) is proportional to the charge density. The
nuclear Laplacian contributes a relative magnitude of 𝑍 over this
nuclear region and the electronic screening (for 1s or 1s2 occupations)
contributes a relative magnitude of (𝑐𝑍∕𝑎0)3 where the nuclear charge
radius, 𝑐, is 2–4 Fermi, so the electronic contribution is negligible.
As discussed in Grant (1980), the contribution from electronic charge
distribution near the nucleus is some 4–6 orders of magnitude smaller
than that from the nuclear charge distribution. We confirmed that
computation of the electric charge Laplacian did not alter the self-
energy screening, but did introduce a great deal of non-physical noise
associated with the finite grid on which it was calculated. For this
reason we have implemented the robust analytic approach based on
nuclear Laplacian as given in Eq. (9).

The options are defined as follows:

1. No screening:

𝐸1
𝑆𝐸,𝑖 = 𝐸𝐻𝑆𝐸,𝑖

2. Original GRASP2K screening:

𝐸2
𝑆𝐸,𝑖 =

⟨𝜓𝑖,𝑟<0.0219𝑎0 |𝜓𝑖,𝑟<0.0219𝑎0 ⟩

⟨𝜓𝐻𝑖,𝑟<0.0219𝑎0 |𝜓
𝐻
𝑖,𝑟<0.0219𝑎0

⟩

𝐸𝐻𝑆𝐸,𝑖

3. Electron density screening at the origin:

𝐸3
𝑆𝐸,𝑖 =

⟨𝜓𝑖(𝑟 → 0)|𝜓𝑖(𝑟 → 0)⟩
⟨𝜓𝐻𝑖 (𝑟 → 0)|𝜓𝐻𝑖 (𝑟 → 0)⟩

𝐸𝐻𝑆𝐸,𝑖

4. Hydrogenic wavefunction projection:

𝐸4
𝑆𝐸,𝑖 = |⟨𝜓𝐻𝑖 |𝜓𝑖⟩|𝐸

𝐻
𝑆𝐸,𝑖

5. Lowe–Chantler–Grant–Welton method weighting:

𝐸5
𝑆𝐸,𝑖 =

⟨𝜓𝑖|∇2𝑉 (𝐱)|𝜓𝑖⟩
𝐻 2 𝐻 𝐸𝐻𝑆𝐸,𝑖 (11)
⟨𝜓𝑖 |∇ 𝑉 (𝐱)|𝜓𝑖 ⟩
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Only our functional (Option 5) has a well-defined derivation from
the Welton idea, with the others (Options 1–4) being generally poor
estimates with poor mathematical basis. Option 2 and 3 also reflect a
correction for the nuclear potential, and only options 2 and 5 include
squared matrix elements and a nuclear size term. The screening coeffi-
cient used by the original GRASP2K package (Option 2) is the overlap
integral of the wavefunction and a hydrogenic wavefunction in the
region 𝑟 ≤ 0.0219𝑎0. Option 4 uses a monopole projection of the actual

avefunction onto a hydrogenic wavefunction. Option 3 is similar to
he approach of Scofield (1973) in his calculation of the relativistic
tomic form factor, which uses the ratio of the actual wavefunction
ensity to that of a hydrogenic wavefunction at 𝑟 = 0 as the screening
oefficient. Although this approach is clearly incorrect, it represents
prior approach and has been used in older GRASP codes. The fifth

ption, now the default calculation, uses the theory introduced by Lowe
t al. (2013) as has been discussed earlier. The wavefunctions (𝜓)
n these cases are for one-electron spinor, and therefore the energy,
, are for the matrix elements between the basis configuration state

unctions. 𝜓𝐻𝑖 is the converged spinor for a one-electron system in
rbital or quantum numbers, 𝑖. 𝜓𝑖 is the same but for the many-
lectron system after convergence. It is perhaps obvious that this pair
f computations requires two passes of normal GRASP coding. The
hielded nuclear potential from the final converged wavefunctions is
sed in the calculation of self-energy.

. Changes to the codes from v1.10

In order to facilitate the LCG-Welton self-energy screening method,
ome new subroutines were written while others were modified. For
re-existing subroutines and library files, they are copied with the suffix
orig\_v1\_1 added. A separate folder for RCI 4 is created, leaving
CI 3 in its original form as presented in GRASP v1.1. This would
rovide users with more flexibility and greater choices.

. Significance of self-energy: Results of isoelectronic sequence

.1. Hydrogen-like isoelectronic sequence

The following is a comparison between our implementation and
xperimental results for hydrogen-like Ly-𝛼1,2 transitions. The exper-
mental results are scaled to be relative to theory. Horizontal offsets
ave been introduced for readability of the data points. It can be seen
n Fig. 1 that there is generally excellent agreement between theory
and the new code) and experiment to within less than 0.5 eV.

.2. Helium-like isoelectronic sequence

The helium-like system is one of the most extensively used sys-
ems in QED studies because it is the simplest possible three-body
ystem. The effect of self-energy screening is most dominant in ground
tate terms that include the 1𝑠2 configuration. Fig. 2 shows the re-
ults of screening contribution from a helium-like isoelectronic series
edrawn from the original work of Lowe et al. (2013) relating to
RASP2K v1.0.

All four screening methods discussed in Section 2 have been com-
ared with the results of other authors. These results were calculated
sing a single CSF configuration with no higher-order expansion. We
ote that the effect of additional higher-order expansions on the self-
nergy screening is expected to be minimal. The works of Yerokhin and
habaev (1995) and Yerokhin et al. (1997) were based on partial-wave
echniques, which was later extended by Artemyev et al. (2005). On
he other hand, perturbation theory was used by Indelicato and Mohr
2001). Despite the different approaches used, all followed a similar
rend. More importantly, the results using the LCG-Welton (Eq. (5))
ethod follows a similar pattern as opposed to the original GRASP2K

creening method. In the range that is below approximate 𝑍 = 30,
3

Fig. 1. Experimental results of H-like Lyman-𝛼1,2 relative to theoretical calculations
using LCG-Welton. Due to multiple data points sharing the same 𝑍 value, the results
have been offset horizontally for readability. In order of 𝑍, the references are: 𝑍 =
17 ∶ Richard et al. (1984), Källne et al. (1984), Deslattes et al. (1985); 𝑍 = 18 ∶ Beyer
et al. (1985), Marmar et al. (1986), Briand et al. (1983); 𝑍 = 26 ∶ Briand et al.
(1983), Silver et al. (1987), Chantler et al. (2007); 𝑍 = 28 ∶ Beyer et al. (1991);
𝑍 = 32 ∶ Laming et al. (1988), Chantler et al. (2009a).

Fig. 2. Screening contributions to helium-like ground state self-energy 1𝑠2 1𝑆0 (Lowe
et al., 2013). The results between the alternative screening options are compared with
those of other authors, which provide strong support for the method implemented here.
The current state-of-the-art of theoretical comparison with good experimental support
is given by Artemyev, and it is clearly seen that the current ansatz is much closer than
earlier GRASP2K approaches.

the results using GRASP2K original screening method and LCG-Welton
appear to agree quite well with each other and the literature. However,
this is misleading as the energy axis is in eV, whereas to compare
low atomic number we should, for example, scale as a fraction of the
total self-energy. In particular, the fractional experimental accuracy
for low atomic number can reach 10−14 for hydrogen and 10−6 for
helium, so a useful implementation ought to approach that level. For
hydrogenic systems our implementation achieves this by definition
but for many electron systems including two-electron systems, the
collection of advanced computations and predictions are as given in
the plot.

When moving beyond 𝑍 = 30, the results from the GRASP2K
original method diverges from the rest. For completeness, the results
using the other non-default screening methods – namely nuclear density
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Fig. 3. Discrepancy of experimental data from the theory for two-electron systems of
Artemyev (2005). The data plotted are weighted mean results for the 𝑤, 𝑥, 𝑦, and 𝑧
transitions. The results of LCG-Welton are also plotted.

screening and hydrogenic wavefunction projection – are also included
in Fig. 2. Further discussions of the non-default options are given
below. The hydrogenic overlap approach – which predicts effectively
zero screening – is a very poor prediction; and the nuclear overlap
(electron density at the origin) overestimates the screening wildly. The
new implementation follows the cluster of advanced theoretical results
corresponding to Yerokhin et al. (1997), Artemyev et al. (2005) and
Indelicato and Mohr (2001). Indelicato and Mohr (2001) provides a
similar level of code and sophistication as we are discussing and indeed
also uses the Welton idea in a similar but different qualitative and
quantitative implementation.

Fig. 3 are weighted mean results of the 𝑤(1𝑠2(1𝑆0) − 1𝑠2𝑝(1𝑃1)),
𝑥(1𝑠2(1𝑆0)−1𝑠2𝑝(3𝑃2)), 𝑦(1𝑠2(1𝑆0)−1𝑠2𝑝(3𝑃1)), and 𝑧(1𝑠2(1𝑆0)−1𝑠2𝑠(3𝑆1))
transitions relative to Artemyev (2005). The full list of reference for the
experimental data are provided in Table 1. Included on the figure are
also the results of the self-energy calculated using LCG-Welton, relative
to Artemyev (2005).

For helium-like systems the resonance transitions to the ground
state 1𝑠2 have been measured to 10 parts per million (p.p.m.) or better
across wide ranges of atomic number so that there is a good and reliable
baseline for the comparison of the transition energies. For detailed
summary and status on these transitions we refer to Chantler et al.
(2012), Payne et al. (2014) and Chantler et al. (2014b). Amongst other
conclusions, this implies that the comparison of experiment and theory
is currently a very active area of interest. The current default prediction
is that of Artemyev et al. as plotted in Fig. 2; and all experimental
evidence is currently considered to lie somewhere between Artemyev
et al. (2005) and a line not too far from that of Indelicato and Mohr
(2001). The new implementation of LCG-Welton fits within the current
experimental variability, with a maximum possible error of 0.1 eV
around 𝑍 = 40, a maximum possible error of 0.2 eV at about 𝑍 = 58,
nd rising to a possible maximum error of about 2.5 eV at 𝑍 = 92. The
xperimental evidence permits us to claim an uncertainty (or error) of
alf these values, and there is some evidence that experimental data
ight lie closer to Eq. (4) and Option 5.

Irrespective of the detailed comparison with experiment, the current
mplementation and approximation is in good agreement with experi-
ent across all atomic numbers, and that by comparison the earlier

creening method is in disagreement with experiment across all atomic
umbers. The magnitude of these effects can be considered in Table 2.

The total self-energy for a 1𝑠 electron can of course exceed 200 eV.
4

hile the original screening can have a magnitude up to 3 eV or 13
eV, the improved method can yield corrections of 11 eV or 20 eV for
corresponding systems.

In hydrogen-like systems, the largest QED correction to the electron
energy levels is the self-energy correction of order (𝑍𝛼)4, and remains
rue for helium-like systems as well but with the addition of strong
creening effects. Most experiments on QED are based on hydrogenic or
elium-like systems, and recent advances have seen results with sub-eV
ccuracy, and indeed with 10 part per million accuracy. Therefore, the
mportance of improved approaches for self-energy and screening are
igh across all atomic numbers. Although these effects might appear
inor for low-𝑍 elements, percentage accuracy of experiment and

heory is generally better at lower atomic number, and both Fig. 2 and
able 2 have illustrated that the effect cannot be ignored for mid-to
igh-𝑍.

. Standard tests, benchmarks and options for advanced users

. Evaluation of revised RCI program and packages

The dramatic advantages of the new method of calculation in re-
ation to QED corrections have been demonstrated in detail by Lowe
t al. (2013). In this manuscript we are particularly concerned with the
oherent implementation and stability of the full package, so we choose
xamples which do not highlight the significance of the new approach
ut rather demonstrate its consistency and stability. We are interested
n whether the new implementations adversely affect the results in any
ay. We have also performed the same tests on various other platforms

o ensure that the results are independent of system architecture.
As part of our evaluation process, a select number of samples are

alculated using the following set of codes:

(a) GRASP2K v1.0 with original RCI2 – Jönsson et al. (2007)
(b) GRASP2K v1.0 with RCI2 modified by Lowe et al. (2013)
(c) GRASP2K v1.1 with original RCI3 – Jönsson et al. (2013)
(d) GRASP2K v1.1 with RCI4 – This work, using the old imple-

mentation for comparison of consistency and stability.
(e) GRASP2K v1.1 with RCI4 – This work, using the new QED

computation

n order to maintain parity and test stability in relation to the earlier
ersions of GRASP2K, we select for the main benchmark the origi-
al self-energy screening option, which of course is the only option
vailable in (a) and (c). However for comparison purposes we also
resent the new implementation of the Welton idea. By performing
he same calculation across the four sets of codes listed above, not
nly can we directly observe any effect that the revision would have
ad on the calculation, we can also see how the transition from v1.0
o v1.1 might have affected the results. The methods of testing and
esults for the different samples are outlined below in their respective
ections. Here we provide a sample of prompts and inputs users can
dopt for testing this benchmark. Full details of the procedures have
een included as a shell script with the package which is located in
manual/benchmark/.

.1. Sample inputs

In this study we have chosen not to use the default setting, which is
ow the LCG-Welton approach. This way, we can select other methods
f screening. In this case, we have selected option 2 to replicate
he original GRASP2K screening. During this process, relativistic cor-
ections beyond the usual Dirac–Coulomb approximation for many-
lectron systems are implemented. The contribution from transverse
hoton interactions is included:

trans = −
𝑁
∑

[

𝛼𝑖 ⋅ 𝛼𝑗 cos(𝜔𝑖𝑗𝑟𝑖𝑗 )
𝑟

+ (𝛼𝑖 ⋅ ∇𝑖)(𝛼𝑗 ⋅ ∇𝑗 )
cos(𝜔𝑖𝑗𝑟𝑖𝑗 ) − 1

2

]

. (12)

𝑖<𝑗 𝑖𝑗 𝜔𝑖𝑗𝑟𝑖𝑗
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Table 1
Experimental values used in analysis.

Measurement Z Element Line Energy 𝜎 Discrepancy Reference
# eV eV eV

1 16 S w 2461.2735 0.4886 0.6443 Aglitskii et al. (1974)
2 16 S w 2460.6874 0.1465 0.0582 Aglitsky et al. (1988)
3 16 S w 2461.8000 3.0000 1.1708 Cocke et al. (1974)
4 16 S w 2460.6410 0.0320 0.0118 Kubicek et al. (2009)
5 16 S w 2460.6700 0.0900 0.0408 Schleinkofer et al. (1982)
6 16 S y 2447.0500 0.1100 −0.0939 Schleinkofer et al. (1982)
7 18 Ar w 3139.6000 0.2500 0.0179 Briand et al. (1983)
8 18 Ar w 3139.5830 0.0630 0.0009 Bruhns et al. (2007)
9 18 Ar w 3139.5517 0.0366 −0.0304 Deslattes et al. (1984)
10 18 Ar w 3140.1000 0.7000 0.5179 Dohmann and Mann (1979)
11 18 Ar w 3139.5810 0.0050 −0.0011 Kubicek et al. (2012)
12 18 Ar w 3138.9000 0.9000 −0.6821 Neupert (1971)
13 18 Ar x 3126.2830 0.0363 −0.0066 Deslattes et al. (1984)
14 18 Ar y 3123.5208 0.0362 −0.0136 Deslattes et al. (1984)
15 18 Ar z 3104.1480 0.0077 −0.0003 Amaro et al. (2012)
16 19 K w 3511.4048 0.4972 0.9432 Aglitskii et al. (1974)
17 19 K w 3510.5796 0.1229 0.1180 Beiersdorfer et al. (1989)
18 20 Ca w 3902.4273 0.1860 0.0496 Aglitsky et al. (1988)
19 21 Sc w 4315.5408 0.1510 0.1284 Beiersdorfer et al. (1989)
20 22 Ti w 4750.1702 0.9100 0.5261 Aglitskii et al. (1974)
21 22 Ti w 4749.7335 0.1662 0.0894 Beiersdorfer et al. (1989)
22 22 Ti w 4749.8520 0.0720 0.2079 Chantler et al. (2012)
23 22 Ti x 4733.8335 0.1311 0.0327 Payne et al. (2014)
24 22 Ti y 4727.0667 0.1000 0.1294 Payne et al. (2014)
25 22 Ti z 4702.0782 0.0723 0.1036 Payne et al. (2014)
26 23 V w 5204.3904 1.0923 −0.7749 Aglitskii et al. (1974)
27 23 V w 5205.5922 0.5464 0.4269 Aglitsky et al. (1988)
28 23 V w 5205.2644 0.2082 0.0991 Beiersdorfer et al. (1989)
29 23 V w 5205.1000 0.1400 −0.0653 Chantler et al. (2000)
30 23 V x 5189.1200 0.2200 0.3822 Chantler et al. (2000)
31 23 V y 5180.2200 0.1700 −0.1064 Chantler et al. (2000)
32 23 V z 5153.8200 0.1400 −0.0762 Chantler et al. (2000)
33 24 Cr w 5682.6562 0.5209 0.5878 Aglitsky et al. (1988)
34 24 Cr w 5682.3176 0.3978 0.2492 Beiersdorfer et al. (1989)
35 26 Fe w 6700.7617 0.3621 0.3270 Aglitsky et al. (1988)
36 26 Fe w 6700.7254 0.2010 0.2907 Beiersdorfer et al. (1989)
37 26 Fe w 6700.9000 0.2680 0.4653 Briand et al. (1984b)
38 26 Fe w 6700.4025 0.3172 −0.0322 Chantler et al. (2007)
39 26 Fe x 6682.7000 0.2673 0.3661 Briand et al. (1984b)
40 26 Fe y 6667.5000 0.2667 −0.0786 Briand et al. (1984b)
41 27 Co w 7241.6439 0.6323 −0.4694 Aglitsky et al. (1988)
42 32 Ge w 10280.3573 0.2715 0.1398 Chantler et al. (2009b)
43 32 Ge w 10280.7000 0.2200 0.4825 MacLaren et al. (1992)
44 32 Ge x 10259.5155 0.3693 0.6416 MacLaren et al. (1992)
45 32 Ge y 10220.9316 0.2275 0.1320 Chantler et al. (2009b)
46 32 Ge y 10221.7911 0.3475 0.9915 MacLaren et al. (1992)
47 32 Ge z 10181.3324 0.5192 0.9456 MacLaren et al. (1992)
48 36 Kr w 13113.8000 1.2000 −0.6705 Briand et al. (1984a)
49 36 Kr w 13115.4500 0.3000 0.9795 Indelicato et al. (1986)
50 36 Kr w 13114.7800 0.7100 0.3095 Widmann et al. (1995)
51 36 Kr w 13114.6800 0.3600 0.2095 Widmann et al. (1996)
52 36 Kr x 13091.5300 0.8200 0.6643 Widmann et al. (1995)
53 36 Kr x 13091.1700 0.3700 0.3043 Widmann et al. (1996)
54 36 Kr y 13026.8000 0.3000 0.6835 Indelicato et al. (1986)
55 36 Kr y 13026.3000 0.7100 0.1835 Widmann et al. (1995)
56 36 Kr y 13026.2900 0.3600 0.1735 Widmann et al. (1996)
57 36 Kr z 12979.7200 0.6600 0.4544 Widmann et al. (1995)
58 36 Kr z 12979.6300 0.4100 0.3644 Widmann et al. (1996)
59 54 Xe w 30629.1000 3.5000 −0.9512 Briand et al. (1989)
60 54 Xe w 30631.2000 1.2000 1.1488 Thorn et al. (2009)
61 54 Xe y 30209.6000 3.5000 3.3348 Briand et al. (1989)
The frequency of the transverse photon, 𝜔𝑖𝑗 , used here is taken to be the
difference in the diagonal Lagrange multipliers associated with the or-
bitals. In general, this is an appropriate approximation for spectroscopic
5

and singly occupied orbitals, but is not necessarily true when correla-
tion orbitals are present. Therefore, the transverse photon interaction
is computed in the low-frequency limit (𝜔 → 0), often referred to as
𝑖𝑗
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Table 2
Total self-energy contribution to a 1𝑠 orbital (column 2) and total self-energy screening contribution to helium-like copper, xenon, and uranium.
The difference of the screening between the two methods (LCG-Welton and original GRASP) become much larger as 𝑍 increases, which is
demonstrated in Fig. 2. Current experimental evidence is in agreement with LCG-Welton within uncertainty and in disagreement with the
original GRASP screening.

1𝑠 Self-Energy in Helium-like Systems and Self-Energy Screening (eV)

1𝑠 (unscreened) 𝑆𝑐𝑟𝑒𝑒𝑛𝑖𝑛𝑔
LCG-Welton Original GRASP

Copper 6.2030 0.2926 −0.2624
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the Breit interaction. The Breit interaction is computed perturbatively
instead of incorporated self-consistently within the Hamiltonian. Since
is a first-order effect, the difference between a perturbative approach
and self-consistent method is minimal (Chantler et al., 2014a).

The normal mass shift in the lowest-order correction for nuclear
motion is

𝐻NMS = 1
𝑚nuc

∑

𝑖
𝑇𝑖, (13)

with 𝑇𝑖 the usual Dirac kinetic energy operator, whilst the specific mass
hift is taken to be the coupling of the electron and nuclear motions,

SMS = 1
𝑚nuc

∑

𝑖<𝑗
𝐩𝑖 ⋅ 𝐩𝑗 . (14)

A more elaborate treatment of the relativistic isotope shift is avail-
able via an additional module, RIS3 (Nazé et al., 2013), which is
compatible with GRASP2K v1.1. From the test run for He-like copper,
xenon, and uranium, the hydrogenic wavefunction is generated by
the script sh_hydrogenic, which generates the relevant files which
in this case we named hydrogenic_wavefn. This is 𝜓𝐻𝑖 . The He-
like samples are generated as single configuration states and named
appropriately, for example, he_1s_uranium. An example of a RCI3
run using LCG-Welton on Ne II is provided in Appendix B. Note that
using LCG-Welton self-energy screening is now the default option. This
example is extracted from the neon test calculation. A script for this
can be found in the directory /manual/benchmark/.

If the user wishes to use any other screening method, including the
original GRASP screening method, then they have to choose non-default
method for self-energy screening. An illustration of this can be found
in Appendix C.

5.2. Neon II

This is a simple calculation in which we monitored the eigenener-
gies of Ne II (1𝑠12𝑠22𝑝6) during a multiconfiguration calculation. We
constructed Ne II by building up the orbitals systematically, beginning
with the 1𝑠1 core, then expanded to 2𝑠22𝑝6 and subsequent multicon-
figuration calculations. The eigenenergies were monitored after the
atom has been constructed. No transition calculation was performed for
this set. Our calculations and methodology are detailed in the sample
script given for neon that comes with the package. Although written
for RCI4, the technique is very much the same for the others. More
explicitly: We first calculated 1𝑠, then 2𝑠 2𝑝. In both steps, we have
allowed all orbitals to be active. Expand to 3𝑠 3𝑝 3𝑑. Allow all orbitals
to be active except for 1𝑠, which is kept inactive. Similarly, expand
to 4𝑠 4𝑝 4𝑑 4𝑓 , allowing all orbitals to be active except for 1𝑠, which
is kept inactive. The results for Ne II (Table 3) are relatively stable
with little variations amongst the different versions used. In fact, there
is negligible difference between the (a) original GRASP2K v1.0, and
(b) Lowe’s modification of GRASP2K v1.0. The same can be said for
GRASP2K v1.1 with RCI3 and this work (v1.1 with RCI4). The
main difference is between GRASP2K v1.0 and v1.1. We expect
that the corrections of version 1.1 are important and are a cause for
the eigenvalue shifts, but we do not here push this computation to
convergence nor compare to advanced experimental work to define
6

U

a more accurate approach — this would be a complex issue beyond
the mandate of benchmark testing. It is sufficient to note the scale
and magnitude of the typical shifts. The self-energy corrections for
oxygen, 𝑍 = 8 and neon 𝑍 = 10 are quite small, about 0.001–0.003 eV
respectively, and more significant figures are needed to reveal the
differences between implementations, with main variation in the tables
dominated by numerical convergence and improvements of the angular
momentum code.

5.3. Oxygen

For this part of the test, we seek to investigate the effect of the
revision on forbidden transitions. This set of calculation involves the
famous forbidden green line (557 nm) observed in the aurora, believed
to be the result of the transition 1𝑠22𝑠22𝑝4 1𝑆0 − 1𝑠22𝑠22𝑝4 1𝐷2. The

ethod of calculation used for this set is identical to the technique
resented by Chantler et al. (2013). That is, the orbitals are built up by
he principal quantum number, 𝑛, with the core inactive whilst allowing
maximum of 2 electrons to be excited. Results for the A-coefficient

re reported in both length (Babushkin) and velocity (Coulomb) gauges
Table 4).

Similar to the results of Neon II, these results of oxygen show no
ajor variation between the two versions of GRASP2K v1.0, namely

a) and (c). Comparing (c) and this work, the results are virtually
dentical with an extremely small difference in the A-coefficients. This
ifference, although extremely small, is most prominent when using
he velocity gauge. The velocity gauge is generally less stable than its
ounterpart in the length gauge, especially at the preliminary stage
f multiconfiguration calculations. The stability of the results in the
ength gauge across the different versions appears to support this idea.
orbidden transitions such as this are notoriously sensitive and prone to
ssues of stability and convergence. However, the purpose of the current
nvestigation is to test the stability of the new QED implementations.
herefore, the obvious difference between the length and velocity
auge is not a concern here, as further expansion towards a larger set of
onfiguration state function should, ideally, resolve such convergence
ssues. This topic has been discussed in detail by Chantler et al. (2013).

.4. Copper

The transition we have chosen for this test is Cu-𝐾𝛼. This is an
llowed electric dipole transition of a heavier element. In this set of
alculations, we have adopted the technique of Chantler et al. (2010)
referred to as Method 1) where the reference configuration is divided
nto a set of inactive core orbitals (1𝑠, 2𝑠, 2𝑝) and an active set of
alence orbitals (3𝑠, 3𝑝, 3𝑑, 4𝑠). Similar to the case of oxygen, we
llowed a maximum of 2 excitations.

The results of Cu-𝐾𝛼 (Table 5) present an interesting insight into
he effect of the modifications made to the former revision for v1 and
ts incarnation, which is the revision for v1.1 presented in this work.
ince this is a relatively strong electric dipole transition, there is no
ignificant issue with the convergence of the two gauges like ones we
ave seen with the electric quadrupole transition in oxygen. This is
learly demonstrated by the ratio of length to velocity gauge (𝐿∕𝑉 ).

nlike with forbidden transitions, the excellent convergence of the two
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Table 3
Consistency and null test: Eigenenergies for Neon II calculations using the four different versions of GRASP2K on platform 1. Results between the two versions 1.0 suggests that
the implementation of the new theory does not affect the results of the older version. This is also the case between version 1.1 using RCI3 and RCI4 (original screening). There is
a small difference between the original GRASP screening and LCG-Welton approach when relativistic effects are added at the RCI level. (a) Jönsson et al. (2007) (b) Lowe et al.
(2013) (c) Jönsson et al. (2013). As this is a low-Z element, the small difference between the original screening and LCG-Welton approach is of order 0.0002 eV.

Neon Expansion GRASP2K 1.0 GRASP2K 1.0 v1.1 (RCI3) v1.1 (RCI4) v1.1 (RCI4)
(a) (b) (c) Original screening LCG-Welton

2p (no RCI, no QED) −2 631.0942 eV −2 631.0942 eV −2 632.0931 eV −2 632.0931 eV −2 632.0931 eV
3d (RCI) −2 638.0840 eV −2 638.0840 eV −2 638.0829 eV −2 638.0829 eV −2 638.0831 eV
4f (RCI) −2 639.7348 eV −2 639.7348 eV −2 639.7337 eV −2 639.7337 eV −2 639.7339 eV
Table 4
Consistency and null test: Results of the preliminary calculation of the oxygen transition thought to be responsible for the 557 nm green line seen in the aurora. (a) Jönsson et al.
(2007) (b) Lowe et al. (2013) (c) Jönsson et al. (2013). We do not expect significant changes to the transition energies or A-coefficients in these tests and indeed the results are
stable. The self-energy corrections for oxygen, 𝑍 = 8 and neon 𝑍 = 10 are quite small, about 0.001–0.003 eV respectively, and more significant figures are needed to reveal the
differences between implementations, with main variation in the tables dominated by numerical convergence and improvements of the angular momentum code of GRASK2K 1.1
(RCI3) and this work using RCI4. For completeness, the A-coefficient is reported in both length (Babushkin) and velocity (Coulomb) gauges. It is well established that obtaining
gauge convergence with forbidden transitions such as this can be more difficult than regular electric dipole transitions. In many cases, convergence is much slower and requires a
larger basis set than comparable electric dipole transitions. As the purpose of here is to test the stability of the QED implementation, obtaining convergence of the gauges is not
within the scope of the current work. The 557 nm green line forbidden transition and the consequences of gauge convergence has previously been investigated by Chantler et al.
(2013).

Oxygen GRASP2K
1.0 1.0 1.1 (RCI3) 1.1 (RCI4) 1.1 (RCI4)

3d Expansion (a) (b) (c) Original screening LCG-Welton

Energy (eV) 2.174 2.174 2.174 2.174 2.174
Transition rate (A-coefficient), 𝑠−1:

Length Gauge (B) 1.13276 1.13276 1.13276 1.13277 1.13277
Velocity Gauge (C) 4.87572 E-03 4.87572 E-03 4.87578 E-03 4.87566 E-03 4.87558 E-03
L/V Ratio 232.327 232.327 232.324 232.332 232.335

4f Expansion

Energy (eV) 2.229 2.229 2.229 2.229 2.229
Transition rate (A-coefficient), 𝑠−1:

Length Gauge (B) 1.25140 1.25140 1.25140 1.25141 1.25140
Velocity Gauge (C) 6.15446 E-01 6.15446 E-01 6.15444 E-01 6.15450 E-01 6.15448 E-01
L/V Ratio 2.03 2.03 2.03 2.03 2.03
Table 5
Results for Cu-𝐾𝛼. The difference from the original GRASP2K (a) is possibly due to developments from the original code, addressed in (c). Keys: (a) Jönsson et al. (2007) (b) Lowe
t al. (2013) (c) Jönsson et al. (2013). Cu-𝐾𝛼 is one of the most widely used spectra in X-ray investigations, making it an appropriate choice for benchmark testings. Significant

differences in the transition energies can be seen between (a) and (b) but these appear more in the nature of convergence issues than variation of self-energy (Lowe et al., 2013).
Using the original GRASP screening method as implemented in RCI4, we can see that there is hardly any change to the results of version 1.1 (RCI3). Hence it appears that version
1.1 overall is more stable than the earlier 1.0. The LCG-Welton screening yields a small increase in transition energy of roughly 0.03 eV. We emphasise that these results are not
final high-accuracy calculations, but are from simple test procedures with the purpose of providing benchmarks for comparison between the various versions on the grounds of
stability and consistency.

Cu-𝐾𝛼 GRASP2K
1.0 1.0 1.1 (RCI3) 1.1 (RCI4) 1.1 (RCI4)

4s Expansion (a) (b) (c) Original screening LCG-Welton

Energy (eV) 8050.78 8050.91 8047.13 8047.13 8047.17
Transition rate (A-coefficient), 𝑠−1:

Length Gauge (B) 6.10994 E+14 6.11144 E+14 6.10293 E+14 6.10294 E+14 6.10301 E+14
Velocity Gauge (C) 6.06535 E+14 6.06623 E+14 6.06349 E+14 6.06349 E+14 6.06351 E+14
L/V Ratio 1.00735 1.00745 1.00650 1.00650 1.00651

4f Expansion

Energy (eV) 8047.40 8046.70 8048.19 8048.20 8048.23
Transition rate (A-coefficient), 𝑠−1:

Length Gauge (B) 6.03826 E+14 6.03777 E+14 6.07313 E+14 6.07314 E+14 6.07321 E+14
Velocity Gauge (C) 5.99879 E+14 5.99933 E+14 6.03223 E+14 6.03224 E+14 6.03226 E+14
L/V Ratio 1.00658 1.00641 1.00678 1.00680 1.00679

5s Expansion

Energy (eV) 8046.92 8046.53 8048.33 8048.33 8048.36
Transition rate (A-coefficient), 𝑠−1:

Length Gauge (B) 6.03751 E+14 6.03594 E+14 6.07077 E+14 6.07077 E+14 6.07085 E+14
Velocity Gauge (C) 5.99721 E+14 5.99777 E+14 6.02969 E+14 6.02969 E+14 6.02971 E+14
L/V Ratio 1.00672 1.00636 1.00681 1.00681 1.00682
7
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Table 6
Self-energy of the diagram transition of copper K 𝛼. Calculations are based on our current code. Given convergence issues, this is consistent
with the evaluation earlier.

Self-energy of Copper 𝐾𝛼 diagram transition (eV)

Total Self-energy, eV
Upper State Lower State Transition

Copper 13.593 7.799 5.793

Total Transition Energy
without Self-Energy with self-energy (Table 5) Difference

Copper 8052.912 8047.17 5.74
gauges for the Cu-𝐾𝛼 can be observed from as early as the 4𝑠 expansion.
With this result, along with those for oxygen, we are confident that the
new revision is robust and stable.

The differences between (a) and (b), even though they may appear
to be minor, are in fact quite significant, especially for users interested
in high-accuracy calculations. This is especially true when the energy
differences can be up to 0.70 eV apart (4𝑓 expansion) or 0.39 eV
(5𝑠 expansion). Some issues observed in (a) have been rectified in the
recent update (c) and also in the patch by (b). The difference between
v1.0 and 1.1 is, and should be, welcome because significant changes
have been made to resolve and enhance various issues which required
revision of v1.0 and which are outlined in detail in Jönsson et al.
(2013).

The results, as outlined in Table 5, show that there is virtually no
difference between the v1.1 (RCI3) and v1.1 (RCI4) using the
original screening method. The excellent agreement between the two
versions, (c) and this work, reinforces our earlier hypothesis that the
difference between (a) and (b) was due to the instability of v1.0.
Although such significant differences are not seen in the Neon II and
oxygen calculation, this is likely due to the nature of this revision and
the problem chosen. This revision provides an additional technique for
calculating QED, which can be seen more easily amongst the heavier
elements as opposed to the lighter ones. Since oxygen and neon are
lower atomic number elements, effects from QED require higher accu-
racy when compared with copper. As a separate confirmation, we note
from Table 6 that the self-energy contribution to any transition can be
evaluated from those of the upper and lower states, given the level of
detail of the GRASP2K computation and CSFs, and indeed is at least
as accurate as the eigenvalue convergence observed. Recent extensive
theoretical calculations by Nguyen et al. (2022b,a) on copper 𝐾𝛼 and
𝐾𝛽 diagram lines as well as satellite transitions with stability and accu-
racy up to 0.03 eV and near-unity gauge convergence provides further
evidence of the robustness of the current code with the LCG-Welton
implementations.

At this time we would recommend use of GRASP2K v1.1 (RCI4),
with the default LCG-Welton screening, for all computations, though
further critical investigation of this will doubtless be required with
comparison to advanced experimental work. Further details of the im-
portance of LCG-Welton screening are provided in Lowe et al. (2013).
In particular, major differences are found in Figures 4–9 of that work,
where the earlier screening method fails above atomic numbers around
𝑍 = 30, 70, 40, 25 depending upon the state or transition investigated.

5.5. Further test on alternative platforms

We have also performed the same tests as above on a few other
platforms to ensure that this update is compatible with a variety of
system architecture (Tables 6–10).
Platform 1: Ubuntu 12.04.5 LTS, Intel Core i7-4770 3.40 GHz, 8 GB
RAM.
Platform 2: 14.04.2 LTS, Intel Core i7-2600K 3.40 GHz, 8 GB RAM.
Platform 3: Ubuntu 12.04 LTS, Intel Core i7-3610QM 2.30 GHz x 8,
8 GB RAM

The results calculated using versions 1.1 and this work on platform
2 are identical to those calculated above with platform 1. We did notice
8

some minor differences with results calculated on platform 3 using
versions 1.0 (without the QED implementation) and 1.1. However,
these variations are sufficiently small, and hence we have attributed
them to the minor difference in the architecture of the compiler and
system in question. Conversely, we have obtained exactly identical
results for v1.1 (RCI4) across all three platforms.

6. Gauge parameter and the bioscl program

The generalised relativistic matrix element describing an electric
multipole transition from state 𝛼 to 𝛽 currently used by the GRASP2K
source code is

𝐌𝑒
𝛼𝛽 (𝜔 ; 𝐺𝐿) = 𝑴𝑒

𝛼𝛽 (𝜔 ; 0) + 𝐺𝐿𝑴 𝑙
𝛼𝛽 (𝜔) (15)

where 𝜔 is the photon frequency, and 𝐺𝐿 is the gauge parameter. The
superscripts 𝑒 and 𝑙 indicate the electric and magnetic components of
the matrix element. A full explanation of the above equation and the
associated theory has been provided by Grant (1974).

The constant 𝐺𝐿 takes on the value of 𝐺𝐿 = 0 for the velocity
(Coulomb) gauge, and 𝐺𝐿 =

√

(𝐿 + 1)∕𝐿 for the length (Babushkin)
gauge. The 𝐿 represents the multipole order. At present, this is the
method in which GRASP2K uses to calculate the transition rates in
the two gauges. The gauge dependence of transition rates has been
explored earlier by Gaigalas et al. (2010, 2012). In this revision, we
explore a similar idea by adding a variable 𝛿 to Eq. (15), such that it
now becomes

𝐌𝑒
𝛼𝛽 (𝜔 ; 𝐺𝐿) = 𝑴𝑒

𝛼𝛽 (𝜔 ; 0) + 𝛿𝐺𝐿𝑴 𝑙
𝛼𝛽 (𝜔) (16)

which can be varied by users wishing to explore further into this
topic. A prompt would appear at the relevant section when running
the bioscl3 program asking the user whether they would like to use
the default gauge scaling factor. If the input is yes, then 𝛿 = 1 and
nothing further is required. However, should the user selects no, then
an additional prompt would require the user to enter a value for 𝛿. In
this latter case (non-default 𝛿), the output would still have the label B
to indicate that it is Babushkin, but it is not a true Babushkin gauge.
Rather, it is now merely a ‘pseudo-Babushkin’ gauge. This addition
should give the user more flexibility and the opportunity to investigate
convergence.

7. Discussion

Although not previously offered publically nor published, but in-
troduced as a patch for GRASP2K_v1.0 (Lowe et al., 2013), the
LCG-Welton model has been shown to be a valid approach for QED self-
energy and an important development and approximation. As such, it
has seen wide usage across the literature, and in some instances, imple-
mented in several other atomic structure codes such as DBSR_HF (Zat-
sarinny and Froese Fischer, 2016). We have demonstrated that our
new implementation improves upon the original GRASP2K self-energy
screening contribution, which brought it in line with other contem-
porary theories (Fig. 2). Our implementation compares well with ex-
perimental results for hydrogenic and helium-like systems, for exam-

ple, with much less than 0.5 eV discrepancy for hydrogenic Ly-𝛼1,2
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transitions (Fig. 1) to 𝑍 = 40, even at 𝑍 = 92 for helium-like sys-
ems (Fig. 2). These particular systems follow most QED experiments,
ased on hydrogenic and helium-like systems, with extremely high
ccuracies (Chantler et al., 2012; Payne et al., 2014; Chantler et al.,
014b).

Extensive studies have been conducted to higher-𝑍 by other au-
hors with interesting results. Rzadkiewicz et al. (2018) found that
he theoretical results using the MCDHF method with the LCG-Welton
elf-energy correction is consistent with their high-accuracy EBIT exper-
mental results on nickel- (W46+) and copper-like (W45+) tungsten ions
o within less than 2.5 mÅ. The authors noted that the accuracy and
onsistency achieved theoretically using this method also relies heavily
n the convergence of a high level of active set expansion – in this
ase, up to 𝑛 = 7 – which may not always be achievable for complex,
pen-shell atoms.

Li et al. (2018) investigated the viability of using the transition
𝑝5 2𝑃3∕2 −2 𝑃1∕2 for ions in the F-like isoelectronic sequence as a
esting ground for QED and the Breit effect. As such, a high-accuracy
heory is desirable. The authors tested a number of different computa-
ional packages for atomic structure, which include GRASP2K_v1.1

of Jönsson et al. (2013), the LCG-Welton patch of Lowe et al. (2013)
applied to GRASP2K_v1.0 (Jönsson et al., 2007), and the Model QED
package of Shabaev et al. (2015). The LCG-Welton approach remain
consistent with experiment overall. Conversely, the Model QED method
of Shabaev et al. (2013) displayed larger discrepancies than expected.
The authors pointed out various issues associated with the experimental
data and suggested further studies be made experimentally and theoret-
ically. The particular transition that Li et al. (2018) were investigating
is a magnetic dipole (𝑀1) transition, which is often difficult to calculate
or measure accurately (Chantler et al., 2013).

Si et al. (2018) investigated Co-like ions and the transition
3𝑑9 2𝐷3∕2 −2 𝐷5∕2. They used the same three testing platforms as Li
et al. (2018) and reached a similar conclusion that there is consistency
between the original GRASP2K and the modified LCG-Welton patch
of Lowe et al. (2013). The difference between the three implementa-
tions are generally of the order of around 0.0025% to 0.015%. In all
situations, however, the theoretical results fall outside the extremely
small error bars of experimental results. The authors concluded that the
Model QED package of Shabaev et al. (2015) can produce results that
are closer to experimental data than results calculated using GRASP +
LCG-Welton. The work of Si et al. (2018) on Co-like ions begin from
𝑍 = 28. The large deviation at low-𝑍 from using the Model QED as
reported by Li et al. (2018) was later investigated by Volotka et al.
(2019), where it was concluded that the discrepancies could potentially
be resolved if the calculations had included ab initio QED corrections.
However, Shabaev et al. (2020) argued that it is the methodology of
implementing the model Lamb shift operator (Shabaev et al., 2013)
that can lead to discrepancies. However, Volotka et al. (2019) focused
on F-like ions with 𝑍 ≥ 18 whereas Shabaev et al. (2020) revisited the
problem for F-like molybdenum and uranium. The problems seen with
low-𝑍 that was pointed out by Li et al. (2018) remains unresolved.

The conclusions of Li et al. (2018) are reinforced by Lu et al. (2020)
and Zhang et al. (2020). Lu et al. (2020) measured the fine splitting
structure of 2𝑝5 in S7+ and Cl8+, which are F-like ions. Their focus
was on 10 ≤ 𝑍 ≤ 18. Zhang et al. (2020) investigated silicon-like
tungsten (W58+) and like Rzadkiewicz et al. (2018), also concluded
that the calculations using the original GRASP2K tend to underestimate
experiment, which was also observed previously by other authors. The
application of LCG-Welton appears to have shifted the results closer to
experimental values. Curiously, the results calculated using the Model
QED approach tend to overestimate, which means that experimental
results often fall between the two methods.

Clearly more work is required experimentally and theoretically; and
also it is important to recognise the separate corrections for QED self-
energy, vacuum-polarisation and the approach to Breit terms. Hence
we encourage all to make use of the LCG-Welton approach where
appropriate, to recognise appropriate limitations, and to note that there
are many implementations of ‘Welton’s idea’, hence it is useful to label
9

the relevant approach and implementation, in this case LCG-Welton.
8. Conclusion

A revised GRASP2K has been presented with improved techniques
or the calculation of self-energy. The work is built upon GRASP2K
1.1, with appropriate benchmark test and results included. The
esults show consistency and overall improvement, especially in the
igh-𝑍 regime where QED effects are significant. Extensive testing has
hown that the LCG-Welton improves upon the original GRASP2K self-
nergy screening and compares favourably with experimental results.
lternative screening methods are also available for the more advanced
sers, as well as an option to further investigate the gauge dependence
f transition rates. All citations to this work should also refer to the
riginal work of GRASP2K v1.1 by Jönsson et al. (2013), and to this
anuscript.
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ppendix A. Installation

The installation process of this revised version require the user to
irst set the appropriate environment, as detailed in the installation
nstructions of GRASP2K v1.1 (Jönsson et al., 2013). The .tar.gz should
e extracted to the same folder as GRASP2k v1.1. The installation
rocess can be initiated by executing the script install_package.
urther details can be found in the associated README file. All tests and
esults reported in this paper were performed on Linux systems using
he gfortran compiler. Citations to this work should also refer to the
riginal work of GRASP2K v1.1 by Jönsson et al. (2013).

ppendix B. Example of running RCI using LCG-Welton self-energy
creening

====================================================
RCI4: Execution Begins ...
====================================================
Default settings? y
Name of state: Neon3d
isofile = isodata
name = Neon3d
Block 1 , ncf = 149
Loading CSL file ... Header only
There are/is 9 relativistic subshells;
Calling SETRES...
Include contribution of H (Transverse)?
y
Modify all transverse photon frequencies?

n
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B

B
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Include H (Vacuum Polarisation)?
y
Include H (Normal Mass Shift)?
y
Include H (Specific Mass Shift)?
y
Estimate self-energy?
y
Default method for self-energy calculation?
y
Name of hydrogenic wavefunctions state: hydrogenic_wavefn
name = hydrogenic_wavefn
Loading Radial WaveFunction File ...
Calling SETMIX...
There are 1 blocks (block J/Parity NCF):
1 1/2+ 149

Enter ASF serial numbers for each block
Block 1 ncf = 149 id = 1/2+
1

Appendix C. Example of running RCI using other self-energy scre-
ening methods

====================================================
RCI4: Execution Begins ...
====================================================
Default settings? y
Name of state: Neon3d
isofile = isodata
name = Neon3d
Block 1 , ncf = 149
Loading CSL file ... Header only
There are/is 9 relativistic subshells;
Calling SETRES...
Include contribution of H (Transverse)?
y
Modify all transverse photon frequencies?
n
Include H (Vacuum Polarisation)?
y
Include H (Normal Mass Shift)?
y
Include H (Specific Mass Shift)?
y
Estimate self-energy?
y
Default method for self-energy calculation?
n
Enter name of state: Neon3d
Choose screening method:
1 -- No Screening
2 -- Original GRASP2K screening
3 -- Nuclear density screening
4 -- Hydrogenic wavefunction projection
5 -- LCG-Welton method weighting
2
Write screening debug output?
n

10
Appendix D. Supplementary data

The package is delivered in a tar.gz file and is designed to be
unpacked and operational on a Linux system. The main folder contains
the following folders and files:

1. bin
2. examples
3. lib
4. manual
5. src
6. README – which contains instructions on how to install the

software
7. 3 make-environment files used to define the path, per the

instructions in the README file

Furthermore, the package contains new examples designed to demon-
strate the stability and consistency of the newly-implemented LCG-
Welton self-energy screening method in GRASP2K_v1.1, as well as
illustrating how to apply such method in the atomic structure calcula-
tions. The tests available are for copper, neon, and oxygen. Moreover,
there is also a folder for helium-like systems, which includes He-
like copper, uranium, and xenon. The script files to automate these
calculations are included in the folder benchmark, located within the
folder manual.
ist of folders and files included in the benchmark folder:

1. copper_v3 (53 files)
2. neon_v3 (18 files)
3. oxygen_v3 (21 files)
4. he_like (3 folders)

(a) copper (4 files)
(b) uranium (4 files)
(c) xenon (4 files)

Supplementary material related to this article can be found online
t https://doi.org/10.1016/j.radphyschem.2022.110644.
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